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The critical transfer rate of the helium II film was measured at temperatures between 0.3°K and the 


lambda point. Filling rates of a small beaker enclosed in a sealed glass capsule which could be tipped as a 


whole were studied. A technique was developed whereby the glass capsule could be sealed off at room 


temperature with 750 psig of helium gas, sufficient to provide enough liquid within the capsule at the low 


temperatures 


It was found that the rate of flow at 0.3°K rises 25% above the value at the flat minimum 


near 1°K, in approximate agreement with the results of Ambler and Kurti 


INTRODUCTION 


MBLER and Kurti' were the first to measure the 

rate of flow of the helium film below 1°K. They 
succeeded in obtaining relatively long warm-up times 
in an open helium bath containing a glass beaker 
imbedded in a paramagnetic salt. Their results showed 
an interesting rise in flow rate above the previously 
measured values of Daunt and Mendelssohn’ as the 
temperature was reduced below 0.8°K. The general 
course of the curve of flow rate vs temperature was in 
fact reminiscent of the curve for the velocity of second 
sound vs temperature. The desirability of further 
experiments, particularly with different geometry, was 
suggested. It is also to be noted that in this first 
arrangement only emptying rates of the beaker could 
be measured and the presence of any anomalous 
evaporation could not be detected by a comparison 
with filling rates. 

Lesensky and Boorse’ attempted further measure- 
ments below 1°K using copper surfaces and a capacitive 
method of measuring levels which obviated the need 
for visual observations. Their results seemed to confirm 
a rise in flow rate below 1°K but difficulties in obtaining 
a sufficiently long warm-up time prevented their going 
below about 0.75°K. 

During the course of the present work, Waring‘ 


* Now at Department of Physics, University of Western 
Ontario, London, Ontario, Canada 
1. Ambler and N. Kurti, Phil. Mag. 43, 260 (1952) 
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A170, 439 (1939) 
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reported measurements on glass, again using an open 
helium bath. While he noted again a rise below 0.8°K, 
the amount of this rise above the value near 1°K was 
only about 10%, rather than the 30%, observed by 
Ambler and Kurti. Waring further suggested that there 
might be a difference between gravitationally induced 
flow rates and thermally induced flow This 
suggestion apparently depended mainly on the results 


rates, 


of a single observation above 1°K, however. In view of 
numerous other observations indicating no such differ 

ence’ and the known difficulty of repeating flow rate 
measurements from day to day, this suggestion seemed 
open to question 


EXPERIMENTAL METHOD 


The method adopted in the present investigation 
was designed to eliminate the difficulties associated 
with obtaining a long warmup time in an open bath 
and also to provide a direct measurement of filling rate 
of a beaker. Sufficient helium gas was sealed off at a 
high pressure at room temperature in a closed glass 
capsule, or bomb, so that on subsequent cooling to 4°K 
sufficient liquid would condense to perform the experi 
ment in the closed chamber without any pumping tube 
connecting it to the warm regions above. Such an 
arrangement, but using cupro-nickel for the capsule, 
was first used by Kurti, Rollin, and Simon’ in an 
experiment on thermal relaxation times. 


ae | G (London 
A63, 1305 
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7 Kurti, Rollin, and Simon, Physica 3, 266 


Daunt and K. Mendelssohn, Proc. Roy. So 
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Fic. 1, Pyrex capsule, or “bomb,” shown in filling position. 
lo avoid strains in the glass the beaker insert is not fused to the 
A film of glycerine in the gap between the two reduces the 


amount of helium required to be sealed into the capsule 


wali 


The difficulties involved in the sealing-off of a glass 


capsule in this way are obvious but a successful method, 


to be described in detail in a separate note, was de 
veloped. It consisted in placing the 8-mm o.d. Pyrex 
glass capsule, complete except for a minute hole at one 
end which had been drawn down to 2-mm diameter, in 
a brass case to which clean helium gas could be admitted 
to a pressure of 750 psig. A conical tungsten heater 
surrounding the tip of the capsule was then heated hot 
enough to seal off the end, the progress of the operation 
being observed through a thick glass port. After the 
heat had been turned off and the whole apparatus 
cooled, the pressure in the outer brass case was reduced 
to atmospheric and the finished capsule removed. 
Every effort was taken to keep the capsule and its 
contained beaker clean, but of course the presence of 
the paramagnetic salt for cooling inside the capsule 
placed a limitation on the methods which could be 
employed. ‘The 
sulfate, could be 


ammonium 
pumped at salt ice temperatures 
without decomposition. The possibility of some im- 


salt used, manganous 


purities being produced at the time of the heating of 
the glass cannot be overlooked, but in any case the 
effect of surface impurities is greatly reduced if a beaker 
of sufficient length is used.* It will be seen further that 


*R. Bowers and K. Mendelssohn, Proc 
A63, 1318 (1950 
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the absolute flow rates obtained were in good agreement 
with previous results on glass above 1°K. 

The bomb so produced was then suspended in the 
cryostat by nylon threads as shown in Fig. 1. Sliding 
O-ring seals at the top of the cryostat enabled the bomb 
to be raised from the tail in which the demagnetization 
was carried out to the observation position, where it 
could be tipped to empty the beaker. The measurement 
of flow rate was made visually usually a cathetometer 
with a built-in eyepiece scale. The light from a 6-watt 
electric bulb controlled by a variac was filtered through 
a cuprous chloride, infrared absorbing cell and focused 
in a line on the glass capillary below the salt. The 
temperature (Scale 755) of the bomb was measured by 
the change in mutual inductance of the solenoid around 
the tai] of the inner jacket immersed in liquid helium, 
by means of the ballistic galvanometer method. 


PROCEDURE 


The usual procedure in observations consisted in 
demagnetizing the bomb in the “dumped” position in 
the tail, immediately measuring the temperature, 
raising the bomb, and tipping it into the upright 
position in which the flow rate could be measured by 
observing the rise of the liquid meniscus in the capillary, 
the use of the light being restricted to the minimum. 
The times of passing at least four major scale divisions 
were taken on a split-second hand stop watch, the total 
time being of the order of one minute. The bomb was 
then dumped again and lowered into the tail for a 
final measurement of temperature. After a minute of 
draining in this position, which appeared to be required 
because of a drop forming on the end of the beaker, 
the cycle of raising and measuring could be repeated at 
a slightly higher temperature. In good runs, warmup 
periods of about a half hour were obtained, which 
appeared to be quite satisfactory for only one-half gram 
of paramagnetic salt. The effect on the temperature of 
moving the bomb was noticeable, however, on some 
occasions more than others, as was also even the 
sparing use of the light source, and if such an experiment 
were to be repeated, especially for lower temperatures, 
it would be desirable to use a larger bomb mounted in 
an elliptical tail Dewar where it could be tipped with 
a minimum of disturbance. 


RESULTS 


The transfer rates observed are plotted against 
temperature in Fig. 2. The data represented are from a 
number of runs on two different days, but no normal- 
izing factor was found to be required. For the sake of 
comparison, flow rates obtained by the other investi- 
gators below 1°K are shown on the same graph. Above 
1°K the curve through the present results seems to be 
identical with the curve of Mendelssohn and White.* 


*K. Mendelssohn and G. K. White, Proc. 
A63, 1328 (1950). 
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The general shape of the present curve is like that of 
Ambler and Kurti. Below approximately 0.3°K, how- 
ever, our curve shows a possible indication of a slight 
flattening in contrast to the complete flattening in 
Waring’s case and no flattening at all in that of Ambler 
and Kurti. 

We feel that the discrepancy between Waring’s 
results on the one hand, and those of Ambler and Kurti 
and the present work on the other, might be explained, 
at least insofar as the fractional increase in flow rate at 
the lowest temperatures is concerned, as a consequence 
of Waring’s method of measuring flow rates induced 
thermally. While it is known that above 1°K film can 
evaporate at a temperature very close to that of the 
bulk liquid, such may not be the case in the region 
below about 0.6°K where the vapor pressure falls to 
very small values. In fact, a rough calculation of 
maximum evaporation rate based on kinetic theory 
indicates that the liquid carried by the film at the 
observed transport rates could be evaporated within a 
few centimeters only when raised to about 0.5°K. Thus 
in Waring’s arrangement a constriction near 0.5°K 
would effectively limit flow rates to that corresponding 
to this temperature even though the bulk liquid were 
at a temperature below 0.5°K. 

As regards the differences between the absolute 
values of flow rate, the weight of evidence in other 
experiments is against the explanation in terms of a 
difference between gravitationally and thermally in 
duced flow rates. A more likely explanation of the 
higher rates observed by both Ambler and Kurti, and 
Waring is possible in terms of some surface effect, 
possibly impurities or irregularities over the short 
section of limiting cross section. Even in the case of 
the sealed capsule used here it was noted that a first 
bomb, on which measurements had been made above 
1°K before it was accidentally exploded at room 
temperature, gave results approximately 50%, higher, 
presumably due to sealed-in impurities. 


DISCUSSION 


It seems clear that there is a real rise in flow rate of 
25 to 30% at about 0.3°K over that at the minimum 
near 1°K. Now the flow rate is given by 
where (p,/p) is the superfluid fraction, v, the average 
critical velocity, and d the film thickness. Above 1°K 
the variation in flow rate is readily explained by that 
in (p,/p), but since this fraction is practically unity at 
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Fic. 2. Helium film flow rates 
The upper curves show the result investigators 
below 1°K, while the bottom curve fits both the results of 
Mendelssohn and White above 1°K and the present results 
obtained on the two separate dates show: 


as a function of temperature 
ol two previou 


1°K any further increase in flow rate could only be 
explained by a variation in the product v,d. A variation 
of d seems probable in the light of data on measurement 
of film thickness,!?! 

It is well established, however, that the behavior of 
bulk liquid helium as 


regards specific heat, thermal 


conductivity, and second sound shows a marked change 
at or below 0.6°K, This change in behavior has been 
Debye-like 


The present investigation 


explained in terms of a tructure of the 
liquid in Landau’s theory 
confirms the change in the rate of film tlow also in this 
same region, but this phenomenon lacks theoretical 
explanation as yet. It is worth noting that the second 
sound velocity curve and the film tlow rate curve are 
similar in general shape, although the fractional increase 
1°K is different in the two cases, Further meas 
the film ().2°K 


therefore prove interesting in disclosing how far the 


below 


urements on flow rate below should 


similarity between the two curves persists, 
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Computations of two-quantum annihilation-in-flight of a positron with an electron are made with little 
averaging of spins or summing of photon polarizations. For energies of a few Mev, strong departures are 
found from the better known situation at vanishing energy, as regards annihilation probability for parallel 
spins, the plane-polarization correlation, and the circular-polarization correlation. Production of a circularly 
polarized photon beam is discussed, as is longitudinal- or transverse-polarization analysis by a polarized 


electron target 


I. INTRODUCTION 


ITH the advent of fast, presumably highly 

polarized, “beams” of positrons from beta decay 
of nuclei or of positive muons,'? it may be of experi- 
mental interest to note some of the polarization features 
of the differential for annihilation in 
flight of a positron with an electron, as implied by the 
original annihilation calculation of Dirac.’ Results‘ are 


cross section 


given below of some computations done some time ago, 
when such polarization effects were mostly of academic 


interest. 
II. CALCULATIONS AND RESULTS 


A. Preliminary Computations 


The differential cross section for two-quantum anni 
hilation is® 


y ’ 
da e a 2dQ, (1) 


p 
total energy of the original electron, p=its 
dod cos6, 


where ¥ 


momentum, dQ 


(uy*ayu’)(u'*aon) (uo*agu’’)(u’’*ayn) 


t 
F’ ke" 


a,;=a-e;, e; being the unit vector in direction of 
polarization of offgoing photon k,; a= @-e2, similarly 
related to the other photon ky, 2’, E” 
electron in the intermediate state where k;, ky comes 
off first. 

In the center-of-mass system of the electron and 
positron, let the electron proceed originally in the 
z direction; let photon k, come off parallel to the 


energy of the 


* Work done in the Sarah Mellon Scaife Radiation Laboratory 
and sponsored by the Office of Ordnance Research, U. S. Army 

!'Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev 
105, 1413 (1957); Garwin, Lederman, and Weinrich, Phys. Rev 
105, 1415 (1957); J. I. Friedman and V. L. Telegdi, Phys. Rev 
(in press) 

2 Professor L. Wolfenstein has pointed out to the author that 
measurement of the beta particle’s spin in the direction of its 
velocity is of considerable interest. The parent, of course, need 
not be polarized. 

§P. A.M. Dirac, Proc. Cambridge Phil. Soc 

‘These results are taken from the final report of an 
Ordnance Corps contract, March 1954 (unpublished) 

®’See W. Heitler, Quantum Theory of Radiation (Oxford Uni 
versity Press, Oxford, 1944), second edition, p. 206. 


26, 361 (1930 
Army 


x,2 plane, making angle @ with the z axis. Let the elec- 
tron originally have a specific spin with respect to the 
z axis (denoted + or —), and let the final (negative- 
energy) state likewise have a specific spin with respect 
to the z axis. Consider the photons to have the following 
polarizations: k,; has amplitude a,” parallel to the x,z 
plane and amplitude ia,* perpendicular to that plane; 
k, has respective amplitudes a2” and ia,"; with direc- 
tions so chosen that a’a*>0O corresponds to so-called 
left-handedness.® 

After a straightforward reduction of the above sum 
on the intermediate states, there emerge four com- 
binations of the photon amplitudes, namely 


pry = Ay" A2*+ a2)", 
pi = A,"d2" — a2? aj", 

po= ,"d2? + d2'a;", 

pa A1P?d2” — a2*a4". 
The matrix element >, in terms of the p’s depends on 
the initial and final spins as follows: 


2y(1—6* cos*6)>- 


1 
(po +Bp2t+8 sin*Op;), 
¥ 


1 
(—pot+Bp2t+B sin’6p;), 
Y 


B sinO(p;+cosbp;), 


B sinO(p;—cosp;), (2) 
where B?= (y’?—1)/y’. 

Assembling the results for unpolarized initial and 
final spins, one has from (1) and (2), 


do ry 1 { 1 


[po +3? (pe sin*Op;)? | 
dQ 4By? (1—-B? cos’)? | ¥2 


+-3? sin?0(p,;?+-cos*Op3") }, (3) 


* That is, the wave advances in the manner of a conventional 
right-hand screw. 
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rWO-QUANTUM 
where ro>=e?/mc*. As a check, one may sum (3) over 
all photon polarizations, taking (po, p1, p2, ps) to be say, 
(0,0, 1,1), (0,0,1, —1), (1,1, 0,0) and (1, —1, 0, 0) 
for a complete description in terms of plane polariza 
tions, or equivalently (1, 0, 1,0), (—1, 0, 1,0), (0, —1, 
0,1), and (0, 1, 0, 1) for a description in terms of circular 
polarizations. One has essentially the sum of squares 
of coefficients of the p’s, yielding the usual expression®:® 


do ro 


1+ 2,? sin*0— 3 B* sin‘ | 
I" (4) 


dQ 4By? (1—? cos*6)? 
B. Photon Polarization Correlation for 
Unpolarized Particles 


Cross section (3) shows that for vanishing speed, B, 
the only p surviving is po. As may be seen from the 
definition of po, this corresponds to the well-known’ 
right-hand or left-left correlation in a circular polariza 
tion des« ription, or il 
g2) dependence 
tion, @; and @»2 being the angles which e; and e: make 
with the x,z plane, say 
all four p’s contribute to the cross section 


the plane description to a 
sin? (@ the so-called cross polariza 


For nonvanishing 6, however, 


It might be noted that in the plane description, ps 


tends to give® a parallel polarization correlation 
[~cos*(@i—¢2) |, thus dulling the complete cross 
polarization that obtains for 6=0. Also, p; and ps3, in 
addition to weakening the cross-polarization, bring in 
a correlation with the plane of the reaction (the x,z 
plane), since they go as sin*?(@;+¢2) and cos?(¢@;+¢»2) 
respectively. In the circular polarization description it 
is clear that po and p2 correspond to the usual correla 
tion, while p; and p; on the other hand tend to give a 
right-left or left-right correlation. 

The numerical details of the departure from the 
low-energy limit for the photon polarization correlation 


follow directly from (3) and will not be given here 


C. Longitudinal Spins 


Integration of the differential cross section (4) gives 
the usual formula for total cross section® with spins and 
photon polarizations averaged; one has, in the center 
of-mass system, 


TY 
4py’ 


At moderately high energy, Yiu, = 27’ 
logarithmic term in (5 


] 9 20, say, the 


dominates and can be traced 


\. Wheeler, Ann. N. Y 


‘ several successful 1 


Acad. Sci. 48, 219 
of the 
Vv, Phys Rey 
482, 627 (1951 


7 Pointed out by J 
(1946 
plane polarization, B~0: C. S 
77, 136 (1950); F. L. Hereford 
and references therein 

§ That is, if p2 could occur alone, the plane polarization corre 
lation would be cos?(@;—¢@2). The other p’s are discussed in the 
same sense. 


easurements have been made 
Wu and I. Shakne 
Phys. Rev. 81 


ANNIHILAT 


ION OF] POSITTRONS 


Fic. 1. Comparison of total annihilation cross section for spin 
parallel versus spins antiparallel when the particles 
along the line of collision. Kinetic energy / 


the other being at rest 


are polarized 


refers to one of the 


parti le : 


mainly to the second kind of matrix element in (2); 


thus, the annihilation proceeds mainly by spin + —> 
spin 
in the low energy limit where the spin does not change 


, or conversely. This is opposite to the behavior 


At the same time the circular polarization correlation 
becomes mainly right-left or left-right. A quantitative 
discussion of this shift in “selection” from spins opposed 
to spins parallel as the energy increases, is now given 

Using 07 and og to represent total cross section, with 
photon polarizations summed, for annihilation with 
positron and electron spins opposed and parallel, re 
spectively, one may compare the two cross sections as 
a function of laboratory energy /, the kinetic energy 


of the positron. From (2), summing photon polariza 


tions, one has 


day 


da: 


cllions are 


On addition, of course, 4(0\4 a ‘ ' The 


ections are easily 


cross compared by using a factor 
a plot of which j 
shown in Fig. 1. Departure from the low 
(/ ] early. At 


f is zero, indicating that 


defined as {= (a 01)/(o2+o, 


energy limit 
begin + Mev in the laboratory, 
in annihilating target com 
posed of polarized electrons would not act as an analyzer 
would be 


10 Mey 


for 4-Mev positrons but 
efficient at 0.7 Mev or at 


for example, 50% 





LORNE 


| For Polarised Torget 
nce io” 
ice i~ 

For Polorized Positron Boom 


ace ** 
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Fic. 2. Circular polarization asymmetry for the annihilation 
photon of higher energy in the laboratory. Asymmetry is x for 
polarized beam and unpolarized target, y for unpolarized beam 
and polarized target. FE is the kinetic energy of the one particle 
in motion 


Regarding the polarization of the photons, one may 
refer back to expression (2) for the matrix elements and 
note that interference can occur between po and pe 
(important at low energies), and also between p; and 
ps (important at high energies). This gives the possi 
bility of preparing a circularly polarized photon beam 
from positrons annihilating in flight in a target con 
taining longitudinally polarized electrons—or from 
annihilation-in-flight of a longitudinally polarized posi 
tron beam. Since such processes may not be completely 
inaccessible to experiment, we shall display the amount 
of circular polarization to be expected in such cases. 

lake the final (negative energy) state to be spin +, 
say, and the initial state to be unpolarized, and speak 
of the polarization of one of the photons, namely the 
one at angle @ with the z axis. From (2), with p’s as 
defined, the relative probability that this photon is 


right-circularly polarized is 


dar © (1—B)*+-B'y? sin*6(1+ cosé)?+-6? sin’, 


and the relative probability that this photon is left 
circularly polarized is 


do, © (1+8)?+ fy’ sin*0(1— cos@)?+4-8? sin‘@. (8) 


Calling x= (or—o1)/(or+o1), one has then, restricting 


observation to the higher energy photon in the labora 
2<6- 


tory (thus w): 


3— 4 1+, 
v] 2(f*—2)-4 ( ) in( 
B 1 


1 
nf ) . (9) 
3? 1- ps? 


of 


positron polarization on photon polarization is quite 


Figure 2 shows the behavior of x. The effect 


A 


PAGE 


strong, and sets in at fairly low energies. For example, 
for positron kinetic energy ~1 Mev, the ratio of the 
circular polarization is 9:1 if one supposes a completely 
polarized positron beam to annihilate in an unpolarized 
converter. 

Considering now the situation where an unpolarized 
beam of positrons strikes a polarized converter, one 
would in practice look still at the more energetic photon 
in the laboratory. Physically, this has to be the same 
as looking at the less energetic photon in the case just 
discussed above. Therefore, call y a.)/(or+orz) 
and in (9) integrate now over 0<0@<7/2. One gets 


3—p* 1+, 
y| 2(f*—2)-4 ( nf ) 
B 1 -B 
i-?* 1+/ 
( ) n( 
2 1-—/ 


3° 


(or 


3 

)+a +) 

3 

J} ao 


A plot of y is given in Fig. 2. Except at very low 
energies the result is quite different from the previous 
case where the positron beam and not the target was 
supposed to be polarized. The behavior of x and y 
might be stated as follows: A photon k tends to partake 
of the polarization of that particle which had its mo- 
mentum roughly parallel to k. Thus, for a polarized 
beam, one has a strong effect on photon polarization 
(curve x of Fig. 2) since the observed photon and the 
already polarized positron are in just this relation. 
However, for a polarized target, the target electrons 
select preferentially from the spin components in the 
beam, and recalling from the earlier discussion (see 
curve f, Fig. 1) that the selection shifts from one spin 
sense at low energies to the opposite sense at high 
energies, one sees that y, unlike x, must change sign in 
the neighborhood of 4 Mev. At energies <0.1 Mev, 
where one could not conveniently distinguish a forward 
from a backward photon, it would not matter, since 
here x=y, or put another way, both photons tend to 
have the same handedness. 


D. Transverse Spins 


One may examine the total cross section for anni- 
hilation (photon polarizations summed) for electrons 
and positrons polarized perpendicular’ to the z axis 
(which is the line of collision). We again compare cross 
section for spins parallel with spins opposed and define 
a factor f, o1)/(o11+01), where o; is total cross 
section for spins opposed (antiparallel), a1 for spins 


(ou 


*In the sense that if one traveled with the particle (parallel to 
the z axis), one could observe its spin with respect to an axis per- 
pendicular to z, and making an angle ¢ with the x-axis. See N. F. 
Mott and H.S. W. Massey, Theory of Atomic Collisions (Clarendon 
Press, Oxford, 1949), second edition, Chap. IV 





QUANTUM 


~ 


rwo 


parallel. In computing o; and oy it is convenient to 
treat first the slightly more general case where the 
electron initially (positive-energy state) has spin 
transverse to the z axis and at azimuthal angle ¢; with 
the x axis, and finally (negative-energy state) has spin 
given by angle ¢o. The matrix element for the anni- 
hilation is now a linear combination of the basic matrix 
elements (2); after summing over the photon polariza 
tions, one has the cross section: 


dod cosé o2— i o2—- 1 
do = sin? ) +-3* cos* ) 
(1—£? cos’@)? 2 2 

; g2— 1 
+B? sin cos'( ) 
) 


’ | git oe 
+ $y? sin’ cos'( ) 
2 
git 
+cos’6 sin'( I} (11) 
y. 


and positron spins opposed, 


If ¢2=dit7, electron 


designated as case I, 


dod cos 
doy « 
(1—f? cos*6)? 


1 
x| z + fp? sin’6(sin*d, +- cos’ ¢ ost) | (12) 


- 7 


¢:, electron and positron spins parallel, 


and if 2 


case II, 


dod cos6 1 
(1+sin‘@) 
(1—* cos*#)*L-y? 


doy a 


+sin’6(cos*@,-+-cos’@ sin’) |. 


To integrate (12) over azimuthal photon angle ¢ is the 
same as integrating over ¢,; one then gets 


d cosé 
do a [ (1 
(1—( cos’6)? 


8*) +8 (sin?0—} sin‘) |, 


d cos6 
3°[ (sin*?— 4 sin‘) 


) 


doy = 
(1—f? cos*6)? 


+ (1—*)(1+sin 9) ]. 


In the limit 6=0, om is zero; thus spins have to be 
opposed for two-quantum annihilation to take place. 
Physically, of course, in limit 6=0, the transverse 
polarization case has to be the same as the longitudinal 
case discussed in subsection C. 

On integrating (13) and supplying the various factors 
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Fic. 3. Comparison of total annihilation cross section for spins 
parallel versus spins antiparallel when the particles are polarized 
transversely to the line of collision. For equal energy photons, the 


plane of annihilation has azimuthal asymmetry given by « for 
antiparallel spins, and given by ey for parallel spins 


which have been suppressed, the total cross section is 


3+ 3-+- 26° — p* 1+, 
s 2p 1 p 


3 03? + 4p 


Ate 





B* 


3+-106°+-' 
H( 
2,8 


43° 1+, 
) nf )I (14) 
1—p 


a of equation (5) 


Again, Roy +o) 

The two cross sections are compared in Fig. 3 by 
use of the factor f, defined above. From the figure it 
is seen that an analyzing target (completely) trans 
versely polarized, would be 0.96 effective at H=0.01 
Mey, only 0.50 effective at 0.2 Mev, and insensitive to 
Mev. This high 
energy behavior is characteristic of transverse polari 
for example, transverse 


positron polarization by about 4 


zation effects in general as, 
polarization of electrons by scattering in a Coulomb 
field .!° 

The details of the photon polarization connected with 
transverse spins can be had in a manner similar to that 
of subsection C, but these details are thought to be les: 
noteworthy and will not be discussed. 

There does remain one interesting feature: although 
the folal cross section becomes insensitive to transverse 
spins beyond a certain energy, the differential cross 
section as given by (12) has at high energies a very 
the spin 


(equal-energy photons in the 


strong azimuthal dependence relating to 
polarization. At 0=2/2 
laboratory), where this effect is strongest, one has, for 
spins opposed, more intensity at @=-+-w/2 than at 0, 
and conversely for parallel spins. Calling intensity /, 


Mott and Massey 


10 See 


reference 9, Chap. IV 
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we define for spins opposed : 


I(0) 


I (n/2) 
€] 


I (an 2)+4 1(0) 


and for spins parallel] 


1(0)—TI(w/2 


1(O)+1(m/2) 447 


Ihe behavior of 1, ex, with £ is sketched in Fig. 3. 
The high-energy limit e¢=1 corresponds to a pure sin’p 
or cos’@ intensity pattern. Of course, at very high 
energies one would have experimental difficulty in 
distinguishing the plane of the reaction, the 
differentia] for equal energy photons 
becomes rather small. However, at moderate energies, 


say 1< kt 


tions is too serious, a transversely magnetized ferro 


and 
cross section 
20 Mev where neither of the above objec- 
magnetic target could serve to distinguish transverse 


polarization in a positron beam 


VOLUMI 


III. CONCLUSIONS 


The calculated cross section for annihilation in flight 
of a positron and an electron, keeping particle spin 
direction and/or photon polarizations, shows strong 
departure from the well-known and experimentally 
verified case of vanishing energy, when positron energy 
becomes a few Mev or more. The spin selection changes 
from antiparallel at very low energies to parallel at 
higher energies; the cross-polarization of the two 
photons washes out; the circular-polarization corre- 
lation changes from same-handedness to opposite- 
handedness. A given photon partakes strongly of the 
“circular polarization” of whichever particle is more 
nearly parallel to it in the center-of-mass system. For 
transversely polarized beam and target, even though the 
spin selection washes out above ~3 Mev, the plane of 
annihilation, for approximately equal energy photons, 
strongly favors or avoids the plane defined by the spins, 
according as the spins are parallel or antiparallel. 
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he viscosities 


from 1.3° K to 


2.15 


of liquid He* from the lambda point to 4° K and of liquid He? near the critical point and 
K have been determined by the oscillating disk method. Detailed study of He‘ near 


the lambda point shows a discontinuity in the te mperature derivative of the viscosity and provides addi 


tional evidence that the He I 


temperature dependence of the He‘ viscosity above 2 


an important role in determining the transport properties 


perature decreases, from a value of 18.7 micropoise 


He II transition is of the 


5 


second order, Considerations based upon the 
K suggest that the zero-point kinetic energy plays 
The viscosity of liquid He’ rises as the tem 


at 3.35° K to 26.8 micropoise at 13°K.A simple 


empirical equation describes the He® data over the entire temperature range 


I. INTRODUCTION 
_—— study of the of Het and He* 
provides information leading to a better under- 
the of 
transport properties. We have recently measured the 


viscosities 


standing of role quantum statistics in their 


viscosity of Het below the lambda point’; this earlier 
publication will be referred to as I. These studies have 


now been extended to 4° K, using a modified apparatus. 


The present results offer more detail than has been 


given by other investigators.2~> The viscosity of He? 


was previously measured at only two temperatures.° 


] Dash and R. D. Taylor, Phys. Rev. 105, 7 (1957) 

2W. H. Keesom and G. E. MacWood, Physica 5, 737 (1938). 

*W H Keesom and P H Kees m, Physi a s 65 (1941). 

‘RR. Bowers and K. Mendelssohn, Pro« Roy Sor (London) 
A204, 366 (1950 

6 De Troyer, van Itterbeek, and van den Berg, Physica 17, 50 
1951 

® Weinstocl 
Pemperatures 
(unpublished 


‘CG 


Conference on Very Low 
Technology, 1949 


Osborne, and Abraham 


Massachusetts Institute of 


This paper reports several determinations carried out 


near the critical temperature and over the range 1.3 
to 2.15" &. 


Il. EXPERIMENTAL DETAILS 
Apparatus 
This work 


schematically in Fig. 1. 


was carried out in a cryostat shown 
It consists of a torsion head 
assembly 7’ and sample space C which can be maintained 
at liquid helium temperatures by thermal contact with 
a surrounding bath in the Dewar. The torsion head is 
similar in some respects to the large apparatus de- 
scribed in I; it includes an ‘‘O-ring”’ sealed shaft from 
which the pendulum is suspended and a plane glass 
window through which the pendulum deflections are 
observed. The torsion head is joined to a thin-walled 
1.6-cm diameter stainless steel tube which extends into 


the helium Dewar and is terminated by a glass cell C 
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Fic. 1. Schematic of 
cryostat. 








of 25-mm diameter and 20-mm height. The sample tube 
leads to manometers, ‘Toepler pump, and storage con 
tainers for the gases studied. These gas samples are ad 
mitted and condensed into C immediately after passage 
through a liquid helium cooled purification trap in 
order to remove all traces of contaminants. Separate 
mercury and butyl sebacate manometers for the Het 
bath and the condensed samples have been calibrated 
in the manner described in I. Bath temperatures are 
electronically stabilized as before. 

rhe torsion pendulum consists of a 29-cm length of 
0.0025-cm diameter hard-drawn platinum fiber F, a 
76-cm length of 0.08-cm diameter Pyrex tube G, and a 
Dural disk suspended 5 mm above the bottom of C. 
M is a front-surfaced mirror 12 mm high, 3 mm wide, 
thick. 


electronic timing system are the same as given in I. The 


and 0.3 mm Details of the optical lever and 
oscillating disk is turned from a block of duraluminum 
of measured density to 1.2723-cm diameter and 0.134, 
cm thickness. It has an axial stem of 0.147-cm diametet 
and 2.53-cm height. The moment of inertia of the disk, 
rod, and mirror is calculated to be 0.09705 g cm?*. There 
was no perceptible eccentricity in the motion of the 
assembly. 

The pendulum is quite sensitive to external dis 
turbances. In addition to its suceptibility to mechanical] 
that the disk 


vibration, we found was affected by 


electric fields arising from static charges on the glass 
walls of the cell and the Dewars. The influence of vibra 
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T °K 


Fic. 2. Experimental values of nuisance 


at several te mperature 


tion was removed by bracing the cryostat to a heavy 


steel frame on a cork floor pad Phe electrical di 

turbances were disp lled by a coat of semitransparent 
silver on the inside of the cell and a similar layer on 
the rod R which provide electrical contact between the 
disk and the cell. These provisions reduced the amphi 
tude of the instability of the pendulum to less than the 


width of the light beam 


Measurements in He‘ 


Phe proper equation for the damping of the pendulum 
is Eq. (27) in L. In the present apparatus vapor damping 
on the stiff rod is an appreciable contribution to the 
nuisance decrement. The total nuisance decrement wa 
determined by a calibration of the pendulum in liquid 
He* below the lambda point. Using experimental decre 
in He 
py and n previously given in I, we solved Eq. (27) for 
below 7) 
nin big 


imately 


ments of the present apparatu Il and values of 


/ 


69 at several temperatures 


nuisance decrements are shov 


These computed 
2. The calibrated 
twice as great as the 


values of 69’ are approx 


contribution of fiber friction alone, as determined by 
the damping in vacuum. The increase above the vacuum 
decrement is ascribed to the effect of vapor drag on the 
rod and has a magnitude in agreement with an estimate 
of this effect 
appreciably with pressure; in 


weak 


that this variation arises 


Vapor damping l not ¢ Kpected to vary 
pite of this, the cah 
at about ] & K 


from small! errors 


brated values show a 


We believe 


within experimental uncertainty, 


maximum 
’ 
in the constants of 
the pendulum and the measured damping in He II in 
the smaller apparatus, Accordingly, 
7.5X%10% as the 
The statistical uncertainty i 


we adopt an aver 
value 69’ constant required in 
Eq. (27 0.4% 10-4. While 
this uncertainty may lead to an error of 10% in the 
viscosity of He‘ at 1.3” K, 


aye 


it contributes less than 3¢ - 





Rk 1) rAYLOR 


Tass I. Het data 


108 4 


wn 


6.147 
6.225 
7.175 
7.164 
7.079 
6.882 
7.127 
7.158 
7.108 
7.194 
7.112 
7.043 
6.864 
6.665 
6.332 
6.273 
6.420 
6.430 
6409 
6.385 
6.220 
6.621 
6.858 
6.815 
6.967 
6.999 
7.112 
6.305 


AUN 


832 
832 
832 
831 
813 
813 
R15 
817 
822 
821 
831 
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to the uncertainty of the viscosity near and above the 
lambda point. 

Behavior of the pendulum in He‘ above the lambda 
point is quite dependent on the temperature stability 
of the surrounding bath. Bubbling in the cell liquid, 
which causes a significant increase in the damping, was 
avoided by slowly cooling the bath during the measure 
ments. Cooling rates sufficient to stop bubbling were of 
the order of 10-* deg/min or less; the temperature for 
each decrement has a consequent uncertainty of about 
+410 deg. Following this procedure, we obtained 
decrements reproducible to about 2% at each mean 
temperature. Special care taken in the neighborhood of 


TABLE IT. He’ data 


798 
798 
789 
790 
790 
791 
788 
791 
790 
795 
788 
786 
789 
780 


mn 
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Saturated vapor 


2.926 5.781 


AND 


J. G. DASH 
the lambda point reduced the scatter to within 1% and 
the temperature uncertainty to less than 10~* deg. 
The viscosity was obtained by IBM machine itera- 
tions of the data according to Eq. (27). Required values 
of the liquid density above 7, were taken from the 
work of Kerr’; in the He II region, we used the p, data 
given in I. Experimental results are listed in Table I. 


Measurements in He’ 


A supply of mass-spectrometrically pure He’ (less 
than 0.01%, He*) was adequate to fill the sample cell 
with liquid at all temperatures up to the critical point. 
Temperatures of the liquid were determined from its 
measured vapor and the tabulated He’ 
vapor pressure-temperature values of Sydoriak and 
Roberts.* Reproducibility of the measurements is 
noticeably poorer than in He‘; the lighter isotopic 
liquid is apparently more subject to bubbling and con- 
vection currents that disturb the disk. The technique 
of slow cooling did not reduce the bubbling. The mean 
deviation of the data is about 2.5% in the range between 
1.3° and 2.2° K, but decrements measured at tem- 
peratures above the lambda point of the bath were 
reproducible to only 10%. There is a consequent uncer- 
tainty of at least 20% in the viscosity of He* between 
2.2° and its critical point, and we feel that these data 
are not reliable enough to warrant their inclusion. We 
were successful, however, in obtaining reproducible 
measurements of the damping in liquid and saturated 
vapor near the critical point. It is probable that these 
observations were made possible by the small difference 
between the saturated vapor and liquid densities near 
the critical point, where bubbles are less of a dis- 
turbance than at lower temperatures. 

Density values required for the calculation of vis- 
cosity were taken from Kerr’s’ published data. Results 
of the machine iterations are listed in Table II. 


pressure 


III. RESULTS 
He‘ 


The He* data are shown in Fig. 3. Experimental 
measurements made in the present apparatus show 
satisfactory agreement with the results reported in I. 
Although the temperature dependence of the viscosity 
above the lambda point is similar to the behavior 
reported by other investigators,?~® there are discrepan- 
cies of up to 35% in the measured values. At 3.0° K 
we find a viscosity of 37.6 micropoise, while the oscil- 
lating disk data of de Troyer, et al.‘ indicate about 30 
micropoise (their published viscosity has a slightly 
lower value due to the neglect of contraction and the 
increase in period) ; the disagreement is more than twice 


7E. C. Kerr, J. Chem. Phys. 26, 511 (1957). 

*S. G. Sydoriak and T. R. Roberts, Phys. Rev, 106, 175 
(1957). 

°E. C. Kerr, Phys. Rev. 96, 551 (1954). 
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the combined experimental uncertainties. Bowers and 
Mendelssohn® determined the viscosity of He I by 
capillary flow; their value of about 31 micropoise at 
3.0° K is probably consistent with ours within the 
uncertainty of their capillary diameter calibration 
Smoothed values of the He‘ viscosity above 7) are 
given in Table III. 

The variation in viscosity with temperature in the 
neighborhood of the lambda point has been the subject 
of much study. Although a discontinuity in 9 at 7) 
reported by Keesom and MacWood? was later dis- 
proved, the data are of insufficient precision to indicate 
the behavior of dy/d7 near the transition temperature. 
Our recent study of He II indicated an extremely rapid 
rise of the viscosity near the lambda point, but the 
apparatus was not suitable for extending the measure 
ments to He: I. This region was therefore closely studied 


in the present apparatus. These data are shown in the 


insert in Fig. 3. The He I results show a steepened fall 
of the viscosity as the temperature drops below 2.5° K 
Several points taken between 2.21° K and 7) lie on 
a curve which has a considerably smaller slope than 
the curve for He II. The data are sufficiently well 


TABLE III. Smoothed values of He‘ viscosity 


behaved and at close enough intervals to enable us to 
obtain the temperature derivatives of the viscosity 
quite close to the lambda point. The “temperature 
coefficient of viscosity,’”’ defined as » 'dn/d7’, obtained 
from tangents to smooth curves through the data, is 
shown in Fig. 4. The discontinuity at 7) is quite large, 
even though the He IT branch was not extended above 
2.170° K, and it is likely that the curve continues to 
rise with a pronounced acceleration during the last 3.5 
millidegrees. The significance of a discontinuity in 
dn/dT has been discussed recently by sa 
Assuming that the principal contribution to the vis 


Goldstein 


cosity is of kinetic origin, Goldstein has shown that the 
behavior of the viscosity at the lambda point might 
be used to determine the order of the transition. On the 
basis of this theory, the observed discontinuity in the 
first derivative indicates that the He I— He II transition 
is of the second order. Careful study of the specific heat 
of He‘ could confirm this deduction although such non 
isothermal measurements must suffer serious loss in 
resolution near the lambda point 


In I we briefly discussed the similarity between the 


” L., Goldstein (to be published). 


OSCILLATING DISKS 





4.0 
TEMPERATURE, *K 


Fic. 3. Liquid He‘ viscosity. Inset: expanded view of viscosity 


in the region of the lambda point 


temperature dependence of p, and n in the region just 
below 7, indicating that both 
fundamental to the nature of the transition. We now 


properties seemed 
return to this question with additional information. The 
relative behavior of the viscosity and density is directly 
shown by the ratio n/p, or kinematic viscosity. Using 
the smoothed data reported in I for the He II region 
and the present results for He I, we show the kinemati 








Fic, 4. Temperature coefficient of viscosity of liquid Het 





hic. 5. Kinematic vi y of liquid Het 


viscosity between 1.5° and 4° K in I iz. 5. Its behavior 


appears to divide the temperature range into three 


the first from 4° to about 2.5”, has a 


constant kinemati 


reyions reyvion, 
the second, from 
the third 
2.05", has a monotonic and accelerated increase 


the The 


from 0.3° above to more than 0.1 


nearly VISCOSILY ; 


5” to 2.05", shows a continuous decrease: 


below 
toward lowe! second region 


be low / h 


with no appare nt change in slope to indicate the exact 


temperatures 
extend 
location of the lambda point In this aspect, the transi 
tion to the anomalous He II phase is a gradual process 
extending over the entire middle region 

The the 
lambda point may be examined in the light of two 

different A “gas-like”’ 
characterized by a “kinetic viscosity” arising 


viscosity of “ordinary” liquid above the 


distinctly theoretical models 
liquid 3 
the 


while a 


from transfer of momentum by atomic collisions 


viscosity” is ascribed to potential 
barriers the 
diffuse lattice sites. Neither model in simple St lorm can 


atisfactorily represent the liquid He 1; the temperature 


dy ham 


opposing migration of atoms between 


cle pence nee of the kinetic viscosity of a classical gas is 
as 74, whereas a viscosity of principally dynamic origins 


behaves according to the equation! 


{eV ie (1 


\ 


The actual be 
Although it is 


where W is the height of the barriers 


havior above 2.5 K is nearly constant 


possible that the temperature independence is obtained 


from the near cancellation of these two different mecha 


Frenkel, Ainetic (Oxford University 


New York, 1946) 


uy Theory of Liquids 
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nisms, additional arguments appear to favor the domi- 
nance of a kinetic viscosity. The kinetic model predicts 
the proportionality between heat conductivity and the 
product of viscosity and specific heat : 
K ant VY; (2) 
a Classical monatomi 
specific heat data of Keesom and Clusius” with the 
values computed from the heat conductivity measured 
by Grenier and the viscosity obtained in our research; 
it is seen to be reasonably satisfactory at all tem- 


for gas. Figure 6 compares the 


peratures above 7). This agreement strongly suggests 
the essentially kinetic character of the transport proper- 
ties of He I. A possible modification of the simple kinetic 
model which can account for the nearly constant He I 
viscosity is afforded by the large zero-point energy, 
whose importance in determining some equilibrium 
liquid by 
London." This dominance of the quantum mechanical 


properties of helium was demonstrated 
zero-point motion over that due to thermal excitation 
tends to make some properties relatively independent 
of the temperature, but quite sensitive to variations in 
density. It is tempting to analyze the viscosity more 
quantitatively on the basis of these considerations. For 
this simple calculation, we assume the kinetic relations 

mi (im)? 

(3) 
2'ra* = 2ara? 
where m is the atomic mass, 0 the mean atomic speed, 
Fk; the mean atomic kinetic energy, and zo? the effective 
collision cross section. We also assume that the kinetic 
energy is given by the algebraic sum of the zero-point 
and free-atom thermal kinetic energies, 


E= Ey + $k. (4) 


Che zero-point energy is computed from the measured 


T °K 


ric. 6, Specific heat of liquid Het above the lambda point 

gas kinetic theory calculation with experimental viscosity 

and thermal conductivity data; @ specific heat data of Keesom 
and Clusius 


wW. H No. 219¢ 
1932 
‘(. Grenier, Phys. Rev. 83, 598 (1951 


‘KF. Londor Roy. Soc. (London) A153 


Keesom and K. Clusius, Leiden Comn 


Proc 576 (1936 
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density and the formula" 
hed 
Eo ) (5) 
/64)?(R+0.713d) 


2rm(R—2 


where R is the mean atomic spacing and d the effective 
diameter. We the empirical 
d=2.35X10°* cm chosen by London to describe the 
latent heat and density data. Normalization to the 
viscosity data at one temperature defines the collision 
ine The 
curve compares well with the experimental data over 
the entire ‘normal range”’ of 4 
Fig. 7. The decrease in the viscosity between 2.5° K 


atomi accept value 


cross section 10 cm’, theoretical 


to 2.5° K, as given in 
and 7, may arise from an enhanced collision cross 
section due to the increase in scattering transition 
probability of the the 
degeneracy temperature is approached. We note that 


Bose-Einstein particles as 
this model correctly predicts the observed increase in 
the viscosity of He I with pressure,'® but the above 
choice of parameter d is too small to yield the observed 
quantitative dependence 


He’ 

The He’ viscosity measurements are shown in Fig. 7 
Our data appear to contirm the unpublished results of 
Weinstock, Osborne, and the 
method of capillary flow. The data show a gradually 
rising viscosity as the temperature decreases, and can 
be described to within experimental accuracy by the 


Abraham,® who used 


empirical equation 


3.55 tes 
n 18 i( mi ropoise, 
/ 


2°-3.35° K 


We have calculated the He* VISCOSILY on the basis 


(0) 


over the entire region 1 


of the gas kinetic model. For this estimate, we assumed 
the same atomic diameter, collision cross section, and 
Eqs. (3)—(5) as for the He* 
3.and the published He’ densities.’ In contrast 


calculation, but the atomic 
mass m 
to the success of the model in the case of the heavier 
isotope, this calculation does not agree as well with 
No other choice of 
parameters for this model will yield the observed tem 


experiment, as indicated in Fig. 7 


perature dependence. The experimental He* viscosity 
can be represented fairly well by a dynamic viscosity 
formula. Equation (1 
A = 14.5 micropoise, H K, agrees with the data 
the is & to 


yoint. This agreement must be ascribed, at least in 
| g ’ 


with 
0.855 


empirical constants 


to within 6% over range the critical 
part, to the uncertainty in the data at lowest tem 
peratures and the flexibility of the two-parameter 
equation. An increasing viscosity at lower temperatures 
is also shown theoretically for a Fermi-Dirac gas at low 


temperatures. Tomonaga'® and later Pomeranchuk" 


6H 

168 

7] 
(1950 


Physica 18, 853 (1952 
Physik 110, 573 (1938 
Exptl. Theoret. Phys. (1 


H. Tjerkstra 
Tomonaga, Z 
Pomeranchuk, J 


S.S.R.) 20, 919 
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thi 
vapor; 


lic. 7. Viscosities of liquids He and He‘, g Het viscosity 
research; @ He’ viscosity, this research; W saturated 
x capillary flow measurements of Weinstock 
Abraham: calculated viscosities, 
zero-point energy 


Osborne, an 


gas kinetic model with 


have calculated the viscosity of a highly degenerate gas 
in the region well below the de 
The 
degeneracy temperature of an idealized liquid He® is 
theoretically about 5° K 
He’® spin system becomes degenerate has been found to 
be approximately 0.5° K,'® but 


lishing the spin degeneracy are not applicable to the 


of Fermi particles 
generacy temperature the viscosity varies as 7 


rhe temperature at which the 
the conditions estab 


atomic motions which govern the viscosity of the liquid 
It is therefore not possible to state the degree of de 
generacy of this Fermi liquid 

The comparative behavior of the He* and Het liquid 
viscosities thus leads us to certain general conclusions 
mechanism I 


heat 


concerning their basi xperimentally 


measured thermal conductivity, capacity, and 
viscosity of Het above the lambda point indicate that 
the transport properties of this liquid, and probably 


ol He 


motion in the two liquids probably 


are primarily kinetic in character.* Zero-point 
influences the 
transport properties to a large extent, although cor 
respondence between the simple model and experiment 


the He’*®. The effects of 


appear to influence both liquids 


is not close for case ol 


as 
quantum statisth 
for He* below 2.5 


explored below 


K and for He* at all temperature: 


the critical point 
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Annual Meeting, New York. Their 
ommunication), the specific heat of 
liquid He’ given by T. R. Robert Sydoriak, Phys. Rey 
98, 1672 (1955), and the viscosity the present research 
have ompared according to ky 2 Phi 
viation of |e than 1Y, 
24°K common to all 


the ki 
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Experimental Study of Plasmoids 
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A plasma source can be used to project ionized matter across a magnetic field. The configuration of 
plasma observed when an electromagnetic braking action is produced by the presence of low-pressure gas 
(~1 yw) in the vacuum chamber provides an insight into the manner in which magnetic-field lines can be 
dragged and twisted. By firing several sources simultaneously, it is possible to simulate in geometrical 


form the production of spiral galaxies and barred spirals 


I. PRODUCTION OF A PLASMOID IN 
FIELD-FREE SPACE 


1. x,-Plasmoid 


‘T has not only been demonstrated’? that plasma can 
be projected from a plasma gun or plasma source 
with speeds up to 2X10" cm/sec, but the experimental 
observations suggest that the plasma travels (even in 
field-free space) not as an amorphous blob, but as a 
structure (called a plasmoid) whose form is determined 
by the magnetic field it carries along with itself. The 
mechanism whereby the plasma is propelled from the 
source has already been outlined,' and the hypothesis 
that the plasma travels in field-free space in the form 
of a torus has been supported with a Kerr-cell picture 
of the plasma leaving the source in a toroidal form. 
The probe traces shown in Figs. 1 and 2 are further 
evidence that the projected plasma has structure. The 


exact structure of the plasma cannot be accurately 
delineated from these probe traces, but at least the 
probe traces are consistent with the hypothesis that 
the plasma is in the form of a torus. It is unfortunate, 
from the observational point of view, that these plas- 
moids move so rapidly. If they could be produced so 
that their center of mass was stationary in the labora- 
tory, they could be photographed much more easily. 
(Later in this paper there will be described stationary 
plasmoids formed in a magnetic field which definitely 
exhibit toroidal structure.) 

It has been possible with a magnetic coupling loop to 
pick up signals that are believed to be associated with 
the magnetic fields trapped by the plasmoid of the type 
shown in Figs. 2, 3, and 4 of reference 1. (Note that no 
external dc magnetic field is employed here.) Examples 
of such signals are shown in Fig. 3. Although the 
structure of these signals is too complex for analysis, 


Angle between probe 
position and axis 
of source 


O°? 


? 
Oo? 


angles shown 


Probe traces taken with alnico bar-magnet probes at 66 cm from the source of plasma at the various 
rhe peak current in the source is about 3000 amperes. The sweep speed is 5 usec/cm. Time goes 


from right to left and the source is fired at the beginning of the trace. The alnico bar-magnet is 1X12 cm 
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104, 292 (19506) 
105, 46 (1957) 
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these signals are nevertheless experimentally identified 
with the magnetic fields carried by the plasmoid. 

In the magnetic coupling loop signals, as with the 
probe signals, the outstanding feature is the steep 
leading edge, which can in no way be associated with 
an ordinary shock wave. The steepness of the leading 
edge of the plasmoid may possibly explain the abrupt 
onset of magnetic storms approximately 24 hours after 
a solar disturbance. It is entirely possible that ions and 
electrons ejected from the sun come to the earth in the 
form of a plasmoid. 

In fact if a probe is immersed in a local magneti: 
field (e.g., due to a bar magnet) and a plasma source is 
fired at the probe at 1-meter distance, the signal from 
the probe not only has a steep leading edge, but it 
exhibits large irregular oscillations that indicate rapidly 
varying ion densities and electric fields produced by 
the plasma encountering the stationary magnetic field 


Torus projected toward 
probe 


Source “~ 


Front edge of 
shell, not we//- 
poem 


Fic. 2. Probe traces taken at a distance of 10 cm from the 
source at sweep speeds of 0.5 usec/cm and 1.0 usec/cm. Sensitivity 
is 15 v/cm. The signal is developed across a 50-ohm resistance to 
ground. The probe is 1 mm in diam and 2 cm long. Time goes 
from right to left and the trace starts at the firing of the source 
An attempt has been made to identify the various parts of the 
hypothesized torus with the portions of the 0.5-usec/cm trace 


The type of plasmoid (to be designated the m 
plasmoid, because it is unstable) diagrammed in Fig. 4 
of reference 1 is expected to expand in directions of 
both increasing R and r, which are respectively the 
large and small radii of the torus. If mr is the total 
mass of the plasmoid in grams and / is the total circu 
lating current in amperes, an approximate differential 
equation (neglecting the logarithmic term) is 


mrl?R/dt=812/50r. (1) 


If at =O the original flux @c2¥2n*/Ro/5, where Ip 
and Ro are the initial current and radius, and dR/dt=0, 
the solution is given by 
Rf RA+R/Ro) } 

—$Ro} In{{ (1+ R/Ro)*+ (R/Ro)*]/\/Ro} 

— Ro§{v2—4$ Inf (V2+1)/s/ Ro J} (2y) 4, 
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Fic. 3 
terminated 


field applied 


l-turn 


where 


Signals from a 0.64-cm-diam coupling loop 
with 50 ohms there is no external magnetic 

Ihe coil is oriented in the plane of the paper, with 
respect to the source shown in Fig. 2, reference 1, and located 
10 cm directly in front of the source. The sensitivity is 0.5 v/cm 
Ihe sweep speed is 0.5 wsec/em, with time going from right to 
left. The first current in one direction 
in the the second two sent the current in the 
opposite direction. The true plasma signals arrive at the loop at 
a time of about 1.3 usec after the firing of the source that triggers 
Phese are an indication of trapped magneti 
fields within the plasma 


two traces represent the 


source; traces repre 


the sweep signal 


W here 


Y &/ R j 


SOmmy 


when R/Rp>1, 
R~t. The expected expansion of the m-plasmoid may 


From this solution it can be seen that 


thus be thought of as a magnetic explosion where most 


of the outward velocity is picked up when the plasmoid 
is small. 


2. S-Plasmoid 


It is possible to conceive ol a pla moid which at first 


sight seems to be more stable than the m plasmoid 


This plasmoid, which we shall designate the S plasmoid, 


is diagrammed in Fig. 4. Conceivably this plasmoid 


could be produced by winding a thin metallic ribbon 
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Kia. § 
by liring t 


\ sequential study of barred spirals which are produced 


wo plasmoids from sources 10 cm apart at one another 
held of 4800 gauss. The Kerr 


cell exposure times are 2 usec and the various delay times of the 


imultaneously across a magnetic 
sequence are indicated in psec 
The 
primarily by the 


terium ions that come from the plasma source 


Ihe pressure in the chamber is 2y 
luminous 
recombination light of the titanium and deu 
rhe photographs 
on the left are the left stereoscopic photographs and those on the 


pla moids and their trajectories are rendered 


right, the right stereoscopic photographs, with an angle between 
10°. The middle photograph is taken straight 
direction of the field. The 
r 0.4 sec) through the source produces a magnetic 
the de field the of 
oid field 


the two views of 
ahead along the 
S000 ampere ti 
held 
projection of the plasr 


magnet current 


and diminishe velocity 


the 


which oppose 


icros 


magnets 


into a helix and then bending the helix into a torus 
If the metallic ribbon is then suddenly energized with 
a current so that it is vaporized and ionized, there 
presumably would be formed the S-plasmoid. Though 
this method of producing the S-plasmoid in field-free 
il be 
fruitful and should eventually be tried 

the 


pace would be tedious, might nevertheless 


rom theoretical point of view let us briefly 


examine the S-plasmoid in field-free space (i.e., no 
field) and see if it is stable 


ol nk] 


motions 


external de 
If 


acceleration due to any 


magnet 


we neglect the effects and centripetal! 


rotary of the mass of 


plasma, we note that equilibrium about r (see Fig. 4 


requires that 


or that 


| hen since 


drri 


lo drRig, 


and 
we hav c 


lo Ti R/r 


Let us assume that at time /=0, the initial current 


ss 
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I, 
so that for all subsequent time the initial magnetic 
fluxes @, and @» will be preserved. For purposes of 
simplification, electromagnetic units are used here. Then 


/o, and that the plasma is a good-enough conductor 


Ld, 
Lolo 


4rR{\n(8R/r)— 2] 
4a RI |n(8Ro/r0) 


>. 


and 

W ,=4L,1,2=2nR{|n(8R/r) 
Also, 
Lolo 


Leol 60 


2nr’ls R 


2rrol o 


mY) 2rr’RI,/Rer=2nrl, 


and 


Ws A Lol? A (Qmr?] ¢ R) 


rRI,’. 


Now let us note that if ¢, and de 
¢./¢¢ Must remain constant, and 


are constant, 


a 


p:/ po 


(2R r)| In(8R/r) 


Hence, preservation of flux ¢, and @» requires that 
R/r be a constant. 
The total energy is 


Wr=W,4+We 
Sh,” Lt Soe’ Le ho,”| 1/L.4-1/(a*®Le) | 
s,"{ (1/4rR)[In(8R/r)— 2) + R/(2rr’a*)) 


(p.?/4ar){(r/2R)[In(8R/r)—2}'+R/(ra®)}. (8) 


Now the force which will expand the S-plasmoid, 
and yet preserve the fluxes ¢, and @» and hence R/r, is 


(OW 7/0Pr) ry, 


(.” 4mr”){(r 2R)[ In(8R/r) +R (ra*)} (9) 


This force is to be compared with the force which 


expands only the m;-plasmoid : 


(OW ,/Or) rir= (b."/8mrR)[ In(8R/r)—2}'. (10) 


Fic. 6. The same as Fig. 5 except that the pressure 
in the chamber is 1 u 
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Equations (9) and (10) give the somewhat unex- 
pected result that for all values of R/r>1, |OWr/dr 
> | dW,/dr|, and hence the S-plasmoid should expand 
actually faster than the m,-plasmoid. 

It is interesting to note that for W,=Wo, ¢.=¢¢ 
(i.e., where stability might possibly occur), the corre 
sponding value of R/r is 1.0. Unfortunately, the 
formulas used for L,, ¢., and W, do not hold below 
R/r>2.5. It is further interesting to note that for 
R/r=n, where n is an integer, a current streamline 
will coincide cyclically with itself after one complete 
revolution of the plasma. And since R/r is a constant, 
the preservation of R/r=n kind of 
macroscopic quantum condition. 

It is possible to plot Wy as a function of R for 
various values of r. The minima of these curves repre 
sents the situation where Ws=W,, de=¢., a= 1.0, and 
R/r=1.0. 


The expansion of the S-plasmoid will presumably 


amounts to a 


occur along the minima of the curves and in the 
direction of increasing r. However, the portion of the 
curves to the left of minima have no meaning because 
here R/r<1. Hence, any realizable conditions involve 
a trajectory considerably to the right of the minima. 
It will be necessary to make the computation with 
expressions for L, and L¢ which hold for values of R/r 
that are close to 1. 

Furthermore, the stability relationships should be 
examined for configurations (like a muff) where the 
cross section of the S-plasmoid is not circular, but 
oblong. 

This brief analysis suggests that the S-plasmoid is 
unstable, but it cannot be definitely stated that all 


Fic. 7. The same as Fig. 5 except that the pressure is 4 u 
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Fic. 8. The same as Fig. 5 except that the pressure is 6 yu 

shapes of S-plasmoids in field-free space are unstable 
There is a very real possibility that the S-plasmoid 
field would be 


immersed in an external dc magneti 


stable 


II. PRODUCTION OF PLASMOIDS IN 
A MAGNETIC FIELD 


1. Introduction 


It has already been demonstrated'? that plasmoids 


can be projected across a magnetic field. It is quite 
possible that ionized material ejected from the surface 
of the sun proceeds and escapes across the magnetic 
field of the sun in the same manner that laboratory 
produced plasmoids cross a magnetic field 

Plasmoids produced in a good vacuum are elongated 
cylinders'? that travel as a wave front of constant 
field 
bear very little resemblance to the S-plasmoid and 


velocity across the magneti These plasmoids 
move so rapidly as to make instantaneous photography 
very difficult if not impossible. However, these plas 
track! 
photograph their path quite easily 


moids leave a wake or which enables us to 

It is further observed! that these plasmoids experi 
ence an electromagnetic braking action which deceler 
ates and deflects them when they encounter one another 
or when they travel through gas at a pressure of about 
one micron. Indeed, several of these plasmoids can be 
made to spiral' in consort to produce a ring of plasma 
The organic relation between this laboratory-observed 


process and the evolution of spiral galaxies and stars 


has already been suggested. More recent measurements* 


with a Kerr cell portray a time-sequence in the forma 
tion of this torus or ring, and show that not only is the 
that it is 


torus produced automatically, but also 


stationary (i.e., with regard to translation) and stable 
over a period of at least 30 usec, During this time the 


torus appears to retain a circular form of about the 
same large and small radii 

There is some temptation to identify this observed’ 
torus with the S-plasmoid immersed in a magnetic field 
Before succumbing to this temptation, let us examine 


the results of some more recent measurements which 


*W. H. Bostick and O. A, Twite, Nature 179, 214 (1957) 





WINSTON 


Velocity 


Plasma projection, vy 


source 
Flux tube 


lic. 9, Suggested configuration of plasma and magnetic field 
of a single plasmoid projected across a magnetic field when an 
electromagnetic braking action occurs because of a pressure of 
about 1 yw in the vacuum chamber. The tightly twisted configur 
itself general helical configuration (try 
twisting two strands of wire, rope, or rubber tightly). This helical 
configuration is seen especially clearly in Figs. 7 and 8 


ation will assume a 


teach us the prudent lesson that somehow we must 
learn to understand the way in which magnetic-field 
lines are dragged, spun, and interwoven, if we are to 
give an adequate description of the resultant plasma 


conhigurations 


2. Barred Spirals 


One of the relatively simplest results that must be 
understood is the “barred spiral” which is produced? 
by firing two sources at one another across a magneti 
field. Over a wide range of variation of parameters the 
two plasmoids seem to seek each other out unerringly 
The sequential stereoscopic photographs of Fig. 5 show 
the process of production of these “barred spiral” 
structures at a pressure of 2 wy. 

It can be seen from Fig. 5 that the leading edges of 
the two plasmoids seem to seek, and attach themselves 
lo, Cac h other, The same process Can be observed in 
hig. 6, the 


between the two plasmoids apparently does not hold 


where the pressure is ly, where bond 


as well as in Fig. 5. The photographs of Fig. 6 also 
show the interesting feature that the tails of spiral 


arms become forked 


Flux tube 
h 


x 


~ 
Piasma 


Fic. 10. Suggested configurations of plasma and magnetic fields 
existing in the formation of a barred spiral. The stagnation point 
produced when the two leading loops of the plasmoids approach 
one another permits the lines of force to leap from one plasmoid 
to another carrying plasma across and tying the two plasmoids 
together. 
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Figure 7 shows a sequence of photographs where the 
pressure is 4 and where the leading edges of the 
plasmoids are positioned by the twisting of the plas- 
moids so that they are in no position to conveniently 
attach to one another. Under these circumstances the 
two plasmoids press tightly against one another but 
In Fig. 8 where 
the pressure is 64, the plasmoids remain separated for 


remain separated for at least 6 usec. 
at least 10 usec. Furthermore, the stereoscopic photo- 
graphs of Figs. 5, 6, 7, and 8 show that the plasmoid 
in proceeding across the magnetic field at these fairly 
high pressures assumes the form of a helix of progres- 
sively increasing diameter. These particular helixes are 
all left-handed screws because the dc magnetic field was 
always in the same direction. 

The photographs of Figs. 5, 6, 7, and 8 give us enough 
information to suggest that the configuration of plasma 


lic. 11. Sequence of photographs of formation of a flattened 
ring which flips into a “figure 8.’ The ring is formed by firing 
two sources across a magnetic field (into the paper) of 2800 gauss 
with a pressure of 2.24 in the chamber. The exposure time is 
2 usec and the various delay times are indicated in ysec. The 
current in the source is in such a direction as to diminish the 
velocity of propagation in the magnetic field. 


and magnetic field, when one plasma source is fired 
across a magnetic field, is that shown in Fig. 9. Eventu 
ally it may be possible to analyze this process quantita- 
tively. For the moment, a description by a drawing 
will have to suffice. 

It is now possible to see how two plasmoids fired at 
one another across a magnetic field can attach them 
selves to each other, as shown in Fig. 10. Such a plasma- 
magnetic field configuration can also explain the forked 
tail on each plasmoid seen very clearly in Fig. 6. 
Apparently if the leading loops of the two plasmoids 
have twisted into such a position that no stagnation 
point is reached, the plasmoids studiously avoid one 
another as shown in Figs. 7 and 8. 

After the union of the two plasmoids has been 
accomplished, as in Figs. 5 and 6, the angular momen- 





EXPERIMENTAI 


tum will wind them up into a spiral, to a certain extent, 
until the angular momentum has been brought to zero 
by the stretching of the field lines. ‘The resultant 


plasma and magnetic configuration then seems to be 


stable. The barred spirals have been followed in time 
out to 15 seconds, at which they still preserve their 
shapes with well-defined boundaries. Furthermore the 
plasma does not seem to migrate in the direction of 
the original dc magnetic field. It is rather astonishing 
that such a bizarre configuration of plasma and mag 
netic field should appear to be stable. No theoretician 
known to the author has a priori dreamed of such a 
configuration, to say nothing of contemplating its 


stability. 


Fic. 12. Suggested sequence of plasma and magnetic field 
configurations to explain the flattened ring and “figure 8” ob 
served in Fig. 11. The velocity of projection v, of the original 
plasmoids is indicated 


3. Production of Rings 


We must now try to understand, at least in a quali 
tative way, how rings or tori can be produced by 
plasmoids. Measurements already reported’ show that 
with four plasma sources a ring can be produced which 
apparently maintains its shape for at least 30 seconds. 
Moreover, it is observed that this ring does not move 
or stretch appreciably in the direction of the dc mag 
netic field during this time interval. The magnetic-tield 
configuration in the ring must, therefore, be such as to 
confine the plasma in this fairly stable ring 

It has been possible to produce a ring with only two 
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sources acri 


\n example of the formation « y by 
field of 4000 gau nto the 


Phe exposure time is 2 wsee and the 


firing four 
i magnets paper at 
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in such a direc 


indicated in ywsec. The current in the sources is 
tion that the velocity of projection of the plasma 
magnetic field. The 100-y~sec delay photo 


a faint ring on the original 


times art 


is retarded | the «at 
graph actually show 


kic. 14 Photographic secquUuence 
the plasmoids from 
6000 yvauss, into the 


time 1s 


of the formation of a ring fro1 

eight sources fired across a magnetic field of 

paper. The p re is 2y. The exposure 

the delay t indicated in psec. The 
the sours In the ection to diminish the 
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Fic. 15, Same as Fig. 14 except that the sources are oriented 


more symmetrically and the pressure is 1 y. 


sources (see Fig. 11), but the ring produced is flattened 
In fact, as time goes on the ring configuration develops 
a constriction and flips over into a “figure 8.”’ Before 
attempting to understand the rings that are produced 
with four or more plasma sources, let us first try to 
understand this flattened ring which is produced by 
two sources. Figure 12 suggests a plasma-magneti 
field configuration to explain the ring shown in Fig. 11. 
It that a flattened 


formed by tightly twisted strands will constrict in the 


is readily understandable 


ring 
center and form a “figure &.”’ It can be seen from the 
hypothesis of Fig. 12 that we might actually expect 
two rings, one formed from each strand, but that they 
are topologically intertwined. 

As has already been reported! it is possible to form 
rings by firing four sources. It is believed that these 
rings have essentially the same structure as the ring 
shown in Figs. 11 and 12, except that they are initially 


16. Same as Fig. 14 except that the sources are aimed so as 


to produce a smaller diameter ring and the pressure is | 


H. 
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Fic. 17, Same as Fig. 16 except that the sources are aimed to 
produce an even smaller ring. The original photograph shows an 
illuminated blob of plasma lasting out to 50 usec 


circular instead of flattened, and they have more angular 
momentum. Therefore, we may expect the rings formed 


by four sources to have a tendency to preserve their 


circular shape instead of flipping into a “figure 8.” An 


Fic. 18. Sequence of photographs taken in a manner similar 
to those of Fig. 14 except that the source current is in the direction 
which aids the velocity of propagation of the plasmoid across the 
magnetic field, and the pressure is 0.54. The whirl-ring that is 
formed gets progressively out of focus as it apparently moves 
toward the camera, and at 7-usec delay, it is badly blurred. The 
delay times “7A, 104A, and 15A” corresponds to moving the 
camera back 15 cm which, at least for 7A, sharpens up the 
picture. It is believed that for delays 10A and 15A, and perhaps 
for 7A, the ring has traveled until it has encountered the Lucite 
window of the vacuum system which is 20 cm from the position 
where the ring is formed 
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example of a photographic sequence of the formation 
of a ring from four sources is given in Fig. 13. 

It is possible to produce rings somewhat similar to 
those of Fig. 13 by firing eight sources. Various ex- 
amples of photographic sequences with eight sources 
are given in Figs. 14, 15, 16, and 17. Very likely, the 
rings formed by eight sources have higher peripheral 
velocity and hence more angular momentum than 
those formed from four sources. This higher peripheral 
velocity may account for the deformations of the ring 
that are observed in Figs. 14, 15, and 16 at the later 
times. 

It is to be emphasized that these rings, which have 
been produced by having the source current in the 
direction so as to diminish the velocity of propagation 
of the original plasmoids across the dc magnetic field, 
remain in focus up to at least 30 usec, and in some 
cases up to 100 usec. ‘Therefore, we can say that the 
ring does not move or stretch appreciably in the 
direction of the magnetic field 


~ 


Fic. 19. Signal obtained by probe 1 mm jin diameter, 0.5 cm 
long placed 1 cm from a grounded probe with 50 ohms connecting 
them. The probe assembly 30-cem distance, axially 
away from the camera) down the solenoid from the position of 
formation of the ring. The sensitivity is 2 v/cm and the sweep 
speed is 2 usec/cm with time going from right to left. Probe 
assembly is placed laterally off the axis at the approximate radius 
of the plasma ring that is formed. The solenoid is 44 cm long 
and 13 cm in diameter. The pressure in the chamber was 2 yu 
Much more work is necessary in the study of this type of signal 
We tentatively identify these signals with a whirl-ring moving 
away from the camera 


iS plac ed 


The situation is different when the source 
current is in the direction so as to increase the velocity 
field. Under 
been observed! that the 


initial velocity of propagation across the field is greater 


quite 
of propagation across the dé magnet 


these circumstances, it has 


and the initial diameter of the plasmoid is greater, A 
sequence of photographs taken under these circum 
stances with eight sources firing simultaneously is 
shown in Fig. 18, where the ring that is produced now 
apparently moves along the lines of force toward the 
camera. Probe traces (see Fig. 19) taken at a position 
30 cm behind the that 
plasma (presumably in the form of a ring) traveling 


source suggest there is also 
along the lines of force in the opposite direction with a 
velocity <3 10° cm/se 


appears to be the simultaneous production of two 


Here now is a situation that 


whirl-rings which move away from one another along 
the dc magnetic field lines. Figure 20 shows stereoscopic 


photographs taken of the ring that moves toward the 
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hic. 20 sequence of stereo photos (20° between the two) 
of the rings produced, as in Fig. 18 
2 For the delay the camera wa 
distance closer by about 15 cm, t 

ard the camera 


that the ring 


with the pressure equal to 
refocused for an object 
for the fact that 
The 4-usec delay 
is constructed olf 


/ -p5eC 
» compensate 
the ring apparently moves tow 

photograph, especially 
material that has a helical twist 


ugyest 


camera. The ring appears to have a helical twist which 
probably represents the direction of magnetic field and 
A suggested 


motion of the plasma within the ring 


Flux, tube 
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description of the process of formation of these two 
rings is given in Fig. 21, where it can be seen that the 
two rings that are now produced are not topologically 
entangled but are free to move away from one another. 
It is suggested that each of these rings is similar to the 
S-plasmoid of Fig. 4, except that they exist in a d 
magnetic field, and the h, and hy fields have time to 
penetrate the plasma and add vectorially to produce a 
magnetic field configuration within the ring 
The measurements as yet do not yield quantitative 
information on whether the maintain their 
diameter as they move along the dc magnetic field lines. 
It will be necessary to construct a longer solenoid for 
the magnetic field than the 44-cm solenoid that was 
used in these experiments, in order to examine the 
radial stability of these rings and to measure their 


helical 


rings 


velocity along the field. It will also be necessary to 
devise a suitable technique for exploring the magneti 


fields that are trapped in these rings. 
CONCLUSION 


By firing simultaneously two or more plasmoids 
across a magnetic field it has been possible to produce 


PHYSICAL REVIEW VOLUMI 


BOSTICK 


cooperative phenomena which, in geometrical form, 
suggest the simulation of the production of spiral 
galaxies and astronomical barred spirals. There is 
hence some promise that it will be possible to study 
these astronomical processes in the laboratory. Further- 
more, the plasma and magnetic field configurations 
produced in the laboratory are, of themselves, of con- 
siderable physical importance. Hypotheses to explain 
the experimental effects have been advanced in outline. 
Accurate quantitative work and detailed theoretical 
analysis should now be undertaken. 
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Connection between Pair Density and Pressure for a Bose Gas 
Consisting of Rigid Spherical Atoms* 


M 


Fierz 


Seminar fiir Theoretische Physik der Universitat, Basel, Switzerland 
(Received January 21, 1957) 


It is shown that, for a Bose gas of rigid spherical atoms of radius a, the pressure p is given by the pair 
density g(r) and the energy per atom u by the formula 


p pl = tu 7 + {ra mT: g'(a) 


HE virial theorem, for a classical gas of rigid 
spherical atoms of radius a, leads to the well 
known expression for the pressure p: 


p pr 


(Boltzmann’s constant is put equal to unity; p is the 
particle-density, « the energy per particle, and g(r) the 
pair-density. ) 

We shall prove the corresponding formula for a Bose 


4u/1+-4na*g(a). 


gas to be 


4u/T + 4nra®-4mT -g'’(a). (I) 


p pT 
(Planck’s constant is put equal to unity.) This we will 
derive first from the virial theorem by a limiting process. 


* The problem treated in the present note is due to George 
Placzek. In the limit of small densities he showed Eq. (I) of this 
paper to be valid. During a visit in Princeton (February, 1955) 
we discussed the general proof, and we hoped to publish our 
result together. George Placzek’s untimely death has made this 
impossible. 


As this derivation, though rather simple, is not quite 
satisfactory, we shall give a second proof where no 
limiting process is needed. 

(1) The virial theorem reads 


4 7” dV 
4u— i) g(r)r—r'dr. (1) 
0 


p/p 

6 dr 
We assume the potential V to be of the following form: 
when 


V(r) r>4a, 


V(r) when r<a. 
For the integral in (1) this leads to 
+$ara'g(a)V. 


One has to study the limit of (3) for V-+*. Now for 
very big values of V, such that a(Vm)!>>1 and the 
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kinetic energy <V, g(r) behaves for r—a= xa as 


g(r)=A exp[2(mV)!x] when x<0O, 
(4) 
when x>0. 


All t (mV) ix P 


This is true in our limit, because there the many-body 


wave function y behaves near x= 0 as 


y~X(X2°:-Xn)-o(r), (5) 


where r is the distance between particles 1 and 2. 
Here $(r) corresponds to the function of the two-body 
problem: 
o(r)~expL(mV)!x] when <0 
(6) 
o>. 


~1+(mV)*x when 


This leads immediately to (4). From (4) we find 


limg’”’(r) =2AmV =2mV g(a). 


The limit V 
Vg(a) by g”’(a)/2m. This establishes (1). 

(2) ‘To avoid the limit V-~, 
a wave function satisfying the force-free Schrédinger 


»o can now be performed by replacing 
we describe the gas by 


equation inside a certain “surface” of configuration 
space. On the surface the wave function vanishes. ‘The 
boundary consists of the ‘‘outer” surface, formed by 
the volume V the gas is enclosed in, and the “inner’”’ 
surface, where two particles touch one another, given 
by the equations 


mo ad. 


The energy of the system can be written as an integral 
over the surface only. Then the integral over the outer 
surface defines the pressure according to the virial 
theorem. We start with the equation 


0 Op OY 0 yp al ke 
| y (), (8) 
Ox, OX, OxX,OX, Ox, 


im 
OX, 


holding for every stationary state inside the boundary. 
(One has to sum over double indices, k, e=1--+-3N.) 
Integrating {-x,(07;./0x,.)dv by parts, one gets: 


1 Ow 2 
_ f ( ) di 
m OX; 
1 Op dp 
r f n( 
2m OX, OX, 


Here dS, is the surface element of the boundary. 
vanishes there, we have 


1 Op a 1 ow Q 
fx as, J of ) dS,, 
2m Ox, OX, 2m Ox 


€ 


Oy 
y Jas, 0. (9) 
OX OX, 


Asy 
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where U is the total (kinetic) energy. The last step in 
(10) follows from 


Ory 0 O*y 
0 fv vr S;, j x Wh a 
. Ox? Ox, \ Ox? 
oe Ow d[d a 
f (vx ya f | cow) | 
OX OX, OX; OX, L Ox, OX, 
0 Oy ny 0 
f (vx Jas, f 
OX, OX, OX; OX, 


(Note that y 


integral in (10) into the contributions of the outer and 


rw ds, ( 11) 


0 on the boundary.) If we now split the 


. . . 
the inner surface, we get, using the virial theorem, 


] 
f grad w | ?(x,-dS,) 
2m 


Here 3pV is the contribution of the outer surface. The 
We 
have introduced a vector notation; the indices refer now 
to the atoms: 1, R=1---N. 

The formula (12) holds independently of the statistics 
In (12) dS, is the differential of the sub 
comhiguration 


(12) 


integral in (12) goes over the inner surface only 


of the atoms 
space, where the particle k 

Take the the 
particles 1 and 2 are in contact. ‘The contribution will be 


space ol 


touches another particle terms where 


J (leraay 2 | grad |?)x; xo +a 


a Vw lve dvy (13) 
Here dw 
of a. There are only these terms where grad y is different 
We get 


three or 


a Is the element of solid angle in the direction 


from zero, as wy itself vanishes at the boundary 


no contribution also from the terms where 
more particles are in contact 

Now we have 4N(N—1) terms of the type (13) 
These are all equal since wp is the 


system is big enough, one may assume its interior to 


symmetrical. If 


be homogeneous and isotropic. Then the two terms in 


(1.3) are equal, and the integral in (12) can be written as 


N(N Df grad |*)x; =x. +ad*dwgdvg: + «doy 


2rNa'*p’’(a), 


where 


g(r) =(N 1) f vox r 


This again leads back to (I), 
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Use of a General Virial Theorem with Perturbation Theory 


W. J. Carr, Jr. 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received January 3, 1957) 


If the Hamiltonian of a system is broken up into a series of homogeneous operators in the space coordinates, 
the sum of their mean values multiplied by the degree of homogeneity equals zero for a bound state 

Assume that the Hamiltonian contains three groups of homogeneous terms: for example, kinetic energy, 
Coulomb energy, and a third interaction, U, which is small. By the “virial” theorem, the energy can be 
expressed in the mean values of any two of these terms. From perturbation theory, another relationship is 
derived which allows various orders of the energy to be obtained from the mean value of any one of the three 
terms of the Hamiltonian 

The perturbation relation is 0 = 2 nE,, where E, is the nth order correction to the energy, defined by 


E=ZE, 


INTRODUCTION 


Ree a bound system of particles having kinetic 
energy T and potential energy V, it is well known 
that the virial theorem 


T=4 > 05-0 5V)m, (1) 


holds both in classical and quantum mechanics. In the 
former case the bar indicates a time average, while in the 
latter a quantum mechanical average. The term on the 
right, where r,; is the position coordinate of the jth 
particle, and ¥, the gradient operator, is the virial of 
Clausius for the special case where the force can be 
described by a potential gradient. This term by Euler’s 
theorem, becomes equal to V/2 if the particles inter- 
act only via Coulomb forces. Then 


2T+V=0. (2) 


Hereafter, the symbol V will be reserved for Coulomb 
interactions, 

A variety of proofs of the quantum virial law has been 
given by various authors,'~® and also the relativistic 
analog for a Dirac particle has been derived.**” In the 
following, a relation corresponding to the virial theorem 
for a more general Hamiltonian is considered, along 
with some applications from the use of perturbation 
theory 

It will be assumed for simplicity that the particles 
involved are subject to no constraints not included in 
the Hamiltonian. Of particular interest is a many-body 
system of electrons and nuclei, which will be considered 
first aS a concrete example. For most purposes the 
Hamiltonian, in the absence of an applied field, is given 


to sufficient accuracy by 


H=T+V+U.ot Ves, (3) 


' Born, Heisenberg, and Jordan, Z. Physik 35, 557 (1926) 
?B.N. Finkelstein, Z. Physik 50, 293 (1928). 

*V. Fock, Z. Physik 63, 855 (1930). 

J. C, Slater, J. Chem. Phys. 1, 687 (1933). 

T. L. Cottrell and S. Paterson, Phil. Mag. 42, 391 (1951) 
M. E. Rose and T. A. Welton, Phys. Rev. 86, 432 (1952) 
N. H. March, Phys. Rev. 92, 481 (1953) 


4 
b 
e 
7 


where U/,.. is the spin-orbit interaction and U,., the 
spin-spin term. 

If rj=1,—Try, c is the velocity of light, and e,, my, wi, 
and p, are respectively the charge, mass, spin magnetic 
moment operator, and momentum operator of the ith 


particle, 
_ Uy Tij Pj ==~Di 
rE —x(—-™), (a 
iti cc rif m; 22m; 


1 3(u,-r,;) (uy -r4;) 


u,-u;- » 
2 


U 
8-0 


Ves=t UD 


iti 757 Vij 


It will be shown that for the Hamiltonian (3), the 
virial law becomes 


2T+-0+3U=0, (6) 


where U= U,.,.+ U,... 
Thus the energy 
(7) 


can be expressed in terms of any two of the mean values 
T, V, or U. By treating U asa perturbation, the various 
orders of F can be written in terms of the various orders 


of T, V, or U alone. 


PROOF OF EQUATION (6) 


The proof of (6) easily may be obtained from the 
simple variational argument of Fock.’ One difficulty in 
this proof, however, is in knowing under what circum- 
stances, as regards to boundary conditions, the varia- 
tional argument holds. An alternative proof that is 
more general in application is given below. 

Consider the commutator of the operator >-;1,-¥, 
with an operator 

o™ 
‘XN, YN,ZN) ’ (8) 


Ox ;™ 


F,, f nama ¥1,V1,21° 


where fn4m is a homogeneous function of degree n+ m in 
the position coordinates of the N particles. The operator 
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F,, is homogeneous of degree n, in the sense that 


Qo” 
f nt-m(AX1,AV1,AZ1° Axy,A¥N,AZN) 
O(Ax,)™ 
o”™ 
(9) 


Af n¢-m(X1,91,21° * “XN, VNySN) 


0 x m 


Since by Euler’s theorem, 5°; 1r;-Vj operating on fnym 
gives (n+m) fnim, it follows that 
: : o™ 
> £5: VF a= (nt+m)F at from 2 05°93 
/ 


i eo 


o™ 
(n-+-m) Fat faeml Ti Vs 
ox,” 


Qo” 
(>) r5-°V; I; Vi) (10) 
m ; 


Ox, 
Therefore, the commutator can be expressed 


o™ 
(EH 05-05, Fa l= (ntm)F it fogml Ci Vs, 
] 


ox,;™ 


o™ 
(n+m)f 
Ox, 


(n+m)F 


nF , (11) 

By the same kind of argument, this result also can be 
proved for operators of the type (0"/0x,")fnym OF 
Satm 9(0"/0x,") Sf 

All the terms of the Hamiltonian of interest here can 
be expressed as linear combinations in terms of the type 
(8). It will be observed that 7, V, and U are homogene 
ous of degree —2, —1, and — 3, respectively. 
Thus, for the Hamiltonian (3) 

(ry Vs, 1) 2T—V—3U (12) 

It is worth noting that (12) is simply a relationship 
among operators, and free, at this point, from the 
criticism® of previous types of proof’ involving partial 
integrations over wave functions. 

To obtain (6) for a bound state, the mean value of 
both sides of (12) is evaluated for an eigenfunction wy of 


H. The left hand side is 


(3585-93, 7m ED” ; 7; V i) aw 


fvnxe viwdr, (13) 
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which, because of the Hermitian property of H, is 
zero.°"" 

The case of an arbitrary Hamiltonian may be treated 
in a similar manner by breaking it up into homogeneous 
parts. The extension of the theorem to include an applied 
electromagnetic field involves calculating the commu 


tator of >°,1r,;-V,; with the additional terms in the 


Hamiltonian 


ey 
ps (p, Av+A,-p,) 
‘ 2m x« 
e; 
Oly Sy A? 


> u,-curlA;+)> evgs, (15) 


i 2m,c’ i i 


and depends upon the manner in which the vector and 
scalar potentials, A and gy, vary with position. For 
uniform static electric and magnetic fields, A and ¢ are 
homogeneous of degree one. ‘Thus for this case of uni 
form fields, to the right side of (12) must be added 


e? 
2>° ~A +>- eg, 
i 2m,c* i 


(16) 


where A,;=43CXr, and g,= &-r,, H and € being the 


magnetic and electric fields. 


USE OF PERTURBATION THEORY 


Both U of (4) and (5) and the field-dependent terms, 
(15), in the Hamiltonian ordinarily may be treated as 
T+V. In the 


following example consider the Hamiltonian (3) with U 


small perturbations compared with 


the perturbing term. Let the wave function and energy 
be written as 


V=LnrWn, 
E=) 


has 1 


(17) 
NE, 
where \=1 and the different orders of approximation 
are given, as usual, by the coefficients of powers of A 
In the standard Rayleigh-Schrédinger perturbation 
treatment, results for /, are given in terms of matrix 
elements of U with eigenfunctions of the unperturbed 
Hamiltonian. These results are obtained by starting 
with the Schrédinger equation. 
(T+V+AU)> ndAWn=DinDmA™*™E Wm, (18) 
and expanding each order, y,, in the unperturbed eigen- 


functions. It is shown in the Appendix that the rather 


complicated results of this treatment are expressed very 


* For states which are not bound, r,;-%, becomes infinite as 
rye 13) is not necessarily zero. The case of box normaliza- 
tion, not considered here, is an example of an external constraint, 
and leads to a term in 

*From (12), a relation also can be written for the off-diagonal 


matrix elements. In a representation in which // is diagonal, 


and 


(13) involving pressure 


(Eq—Eg) (2 40;°9; 


(14) 


which is obtained by replacing the commutator with the time 
derivative of 2,4;-Y; 


ap = 21 ag+Vaprt SU ap; 
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simply in terms of the y,, before an expansion in 
eigenfunctions is made: the relationship being" 


Ym UW n—mdT. 


n+ 1 me 


Eavi (19) 


By summing both sides over all n, one obtains for the 
mean value of U in the perturbed system, 


a2 


> nF,. 


new 


(20) 


U [vruver > (n4 1) Engs 


It is observed from the right hand side of (20) that the 
successive approximations for U do not converge as fast 
> E,. It nevertheless is 
assumed in the following that the perturbing term is 
small enough so that >> n/, converges. 

By making use of (6) and (7) 


as those for the energy, 1 


A substitution of (17) for #, and (20) for U gives 
T > (14 2n)E,, (23) 
> (2+n)E, 


(20), (23), and (24) may be rearranged to 


and 
(24) 


Finally 
give 
ae > nk,, 
i n#m 
T 1 
Lem v Ie 
14+-2m 142m n¥m 


mA) (25) 


(14+-2n)F,, (26) 


v Be 
En > (24+n)E,. (27) 
2+m 2+-m n¥m 


To demonstrate the usefulness of (25), (26), and (27), 
let it be assumed that from ordinary perturbation theory 
it is known through symmetry arguments that /,, is the 
perturbed energy term of interest for a particular 
problem. ‘The second group of terms on the right in (25), 
(26), and (27) therefore may be dismissed from con 


sideration. Thus if U’, 7’, and V’ are the parts of U,7 


and V of the desired symmetry, 


Eno (U'/m)m#0, (28) 


Eno — T'/(1+2m) (29) 


Emo~V'/(2+m). (30) 

“It is interesting to note that if A, is defined as 
Lm no” Shm* Av, mdr, then by multiplying both sides of (18) by 
y*, integrating, and equating equal coefficients of \, one obtains 
Eny™(1+V)ayitUq. But with the help of (19), (T4+V)n4: 
= —nl/,/(n+1). Thus in higher orders, the contributions of the 
perturbing and unperturbed parts of the Hamiltonian tend more 
and more to cancel one another 


CARR, 


JR. 


If any of the three quantities U, 7, or V can be ap- 
proximated in some manner, E,, is obtained by one of 
the above three equations. An approximate equality is 
written in case higher order perturbations, £,,,,;, also 
contain the appropriate symmetry. 

It readily may be verified that (28), (29), and (30) 
satisfy the relation E,~7'+0'+U’' as they must; but 
the three equations show in addition that T, V, and U 
contribute in the ratio — (1+ 2m): (2+ m):m, m0. 

Equation (30) is generally the most useful since in 
order to approximate V (by an electrostatic calculation) 
it is necessary to approximate only the physically 
meaningful quantity |y|? (or in fact the probability 
density for two electrons). On the other hand, to calcu- 
late /,, by usual perturbation methods, all the unper- 
turbed eigenfunctions germane to the problem must be 
known. In a many-body system, for high order per- 
turbations, it is often simpler to approximate |y |* of the 
perturbed system than to approximate the complete 
spectrum of eigenfunctions of the unperturbed state. 


AN ELEMENTARY EXAMPLE 


As a check on the preceding results, a simple example, 
the Stark effect in a linear oscillator, may be worked 
out, since the exact results for this problem are known. 
rhe example also illustrates the use of a different 
Hamiltonian. If v is the potential energy, kx*/2, of the 
oscillator, and w=x6 is the perturbing term of the 
electric field &, the energy is 

E=T+i+w. (31) 


As T, v, and w are respectively homogeneous of degree 
2, 2, and 1, it follows that 


0= —27+28+. (32) 


From (31) and (32) 
d=4E—4w. (33) 


Making use of E=)>> E, and the perturbation ex- 
pression (20) for W, one obtains 


b=) (4 
The problem is to find the term in the energy pro- 
portional to &*. From Rayleigh-Schrédinger perturba- 


tion theory this term obviously comes from the second 
order perturbation, which according to (34) is given by 


an\Ey. (34) 


Ex~—0(8), (35) 
where 0(&*) is the part of 6 depending on &’. Since the 
exact wave functions for the Hamiltonian 7+-0+w are 
known, 0(&?) can be calculated precisely." The result 
for dis 
b= Ko/24+&7/2k, 
“FE, U. Condon and P. M. Morse, Quantum Mechanics 
(McGraw-Hill Book Company, New York, 1929), p. 122 


(36) 
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or 0(&)=&/2k. This quantity substituted into (35) 
checks the results of perturbation theory, in this case 
exactly. 

It is not possible in this particular problem to find F» 
from 7’, for from (31), (32), and (20), 


. 2—N 
r z/( )z., 
4 


and therefore 7 does not contain £2, in agreement with 
the exact calculation showing 7 does not involve an &? 
term. 

In a paper to appear later, a more useful calculation 
is made of the fourth-order spin-orbit perturbation in a 
ferromagnetic solid. The potential energy is approxi- 
mated by a multipole expansion. 


(37) 


APPENDIX. RAYLEIGH-SCHRODINGER THEORY 


One proof of (20) can be obtained by solving for the 
various orders of y and £ and substituting into (19). 
The method of the following much simpler proof was 
pointed out to the author by E. N. Adams and T. D. 
Holstein. 

The mean value of the Hamiltonian Ho+AU is given 


by 
(38) 


E(x) frou tral )W(a)dr, 


where /(A) and W(A) are given by (17). From the fact y 
is normalized and Hy= Ey, it is easily established that 


* 


Ow Ow 
f Mydr4 f y*H—dr=0, 
Or Or 


(39) 


URBATION 


Ok OH 
fe ydr 
Or OX 
But E=>° \"E,, so (20) immediately follows from (40) 
when A is set equal to unity 


rem. THEORY 


and thus 


(40) 


LENNARD-JONES-BRILLOUIN- WIGNER THEORY 


With Lennard-Jones-Brillouin-Wigner perturbation 
theory, Eq. (20) also holds. In this case, the direct proof 
is simpler since the energy and wave function easily can 
be written explicitly in the matrix elements U,; and 
eigenvalues w, of the unperturbed functions, u,: 


ke Wo t AU oo { ? 


oo 


2 a id 
i (k—-w, 


By a direct calculation using (42) 


which may be compared with (41). 
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Internal Field Emission in Silicon p-n Junctions 
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Internal field is believed to occur in narrow p-n 
junctions in silicon. This conclusion is based on the following ob 


emission 


servations: (i) as in wide junctions, the multiplication charac 
teristic has a positive temperature coefficient whereas the reverse 
characteristic, unlike wide junctions, possesses a negative tem 
perature coefficient; (ii) the forward and reverse currents are 
relatively insensitive to temperature; (iii) radiative transitions of 
energetic carriers in the high-field region result in the emission of 
visible light, the pattern of which shows that the current flows 
more or less uniformly through the whole extent of the junction 
but that the array of fewer and more intense light spots charac 
teristic of avalanche breakdown is absent; (iv) the noise associated 


INTRODUCTION 


HEN the reverse voltage applied to a p-n junc- 

tion reaches a critical value, electrical break- 

down occurs, as evidenced by the onset of an extremely 
rapid increase of the current with voltage. In early work 
on germanium and silicon, this breakdown was attri- 
buted to internal field emission, a process that had been 
considered theoretically by Zener in connection with 
breakdown in insulators.’ This theory was extended by 
Shockley to semiconductors and it was apparently 
verified by analysis of the reverse characteristic of a low 
breakdown-voltage germanium pn junction? A 
feature of the experimental work was that the junction 
failed to exhibit any charge multiplication when biased 
at just below breakdown. Subsequent studies** of 
charge multiplication in reverse-biased junctions have 
demonstrated conclusively that charge multiplication 
should have been occurring at the fields thought to 
have been present. Furthermore, though the slope of the 
published curve in the Zener region agreed quite well 
with the theoretical prediction, subsequent measure- 
ments on a number of samples showed widely difference 
slopes.’ Consequently, it is not certain that internal 
field emission was responsible for the breakdown charac- 
teristic. It is the purpose of this paper to present more 
solid evidence of the occurrence of internal field emis 


sion. 


EXPERIMENTAL 


The high field strengths required in order to observe 
the Zener effect exist in highly-doped silicon junctions 
where the junction width can be as little as 400 ang 
stroms. These narrow junctions can be produced readily 
by diffusion techniques. The results described in this 
paper were obtained on units prepared from the same 

'C. Zener, Proe Roy Soc. (London) 145, 523 (1934) 

* McAfee, Ryder, Shockley, and Sparks, Phys. Rev 
(1951) 

4*K.G. McKay, Phys. Rev. 94, 877 (1954 

4A. G. Chynoweth and K. G. McKay (to be published) 

* FE. M. Conwell, Proc. Inst. Radio Engrs. 40, 1327 (1952) 
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with the onset of avalanche breakdown is absent. It is concluded 
that in these narrow junctions the junction space charge field due 
to the built-in potential alone is sufficient to result in a rate of 
carrier generation much greater than that of the normal thermal 
processes. By assuming a reasonable form for the voltage de 
pendence of the field-generated current, it proves possible to 
account qualitatively for the complex forward-bias characteristics 
of these junctions. The reverse characteristics show the onset of 
multiplication of field-emitted carriers at a reasonable threshold. 
Possible causes of the softness of the reverse characteristics are 
discussed. 


parent crystal and in the same manner that has been 
described in detail elsewhere.*® Similar results have been 
obtained for other junctions formed from many different 
low-resistivity parent crystals. The junction formed by 
the diffusion of phosphorus into low-resistivity (about 
0.007 ohm cm) p-type silicon slices occurred at a depth 
of 2 to 3 microns below the etch-polished crystal sur- 
face and had a cross-sectional area of about 0.1 cm’. 
Nickel electrodes were applied to the crystal surfaces 
by an electroless plating technique, the electrode on the 
polished surface covering about half of the area. 

The forward and reverse characteristics and the multi- 
plication characteristic were plotted directly on an 
X — Y paper recorder with the crystal at room tempera- 
ture and again when it was immersed in liquid nitrogen. 
The multiplication characteristic was obtained by in- 
jecting carriers into the junction by light and plotting 
the photocurrent as a function of the reverse bias. 
Measurements of the variation of the junction capacity 
with reverse bias gave information about the field dis- 
tribution inside the junction, its width, and the built-in 
potential. The techniques of these multiplication and 
capacity measurements have been described elsewhere.‘ 


RESULTS 
a. Multiplication 


The multiplication factor, M, is defined as the ratio of 
the photocurrent at a given voltage to its constant 
value at small values of the reverse bias. In Fig. 1, M is 
plotted as a function of the applied bias voltage, Va, as 
measured at room temperature and also, at that of liquid 
nitrogen. The curves were traced directly from the 
X—Y recorder chart and are not smoothed data. It was 
verified that the multiplication characteristic was inde- 
pendent of the intensity of the light. Because of the 
extremely low dynamic impedance of these junctions 
at biases of more than 3 or 4 volts, it was not possible 


*A. G. Chynoweth and K. G. McKay, Phys. Rev. 102, 369 
(1956) 
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Fic. 1. The multiplication characteristics for a narrow junction 
at room temperature and at that of liquid nitrogen 


to extend these measurements to values of M higher 
than about 2. However, it is apparent that within this 
range a given amount of multiplication occurs at a lower 
voltage as the temperature is decreased and there is no 
reason why this behavior should not occur for all values 
of M. Thus, if breakdown were caused solely by multi 
plication leading to the avalanche condition, the break 
down voltage, Vz, would drop with temperature. This 
is consistent with the results obtained by McKay’ 
for junctions with higher breakdown voltages. McKay 
found that the temperature dependence of the avalanche 
breakdown voltage for linear-gradient junctions can be 
described approximately by 


V a7 V nol 1+,’(T—T>) |, 

where the temperature coefficient, 8’, has the value 
+6.710°4/°C. From multiplication plots such as Fig. 1 
for a number of junctions, the average value found for 
8’ at the higher values of M was, approximately, +5.0 
«10-4/°C, which is regarded as in reasonable agree- 
ment with the above value. It was established that all 
the narrow junctions with which the present paper is 


primarily concerned showed positive temperature coeffi- 
cients for the multiplication characteristics, the coeffi- 
cient being defined by (1/V.)(dV./dT) for a given 
value of the multiplication. 

For these junctions, when M 
in the junction is of the order of 10° volts/cm. Further- 
more, the temperature coefficient for the breakdown 


2, the maximum field 


field for a linear-gradient 
%10-4/°C. 


dicating that 8 was constant over the range 2.5 10° 


4p'~3.3 
McKay gave a plot of 8 versus field in- 


junction is p 


<E<5X10°, while at larger fields 8 was tentatively 
shown as dropping to zero at E=10® volts/cm. This 
drop was based on a single determination of 6 (at 
E= 10° volts/cm) from the rectification characteristics. 
As will be shown below, this leads to erroneous results 


for these narrow junctions. The present experiments 


NCTIONS 


N VOLTS 


REVERSE BIAS 
a 3 





N MILLIAMPERES 


RRENT 








140 


— 


junction classed as 


having a soft reverse characteristic 


reverse characteristics for a 


show, therefore, that 8 remains roughly constant over 
the range 2.5X10°'<E<10® volts/cm 


b. Rectification 


Unlike the multiplication characteristics, the way in 
which the characteristic depended on 
temperature varied among junctions with different 


rectification 


breakdown voltages. The reverse and forward charac 
teristics for one of the junctions classed as having a 
low value for Vg are shown in Figs. 2 and 3, The charac 
teristics were obtained by de methods which allowed 
currents of up to about 250 ma to be drawn without 
significant heating of the units. Qualitative studies 
of the characteristics at higher currents were made by 
using a low duty-cycle pulser which had an output im 
pedance of one ohm. The markedly soft nature of the 
reverse characteristic was maintained up to at least 1 
amp, thus making it impossible to define Vg with any 
certainty. It was shown that for all values of the bias, 
the current dropped slightly with the crystal tempera 
ture while the breakdown voltage increased. 

The semilogarithmic plots of the forward currents 
shown in Fig. 3 are unusual in several respects: The 
normal theory for rectification leads to an expression 


I=I1,[exp(eV/kT)—1 ], 


where J, is the thermally generated saturation current, 
e is the electronic charge, k is Boltzmann’s constant, 
T is the absolute temperature, and V is the applied 
voltage, being positive for the forward direction. In the 
forward direction at room temperature the unity term 


can be neglected when compared with the exponential 
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F1G. 3. Semilogarithmic plots of the forward characteristics for the 


junction whose reverse characteristics are shown in Fig. 2 


term for V>0O.1 volt. Thus a semilogarithmic plot 
should be a straight line of gradient (e/k7) and inter- 
cept /,. Usually, 7, drops rapidly with the temperature 
while according to the rectifier equation, the slope of the 
plot increases as the temperature is reduced. From Fig. 
3 it is clear that the junction in question does not follow 
the expected behavior; the plots wobble about a straight 
line in a way that was very reproducible, qualitatively, 
from crystal to crystal. Furthermore, extrapolating to 
zero voltage the straight lines which the curves tend to 
follow indicates that, for this particular junction, J, is 
largely insensitive to temperature while the slope de- 
creases instead of increasing. These observations will be 
discussed later. 

The rectification characteristics obtained for a jun 

breakdown 
4 and 5. The reverse 
characteristics are not as soft as for the lower voltage 
unit. When the temperature is lowered, the reverse 
current drops at moderate values of the bias but then 


tion with a somewhat higher voltage 


(crystal O) are shown in Figs 


increases more rapidly and actually crosses over the 
room temperature characteristic, thus leading to a 
breakdown voltage lower than it had at room tempera- 
ture. The forward characteristics shown in Fig. 5 this 
time indicate that 7, has dropped somewhat with the 


temperature while the general slope has remained more 


or less the same. . 
Measurements on junctions with breakdown volt- 
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ages in the range 7 to 15 volts indicated that as the 
breakdown voltage increased, the current at which the 
crossover point in the reverse characteristics occurred 
decreased. In units with a breakdown of 10 volts or 
more, the current at which the crossover occurred was 
very small while Vz, which was sharply defined, 
possessed a positive temperature coefficient. Further- 
more, the forward characteristics behaved qualitatively, 
though still not quantitatively, as expected from the 
rectifier equation. 

The results relating to the rectification charac- 
teristics as well as the capacity and multiplication 
measurements are summarized in Table I for several 
units. It is to be emphasized that for very soft charac- 
teristics it is impossible to define a sharp breakdown 
voltage and instead, the junctions are classified ac- 
cording to the reverse bias required to produce a certain 
current density. The first two rows give the values of 
the reverse bias required to produce current densities of 
1.0 and 0.1 amp/cm’. The ratio of these two biases is 
called the softness ratio, recorded in the third row. 
The columns of the table are arranged in the order of 
decreasing softness ratio, that is, increasing hardness of 
the breakdown characteristic. The units used in these 
experiments, though made from the same parent crystal, 
had their junctions lying in different crystallographic 
planes; these are recorded in row 4. The temperature 
coefficient of the reverse bias required to produce a cur- 
rent density of 1.0 amp/cm* is given in row 5. Rows 6 
and 7 show the values of J, determined from the semi- 
logarithmic plots of the forward characteristic at room 
and liquid nitrogen temperatures, while rows 8 and 9 
give their average slopes. In row 10 is recorded the 
junction width at zero applied voltage as determined 
from the capacity measurements at room temperature. 
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Fic. 4. Reverse characteristics for a junction classed as having a 
somewhat harder characteristic than that shown in Fig. 2 





INTERNAL FRELD 
Finally, row 11 shows the temperature coefficient for 
the multiplication characteristics as measured at M = 2. 

Though there is a fair amount of scatter in the results 
recorded in Table I, some definite trends can be estab- 
lished: The increasing hardness of the characteristic 
is paralleled by (i) an increase in the breakdown volt 
age, (ii) a decrease in the saturation current while its 
temperature about 
towards positive values, and (iii) an increase in the 
average slope of the forward characteristic while the 
change of the slope with temperature progresses from an 
appreciable positive temperature coefficient towards 
zero. (Units with higher breakdown voltages show this 
coefficient eventually going negative, that is, the slope 
increases with a decrease in the temperature.) The table 


coefficient increases from ZeTO 


shows further that there is no obvious correlation be 
tween the breakdown voltage and the junction width in 
these units; measurements of the latter are equal to 
within experimental error. Also, the temperature coeffi 
cient of the multiplication characteristic 
obvious trends, is in all cases positive, and scatters 
around the value of +0.0005 deg C~. 


shows no 


c. Absence of Avalanche Breakdown Phenomena 


Previous published work has shown that a silicon 
junction carrying a high current at avalanche break- 
down emits visible light and in particular, the light 
arises only at highly localized breakdown regions, or 
microplasmas.6 McKay has shown* that the electrical 
noise associated with the onset of avalanche breakdown 
arises because the microplasmas carry the current 
intermittently ; that is, they are continuously switching 
on and off. While they are on they carry a constant cur 
rent of about 100 ya, and this figure is constant for the 
whole range of junction widths and breakdown volt 
ages (i.e., Vz>6.5 volts) over which avalanche break 
down occurs. 

In the narrow junctions reported in this paper, 
neither noise pulses nor a comparable array of light 
spots could be observed. This suggests that the high 
currents in the reverse direction are produced by a 
mechanism other than avalanche breakdown 

Light emission was observed, however, though quite 
different in its spatial distribution to the avalanche case. 
Instead of a number of bright red spots appearing 
through the crystal surface, there was a very faint 
and more or less uniform red glow, visible to the dark- 
adapted eye at current densities of more than 2 amp/ 
cm’, A photograph of the emission is shown in Fig. 6; 
the exposure time was about 100 times that required 
for the previously published photographs of light 
emission from a junction in avalanche breakdown. The 
photograph suggests that the light is coming from a vast 
number of small spots and, from a rough estimate of the 


spot density, the actual current per spot was less than 


10 wa, a value much smaller than that observed under 
avalanche breakdown conditions. 
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for the 
shown in Fig. 4. 


Fic. 5. Semilogarithmic plot of the forward characteristi 


junction whose reverse characteristics are 


The fact that ion is approximately 


uniform over the whole area of the junction offers direct 


the light em 


proof that most of the current is flowing uniformly 


through the junction rather than being confined to the 


surface layers by some spurious process. This conclusion 


was strengthened further by the fact that etching the 
junction edges of the units did not alter appreciably 


their rectification characteristics 


d. Fields Present in the Junction 


It is to consider whether the estimated 


fields in the junctions are sufficient to produce internal 


nece sSary 


field emission. Capacity versus reverse bias studies were 
made of several of the that 
the field distribution inside the junction was very close 


junctions which showed 


to parabolic. From ‘Table I, high currents were produced 


when (V,+V,)~6 volts. The junction width for such 


a net bias was about 740 A, giving a maximum field 
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Taste I, Data on the rectification and multiplication characteristics for a series of narrow p-n junctions. 


Crystal 


Reverse bias | (at 1.0 amp/cm?) 
(room temp ) f (at 0.1 amp/cm*) 


Softness ratio 


111 


Crystallographic plane 


10x 7 i) (°C) 


dl “4.8 


(room temp.) 
‘ 2 
1, was m { (re temp ) 85 


d(in/) 
dV 


(room temp.) 


(Nz temp.) 


10.5 
8.2 


; forward 


Junction width, zero bias 


210 


M 


111 
~3.8 2.6 


56 
12 


170 
98 


66 
$2 


100 89 


27 


13.8 
9.7 


12.4 
94 


12.1 


12.1 
9.0 } 


(angstroms) 


415 


445 


396 


400 


398 


+2.8 +4.6 +8.9 +5.0 


1 f/dV, ‘ 
10°%x7-(ar): ae | 


(multiplication) 


Ew™1.2X 10° volts/cm. This figure is close to the value 
of 1.4 10° volts/cm predicted theoretically by Shock- 
ley’s equation for silicon.’ Also significant is that even 
at zero applied bias, the built-in potential results in 
maximum fields of about 4X 10° volts/cm. Departures 
from perfect plane-parallel geometry of the space 
charge region (because of local fluctuations in impurity 
concentrations) could well result in zero-bias fields of 
perhaps 6 10° volts/cm. Thus, even at zero bias, the 
field conditions present in the junctions may be capable 
of producing some internal field emission, 


e. Temperature Dependence of Reverse 
Characteristic 


From what is already known about the multiplication 
processes in silicon p-m junctions, a positive tempera- 
ture coefficient for the multiplication characteristic is 
not unreasonable, even for the narrowest junctions. The 
factors that determine the voltage V,, that must be 
applied to produce a given amount of multiplication, 
are: (i) the built-in voltage, V,, (ii) the energy, Vz, 
lost by the carrier to the lattice while traversing the 
space charge region of width W, and (iii) the energy, Vo, 
that a carrier must have to produce secondary electron- 
hole pairs. The temperature dependence of V, is deter- 
mined by the combined effects of the temperature varia- 
tions of Vy, Vz, W, and Vo. Considering these indi- 
vidually and combining them, we conclude that the ob- 
served decrease in V, with temperature requires that 
the energy lost to the lattice by the carriers in crossing 
the junction decreases by a few tenths of a volt on cool- 
ing to liquid nitrogen temperature. This could be ac- 
counted for by an increase of 10% to 20% in the carrier 
mean free path between inelastic collisions, which is 
regarded as quite reasonable. 


+4.9 +4.6 +4.9 +2.9 +5.7 


A prediction of the temperature coefficient for in- 
ternal field emission is much more difficult. The theory 
has yet to be formulated in terms of the energy band 
structure of silicon.’ Moreover, our experimental condi- 
tions are considerably different from those that would 
normally be assumed for a theoretical model. At best 
it can be concluded that the temperature dependence 
of the field required to produce a given emission current 
will be small with either sign possible for the tempera- 
ture coefficient. 


f. Evidence of Internal Field Emission 


The above experiments show that these narrow junc- 
tions behave quite differently from the wider junctions 
that exhibit avalanche breakdown. The basic experi- 
mental facts are: (i) as the breakdown voltage is lowered 
the temperature coefficient of Vg decreases from positive 
values, goes through zero, and becomes appreciably 
negative while the temperature coefficient of the 
multiplication characteristic is at all times positive 
and independent of the breakdown voltage, and (ii) a 
large decrease in the temperature results in a relatively 
small change in the magnitude of the reverse and for- 
ward currents. From (i), it follows that if breakdown 
were caused solely by multiplication leading to the 
avalanche condition, V, would decrease with tempera- 
ture for all values of Vz, contrary to the observations. 
From (ii), it is concluded that the carriers responsible 
for the large currents at low biases are not activated 
thermally. In particular, they are not generated at 
recombination centers throughout the space charge 


7G. H. Wannier, Phys. Rev. 100, 1227 (1955). See also, Phys. 
Rev. 101, 1835 (1956). 
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region.® As the reverse bias increases, the junction width 
increases as (V,+V;)! whereas the observed current 
increases as (V,+V,)", where m lies between 1 and 3. 
Furthermore, the fact that M is truly unity over a 
fairly wide range of the reverse bias and that at all 
biases it is independent of the light intensity indicates 
that there is a negligible enhancement of the diffusion 
current due to the voltage gradient produced by the 
current flow in the bulk of the crystal. Estimates of the 
current density required to produce a sufficient field in 
the low-resistivity material were orders of magnitude 
higher than the reverse currents actually present. The 
light emission pattern and the etching experiments 
show that spurious surface effects at the edges of the 
junction are not responsible for the large currents and, 
therefore, that the 
those of the junction in the interior of the crystal. 


rectification characteristics are 
Finally, the noise associated with the onset of avalanche 
breakdown was absent entirely from these narrow jun 

tions. It is concluded that the only hypothesis consistent 
with the above experimental observations is that the 
high currents are generated mainly by internal field 


emission. 


g. Effect of Internal Emission on Forward 
and Reverse Characteristics 


Having concluded that we are dealing with internal 
field emission, let us consider in detail its effect on the 
forward and reverse characteristics. 


Forward Characteristics 


We now ascribe the abnormally high values of /, 
and the complex forward characteristics to internal 
field emission occurring at zero or even small forward 
applied biases. However, though the field may be suffi 
cient, there is the additional condition that carriers 
must be able energetically to make transitions between 
the initial and final states. The fact that the built-in 
potential is approximately equal to the energy gap 
shows this to be possible at zero bias, as then the Fermi 
level runs through the top of the valence band on the 
p side and the bottom of the conduction band on the 
n side of the junction. At small forward biases, transi 
tions can occur only from filled levels in the forbidden 
region though it is reasonable to suppose that there is a 
sufficient density and spread of such levels (on account 
of the high state of degeneracy of the crystal) to enable 
appreciable field emission at forward biases of up to a 
few tenths of a volt 

Let us assume some reasonable form for the depend- 
ence of the internal field emission current on the poten 
tial across the junction. Shockley’s equation for the 
emission current, /g, has the form: 


In=a(V,—V) exp n/(V;—V) 


Pell and G. M. Roe, J. Appl. Phys. 27, 768 (1956); 


°F. M 
Also, Noyce, 
1, 382 (1956). 


Sah, and Shockley, Bull. Am. Phys. Soc. Ser. II, 
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lic. 6 
junction at a net current density of about 2 


Photograph of the visible light emission from a narrow 
amp/cm? 


where a and » are dimensional constants, and (V,— V) 
is the potential across the junction if V is positive for 
forward biases. Certainly, this equation is, at best, a 
poor approximation to the present experimental situa- 
tion but it has the essential feature of any expression for 
the emission current, namely, that /¢ increases very 
rapidly as the potential is increased from zero. ‘The cur 
rent /y should be added to the thermally generated 
current, /,, in the rectifier equation which now becomes: 


V) }) 


Xlexp(eV/kT)—1]. (1) 


I={I,+a(V, V) exp| n/(V, 


Experimentally, the drop-off in the current at high 
forward bias is caused by the voltage drop at the con 
tacts and in the body of the silicon becoming ap 
preciable. Also, for V <0.06 volt, the semilogarithmic 
plot will show a large drop in the current because of the 
neglect of unity compared to exp(eV/k7T). Thus, a 
theory must account for the shape of the semilogarith 
0.6 volt. As V in 


creases over this range, the slope of the plot at first de 


mic plot over the range 0.06< | 


creases and then increases 
Let S represent the slope d(InJ)/dV. Then, from Eq 
(1), the sign of (d.S/dV) behaves as that of the expres 


sion: 


Now V;, is of the order of a volt so that as V increases 
from 0.06 to 0.6 volt, the exponential term will increase 
by several orders of magnitude on account of the value 
of n. Thus, it is possible for (d.S/dV) to be negative when 
V is small while gradually becoming positive as V in 
creases, in agreement with the experimental behavior, 
In comparing Eq. (1) more closely with experiment, 
it is permissible to neglect 7, compared with the field 
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Fic, 7. Plot obtained from the room temperature forward 
characteristic of Fig. 5 showing the effect of carrier generation by 
field emission. In the absence of field emission, the quantity, y, 
would be independent of the forward bias, V. 


emission current at low values of V. Then, letting 


VW =1/Lexp(eV/kT)—1], 


one has 


InW = Ina+In(Vi— V)—n/(V;i-— V). 


Thus, a plot of In¥ versus (V,— V)~“' should be a straight 
V) is negligible 
V). A plot of In¥ os 


V)~ is given in Fig. 7 for the room temperature 


line because the variation in In(V;,; 
compared with that of n/(V; 
(V; 
data of Fig. 5. The plot shows a slight curvature rather 
than being straight; this curvature is probably a result 
of the above approximations and departures of the 
field emission current from the assumed analytic form. 
Notable is the fact that the curve is monotonic rather 
than showing any trace of the wobble present in the 
InJ versus V plots. From the slope of the curve in Fig. 7 
at small forward bias, » was found to be about 22 volts. 
For junctions with softer reverse characteristics (and 
presumably higher fields for a given value of V) some- 
what higher values were found for n. From the inter- 
cept at V=0, [1/(Vi— V)~0.91], the value of the 
coefficient a was 2X10? amp cm~ volt~. 

From the inflection point in Fig. 5, we can use ex- 
pression (2) to obtain a value for the thermally gen- 
erated current /,. Although rather inaccurate, this does 
yield the right order of magnitude. 
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Equation (1) indicates that at small values of the 
forward bias the slope of the In/J versus V plots is given 
approximately by [ (e/kT)—n/V? |. At room tempera- 
ture, e/kT=~38. Then, the slope should be about 38-18 
= 20, which is consistent with the average value quoted 
for crystal 0 in Table I. 

Thus, the addition to the rectifier equation of a com- 
ponent representing a field generated current with a 
reasonable form for its voltage dependence can account 
for the complex structure of the InJ— V plots and their 
abnormally small slopes. 


Softness of Reverse Characteristic 


Probably, several factors contribute towards the 
softness of the reverse characteristic. The multiplica- 
tion characteristics show that M=1 up to reverse 
biases of about 1.5 volts. Yet even over this range, the 
reverse current grows rapidly with the voltage. It has 
been shown above that considerable carrier generation 
by internal field emission is possible even at Vg=O in 
which case, the current will certainly increase with V4 
right from V,z=0. The way in which J increases with 
V, will be very complex. For zero or small reverse bias, 
the top of the valence band on the p side will be only 
slightly higher than the bottom of the conduction band 
on the m side, so that only a few electrons in the valence 
band on the p side will be available for the emission 
transition. This situation is shown diagrammatically 
in Fig. 8 for a highly idealized field distribution. As the 
bias is increased, the number of such available electrons 
will increase also. In the lower part of Fig. 8 is sketched 
the field distribution in the junction. It is apparent that 
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Fic. 8. Diagram showing the dependence of the effective field 
promoting the transition of an electron from the valence band to 
the conduction band on the initial position of the electron in the 
space charge region. 
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the average field responsible for the transition will vary 
according to the position of the electron in the valence 
band and this situation also will vary with the reverse 
bias. Hence, the reverse characteristic will appear softer 
than that predicted by the theoretical equation which 
is derived for the case of a uniform field. 

Probably, another important cause of the softness is 
that local fluctuations in impurity concentrations will 
result in corresponding fluctuations in the field strength. 
At V,=0, only a few sites may be emitting but as V, 
increases, the increasing current will be carried by an 
increasing number of emission sites; the total emission 
current is not likely to be carried at one or a few sites 
only because the spreading resistance would give rise to 
a self-limiting voltage drop as soon as the current be- 
comes appreciable. Thus, the spreading resistance at 
each emission site also helps to prevent the rapid in- 
crease of current with voltage dictated by the usual 
expression for the field emission current. 


Onset of Multiplication in the Reverse Characteristic 


In Fig. 9 is shown a log-log plot of the current versus 
the reverse bias. For applied biases in the range 1 to 3 
volts the plot is straight, but at about 3.6 volts a more 
rapid increase in the current sets in. When plotted in 
this way, the reverse characteristics for most of the 
crystals showed this breakover at about the same ap- 
plied voltage. The breakover occurred at about the 
same bias at both room temperature and that of liquid 
nitrogen. The slopes of the straight-line portion varied 
considerably from crystal to crystal, reflecting varia- 
tions in the softness of the characteristic. 

The breakover point is taken to represent the onset of 
multiplication of the current generated by internal field 
emission. As the multiplication characteristics show, 
multiplication of carriers injected at the edge of the 
junction should start at about V,=1.2 volts though, in 
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Fic. 9. A log-log plot of the reverse characteristic showing the 
onset of multiplication of field-emitted carriers at a reverse bias 
of about 3.6 volts 
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(ii) 

Fic. 10. Diagrams illustrating the method by which upper and 
lower estimates can be made of the applied bias required for 
field-emitted carriers to acquire sufficient energy to produce 
electron-hole pairs just before leaving the junction (i) for carriers 
emitted at the edge of the junction; (ii) for carriers emitted in the 
high-field region at the center of the junction 


general, there was no perceptible deviation from the 
straight line at this bias. As the energy diagram shown 
in Fig. 10 indicates, a somewhat higher bias will be re 
quired to produce multiplication of field-emitted carriers 
and that this bias will depend on the site of the emission. 
Upper and lower limits can be estimated for the value 
of this bias as follows: A carrier, after being field 
excited from the valence band to the conduction band 
by a horizontal transition, will produce multiplication 
if it gains sufficient energy to produce an electron-hole 
pair before it leaves the high-field region of the junction. 
This situation is represented diagrammatically in Fig. 10 
for two cases: where the field emission occurs (i) right 
at the edge of the junction and (ii) in the region of 
highest field symmetrically across the center of the 
junction. For simplicity the field is considered as uni 
form throughout the space charge region. After arriving 
in the conduction band the carrier is accelerated by the 
field up to an energy Vo, the energy required to produce 
an electron-hole pair by collision. This acceleration 
takes place over a distance / over which the carrier 
loses an amount of energy, Vz, in inelastic collisions 
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with the lattice. Previous experiments’ have found V» 
to be 2.3 ev, while for carriers being accelerated towards 
the multiplication threshold energy, V,=5X 104 ev. 
The width of the junction, W, is given approximately 
by W=W,XV!, where V is the potential across the 
juuction and W, is its width at V=1 volt, ~4«10~* 
cm. At V=6 volts (well above the observed multi- 
plication threshold), W~710~ W, 
as can be seen by inspection of Fig. 10, Vz is certainly 


and because |< 


less than 0.3 ev over the bias range of interest. Since 
Vi<Vo, the small errors in estimating V, that arise 
from the above assumption of uniform field are quite 
negligible for the purpose of estimating V7, the total 
potential across the junction at the onset of multi 
plication. Inspection of the figures shows, then, that in 


case (1), 


Vi V at Vit Vo=1.14+ (~ )0.24-2.3-~3.6 volts, 
where Vg is the width of the energy gap; and for case 


(11), 


Ve=Vat2V.4+-2Vo=1.14+(~ )0.34+-4.6~6.0 volts 


To obtain the applied bias required to produce the onset 
1.1 volts) 
should be subtracted from these values. The applied 
(ii) are then 2.5 


of multiplication the built-in voltage (V; 


biases so obtained for cases (i) and 
and 4.9 volts, respectively, bracketing the experimental 
value of 3.6 volts. It is concluded, therefore, that the 
observed onset of a more rapidly increasing current 
represents multiplication produced by carriers originally 
field-excited from sites in the valence band between the 


june tion edge and center. 


Hardening of Reverse Characteristics 


From the above results it is apparent that internal 
field emission rather then multiplication dominates the 
breakdown characteristic in very 
In very wide junctions, breakdown occurs by the aval 


narrow junctions. 


anche process before the field gets sufficiently high to 
produce appreciable internal field emission. An inter- 
mediate situation may exist with both processes ox 

curring side by side in junctions of intermediate width. 
Reverse characteristics which seem to fit this picture 
are frequently observed. At low voltages the current 
shows a gentle increase with V, but at a well-defined 
value of the bias (called the hardening point) the cur- 
rent increases rapidly with the voltage, leading into a 
sharply-defined breakdown. It is significant from the 
point of view of the above argument that junctions with 
Vy<about 7 volts rarely show hardening points, the 
characteristic being dominated throughout by field 
emission. Also, hardening points are uncommon in 
junctions with V ,> about 40 volts 
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CONCLUSIONS 


The experiments on very narrow silicon p-m junc- 
tion described in this paper have demonstrated that the 
high fields in the space charge region result in con- 
siderable interna] field emission from zero bias on up to 
the highest reverse biases attainable. Further, at zero 
bias, the field is sufficient to produce an emission current 
orders of magnitude greater than that generated in the 
usual manner by thermal activation. The dominance of 
field emission results in considerable modification to the 
rectification characteristic. It imparts considerable 
softness to the reverse characteristic; it is to be ex- 
pected that the conditions determining the softness of 
the breakdown characteristic vary considerably from 
junction to junction and, thus, the wide scatter in the 
slopes of the characteristics previously reported® is not 
surprising. Also, the field emission process results in a 
negative temperature coefficient for the breakdown 
voltage as distinct from the positive coefficient found 
for the case of avalanche breakdown. The forward 
characteristic is made complex by the superposition 
of the two carrier generation processes, therma! and 
field emission; the detailed explanation of the tempera- 
ture dependence of the forward characteristic has not 
been attempted here. 

It cannot be determined from the experiments 
described here whether emission is occurring at im- 
purity levels alone or from both impurities and the 
valence band. Emission from impurities is an attractive 
hypothesis in that the reverse current at a particular 
spot would be prevented from increasing too rapidly 
with voltage by the rate at which the impurities can be 
replenished. It might also be possible to explain at least 
part of the temperature dependence of the rectification 
characteristics by this mechanism. The fact that the 
forward characteristics field still 
occurring at forward biases of up to 0.4 volt suggests 
that emission from impurity levels is important. 


indicate emission 


From the present results it is not possible to determine 
any significant correlation between the junction charac- 
teristics and the crystallographic plane in which the 
junction was formed. 
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A multicomponent formalism similar to that of Adams is developed and applied to the calculation of 
transition matrix elements. The problem of the perturbed periodic potential is treated in the Bloch repre 
sentation in such a way that the wave functions may be expressed in explicit form. First-order corrections 
to the effective mass theory are obtained, and matrix elements for radiative intraband and allowed and 
forbidden interband transitions are presented 


I, INTRODUCTION In order to express the nonperiodi¢ part of the 


ECENT work by Haynes and Westphal! and others potential U(r) in the Bloch representation, it is neces 
describes observations of interband transitions ‘ary first to expand the Bloch functions about the 
involving bound states. In other words, radiation is arbitrary “center” point ko. Details of this expansion 
observed which is the result of transitions from a donor are given in Appendix II. ‘The result is written in the 
state to the valence band, or the conduction band to an form 
acceptor level. (Kot «) 2) = >> dnen(%) exp(ix:r) | kon’ (2) 


In the present paper a multicomponent formalism is 
developed which is similar in many respects to that of | The matrix elements of U(r) then take the form 
Adams.’ The wave function is presented in the Bloch 
representation by a new technique which allows it to ((Ko-+%)n| U(r) | (kot «’)n’) 


be expressed in exact form, and is subsequently reduced : P 
. Dentin! Ann (Ke) dnrin (%’) (Kon | expli(x’ — x) +r] 


under the assumption that the effective mass, or 
Wannier, approximation is a good zero-order approxi U(r) | kon’’’) 
mation. The results are then displayed as corrections 
to the effective mass theory. Matrix elements for radi idntin (Kann (Ke )U(—i¥,-)b(%’ — x). 
ative transitions are obtained in this approximation, 
and the relation to “free carrier” intraband and inter- ‘The last step in the foregoing argument is accomplished 
band absorption is displayed. by first replacing the function U(r) by the operator 
U(—7i¥.) in accordance with the notation developed 
II. MULTI-COMPONENT FORMALISM in Appendix IIT, taking this operator outside the 


Our development will parallel at many points that integral sign so that it operates on the entire matrix 


of Luttinger and Kohn.’ We prefer the Bloch repre 
sentation to the pseudo-Bloch scheme used by them. 
We shall, therefore, write the wave function for the case 
of the perturbed periodic potential in the form 


element, and finally making use of the same argument 
leading from (11.8) to (11.12) in the paper of Luttinger 
and Kohn.’ 

Substituting the wave function (1) in the Schrédinger 
equation 
V(r) Ew f dente x’) By (x) | (Ko+n%’)n’). (1) [Hot U(r) ¥= 6Y, (3) 


we obtain the equation 


Here we have written |kn) to denote the Bloch 
function of the band n w ith propagation vec tor k, and Ew f av! (ko+)n|Ho+U(r) | (ko-+%/)n’) 
n(k) denotes a step function which is unity within the 
first Brillouin zone and zero outside this zone. Several X By (vn (Kot x’) (Ko-+ x) 
comments on the use of this function are included in é 
Appendix I.4 EBn(w)n(%+ko). (3a) 
If Ho represents the unperturbed lattice Hamil 


. . . . iter substitut the matrix element yf 
tonian, of which the Bloch functions |km) are eigen After substitution of the matrix elements of Ho and [ 


functions, then we see that and performance of straightforward manipulation 
involving the properties of the operator U(i¥,) dis 


n(Ko+%)n(Ko+%’)((Ko+%)2| Ho! (Ko+%’)n” cussed in Appendix III, Eq. (3a) reduces to the form 
En(Ko+%)n(Ko+ %)bnn5(%’ — x). Onin® (v)n(ko+n%)U (i9,) 


d n'n 


1 J. R. Haynes and W. C. Westphal, Phys. Rev. 101, 1676 ' 
(1956). [ dnin' (%) By (w)n(Ko+ x) | 


2K. N. Adams, II, J. Chem. Phys. 21, 2013 (1953) 
+ J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955) t E,,(ko4 x) (Kot «)B,(%) EB, («)n (ky t+) (4) 
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This is the desired equation in the crystal momentum 
representation; it becomes convenient, however, to 
coordinate the conventional] 


transform to space in 


manner. We define 
F,(r) J xexp(in#)n(ke «)B,(%), (5) 
the inverse of which has the form 


n(ko+-«) B,.(«%) = (29) tf arexp( ix-r)F,(r). (Sa) 


The most convenient form of the resulting equation 


in coordinate space is 
) [arate ann (- iv’) 
«| U(r’ )anrn'( iv’) F,.(r’) 


+E,(ko—iv)F,(r)=SF,(r). (6) 
In this equation we have written A(r) for the Fourier 


transform of n(k): 


A(r) J txcexp(in-t)n(ho «), 


and the operator functions a(—i¥’) are to be under- 
stood in the sense of Appendix III. If the coefficients 
Ann’ (k) can be expanded as in Appendix IT, then these 
functions can be interpreted by direct substitution of 
iV’ for «. 

Equation (6) is an exact equation; it reduces to the 


the operator 


effective mass equation on the assumption that both 
U(r) and F,(r) are sufficiently slowly varying. With 
this assumption, higher terms in the expansion of 
Ann'(—19’), which involve derivatives of U and F, may 
be neglected, and the A function, which is a 6-like 
function whose width is of the order of a lattice cell in 
size, may be replaced by the Dirac 6 function. 

The energy eigenvalues will include both continuum 
ranges and discrete levels. The continuum ranges will 
correspond to the allowed bands in the Bloch picture 
for the unperturbed problem. If an eigenvalue is within 
one of these ranges, or if a discrete eigenvalue is much 
closer to one such band than to any other, the function 
F,, which “corresponds” to this particular band will be 
much larger than the remaining components /,. We 
shall denote the various functions /’,,(r) belonging to 
a state whose “large” component, in the foregoing 
sense, is Fn,(r), by the symbol |n/n, |. We see, then, 
that Eq. (6) may be considered to be matrix equation, 
with the components /’,,(r) written as a column matrix. 
In terms of these components, the wave function VW is 


given by 


V(r) => an’ dan'(—i9) Fa (r) || kon). (7) 
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III. EFFECTIVE MASS APPROXIMATION 


We shall assume that the effective-mass equation 


CE n(ko—i9)+U (2) JF, (4) =6F,(r) (8) 
yields a suitable first approximation to the exact solu- 
tions of Eq. (6). It is evident that this can only be true 
under the conditions discussed previously, when one of 
the components of the exact function is much larger 
than the remaining components. In this case, the 
effective-mass approximation (8) will give a function 
with only one component different from zero. 

The corrections involved in (6) then take two forms: 
first, the difference between A and 4; and second, the 
difference between dy,’ and 6,,. The first of these cor- 
rections will contribute only in second and higher 
orders of the expansion in x, since the A is an even 
function of its argument. Taking then the expansion of 
Any’ to first order, Eq. (6) reduces to* 
[En(ko—i9)+U(r) ]|\n/n1] 

aU 
=8|n/ny)— Sow ann*—|n'/m]. (9) 
x 


OX 


Since ann contains no diagonal elements, Eq. (9) 
for n=n, contains only correction terms with n’#m. 
These represent small components, |n’/m,}~anin 
(n’#n,), and thus the correction terms for n=n, are 
of second order, and may be neglected in our approxi- 
mation. The “large” component |m;/m] as given by 
the simple effective mass theory is therefore satisfactory 
also in the present approximation. In solving (9) for 
nny, the only correction term which need be kept is 
the term n’=n,. Under these conditions all the terms 
of (9) are of the same order of magnitude. We thus 
reduce (9) to 


[ Eni (Ko—i9)+U (8) | 21/n; |=8| n1/n |, 
[En(ko—i¥)+U(r) ]| n/n; | 
ou 


&| n/n; |—anny" 
Ox 


(nm). (10) 


|ni/ny |, 


The simple effective mass approximation (8) is good 
to second order of terms in x, and the correction terms 
add one more order. It is only meaningful, therefore, 
to keep terms to third order in the expansion of 
E,(ko-+ «) in Eqs. (10). 

In the same approximation, the wave function is 
given by 

f 0 | 
=> ny (n/m |—ann” jm/mi Jt | ken), 


Ox" 


V() (11) 


or, if we denote the operator 0/dx* by ip,/h, we may 


‘Here and throughout the paper the summation convention 
will be understood on Greek indexes. 
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write 
V(m)=>.,{|n/n, | 


The extension of this technique to close bands, 
“deep” levels may be carried 


(totnn™Py/h)\ni/n1}}\ Kon). (11a) 


degenerate bands, and 
forward by assuming two (or more, as needed) “‘large”’ 
components, In such a case, the “large” components 
are no longer given, even to the present approximation, 
by the simple Eq. (10), but must be obtained from a 
set of coupled equations. Techniques for handling such 
equations have been presented by various authors.’ 

Higher approximations apparently cannot be ob- 
tained in this way, since the exact behavior of the A 
function is needed and this apparently causes the 
integral obtained from higher-order terms in Eq. (6) 
to diverge. 


IV. MATRIX ELEMENTS FOR RADIATIVE 
TRANSITIONS 


In order to evaluate momentum matrix elements, it 
is convenient to revert temporarily to k space. We have 


n/n | - far exp (ix: 1) Bu/ni(%)n(Ko+ x) 


and 
0 
|n/n, |= fae ix, exp(in- 1) Bn/ni(%)n(ko+x), 


Ox 


and thus the wave function may be written 


V (n,) fe exp(in-r)n(Ko+ x) 


X> {Bn ni(%) + lanny"K, Bry ni(%)} kon). 


If now we assume two states V(1) and V(2), we have 
for the momentum element between these 
states: 


(2| pa 1) fa f deta he «)n(ko+ x’) 


> Bajo* («) 
x { Bul’) { tain’ 1’ky By, (%’)} 


matrix 


tan?”*k,Bo/2*(%)} 
X(kon| exp(—ixn-r) pa exp(ix’-r)| kon’), 
The Bloch matrix element is equal to 
kon | expli(n’—«) +4 ](pat ha) | kon’) 

5( x’ — %){ Pan’ ™ (Ko) +hrabdnn’}. 
Performing the indicated x’ integration, keeping only 


first order terms in x«, and noting that 


fw n(ko+«) Brja*(%) Baeji(w) =[n/2\n’/1 } 
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and 
fav n(Ko+«)hxaBnja*(%)Briyi(n)=[n/2| paln’/1], 


we obtain 


(2| pal 1)=Si2[ 2/2! pal 1/1]+pa%[2/2| 1/1] 


+ >on Pa|n/1]+ (2m/h?*) 


[n/2 
XKu[2/2| pul 1/1 J+ 
+L nes, 2{ Pan®L2/2|n/1 + pui%ln/2|1/1)}, 
where we have set 
(2m/h*) K 1% => nwt (Pont Pur /muin) 
(12) 


t > nvt2( Pon! Pni%/mwon). 
Making use of the f-sum rule, this can be rewritten in 
the form 


(2| pal 1)=S12(2m/h*)e(1/1| py|1/1| 
+ pai*L2/2| 1/1 J+ (2m/h?) 
X Koi™[2/2| py|1/1](1—S12) 
+> nf 2/2] paln/1J+>. nmi2 


X { Pon®[2/2| 2/1 14+ pait[n/2 (13) 


1/1 ]). 

The first two terms in Eq. (13) constitute the zero 
order, or “effective mass,” approximation, Of these, the 
first term applies to intraband transitions, and in effect 
gives instructions to ignore the Bloch functions and 
calculate the matrix element as if the envelope function 
represented the entire wave function, but substituting 
the reciprocal effective mass tensor 2e,;%/h? in place of 
1/m. The second term, which applies to interband 
transitions, directs us to multiply the momentum 
matrix elements calculated using the Bloch functions 
at ko by the overlap integral of the envelope functions. 
The remaining terms represent first-order corrections, 
and fall into two general classes, the term in K 9% 
involving only large components, and the remaining 
two terms involving small components. If ko is a 
minimum (or maximum) of both bands 1 and 2, and 
if all other bands are far enough away so that their 
effects are negligible, then the only term which con 
the term 


tributes to these first-order corrections is 


dnl n/2| pal n/1 |. 

It is of interest here to obtain the form of Eq. (13) 
for the “free-carrier” problem, in which U(r)=0. In 
this case we see that |n/2 |=6,,e'"*"*) *, so that, if we 
associate the value k’ with band 1 and k with band 2, 
we have 
5(k’ 


(2! pa} 1) k) (6:2(2m/h) 6: (ky — Roy) 


t+ poi*(Ko) + (ky— Roy) (2m/h)K (1 — 642) (14) 
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The three terms in (14) represent, respectively, intra- 
band, interband interband forbidden 
transitions. Interband transitions are thus classified as 


allowed, and 
allowed or forbidden according as the momentum 
matrix element poi* (ko) is different from or equal to 
zero, respectively. We see further that forbidden transi- 
tions must depend, in the present approximation, on 
intermediate states in other bands, unless the value ky 
does not correspond to an extremum of both bands.° 


V. DISCUSSION 


We have developed an exact solution for the problem 
of the perturbed periodic potential, and have shown 
how it may be used to obtain first-order corrections to 
the effective mass theory. Higher order corrections 
cannot be obtained in this way; if a more accurate 
result is required, it is necessary to solve the exact Eq. 
(6), which is a set of coupled equations involving a 
nonlocal type of potential. 

Transitions involving a large change in the crystal 
momentum, such as occur in phonon interactions, must 
be considered separately, since it becomes necessary to 
expand the wave functions of the two states about dif 
ferent points ko. Such a treatment will become necessary 
when a satisfactory one-particle theory of the electron 
phonon interaction is available. 
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APPENDIX I. DIRICHLET FUNCTION n(k) 


Since the Bloch functions taken from within the 


central Brillouin zone form a complete set, it is possible 
to expand any function in terms of these.* Some authors 
have simply restricted their k-space integrals to the 
central zone, with the attendant disadvantage of surface 
contributions arising from the Fourier transformations, 
Others have made use of the reciprocal lattice periodicity 
property to extend the k integrals over all reciprocal 
space. ‘This approach has the disadvantage of resulting 
in coordinate-space functions which are lattice-point 


®In the 
been tacitly assumed 
the factor exp(tq:r) should be inserted in appropriate positions, 
where q is the propagation vector of the photon. In practice, of 
course, qk, so that the dipole approximation is entirely adequate 

*Writing | (k4+K)n et R) ty wy n(n), 
reciprocal lattice vector, we see that e"™ ‘uc 4K) (0) is a periodic 
function of r, which may therefore be expanded in terms of the 
functions uyn:(r) (all n This means that | (k+K)n 
expanded in terms of the functions |kw#’). Thus, since all the 
Bloch functions form a complete set, those from the first zone 
also form a complete set. This does not depend on any reciprocal 
space periodicity properties of the Bloch functions 


above computations, the dipole approximation has 
If it is desired to use exact matrix elements, 
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where K is any 


may be 
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functions of the Wannier type, so that the wave equa- 
tions in coordinate space are difference-differential 
equations which are very difficult to treat. 

In view of the fact previously mentioned, namely 
that the Bloch functions in the central zone form a 
complete set, it is clear that the validity of the expansion 
(1) is not dependent on any properties of the Bloch 
functions outside this zone, In other words, the behavior 
of these functions outside this zone is completely irrele- 
vant for our purposes. The first of the two techniques 
mentioned above is therefore preferable, but it is not 
easy to express the surface contributions in closed form. 
The function n(k) in the present paper serves the same 
purpose, and has the advantage that the “surface” 
contributions are automatically included. A study of 
the derivation indicates that these contributions are 
contained in the “nonlocal” character of the interaction 
term, as manifested in the function A(r’—r). We see, 
then, that these surface contributions do not contribute 
to the first-order corrections, but that they cannot be 
neglected in any matter requiring higher accuracy. 


APPENDIX II. BLOCH TRANSFORMATION 


Since the functions wkon’(r), for given ko, form a 
complete set of cell-periodic functions, it is possible to 
expand the functions u,,(r) in terms of these functions. 
If we use the symbol ay’,(«), where x=k—ko, for the 
expansion coefficients, then we may write for the Bloch 


function |kn)=e'*''u,,(r) the expansion 


kn) => ws dnn(%) exp(in: 1) | Kon’). (11.1) 


The expansion coefficients are thus defined by the rela- 
tionship 


Anin(%) =(Kon’| exp(—ix-r) | kn). (11.2) 


Equation (II.2) may be used to evaluate the functions 


dnin(%) if the Bloch functions available from 
previous calculations. In the more common situation, 


well known, the 


are 
where the Bloch functions are not 
expansion coefficients may be obtained for a limited 
region about ky by the k-p perturbation technique. By 
this method we obtain a,-,(%) and, at the same time, 
the form of the energy surface /,,(k), in the form of a 
power series in x: 


Bn'n(%) =Sa'n tet nn" (Ko) ky 
+ay, n&” (Ko) kyky { 


E,. (ko) + €," (Ko) ky + €n”” (Ko) ky 4 


(11.3) 
E,,(Ko+%) 


In (11.3) and subsequent relations, as in the body of the 
text, the summation convention will be understood on 
Greek indexes. The form of the coefficients, to second 
order in x, may be expressed in terms of the momentum 
matrix elements pPy’n(Kko) defined by 


5(k— ko) Darn” (Ko) = (kn’ | p* | Kon’’) 
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in the following relations, in which the argument kp is 
suppressed for brevity: 

én’ = (h/m) Pan’, 
nt? = (h?/2m)[ bh +> wien Pan" Prin’ 
+ Dan’ Pn'nt)/wnn 


(h/im) Pain’/Wnin, (n¥n’), 


(h?/2m)> wien Paine ™ Pain’ 
+ Paint’ Pniin")/ (Wnn'Wnn’’) 
+ (h/2im) (Pri nMnn’ + Pn 
(h?/2m?*) (Pain Pnn’ + Pr’ n’Pnnt)/(wan')’, 


(n'¥n). 
In these relations we have written 


E,, (ko) — En: (ko). 


Wan 


(11.4) is the familiar f-sum rule. 
The diagonal elements a,, 


The second of Eqs 
4“ Qnna”” are not completely 
determined; a," is required to be real, and in many 
cases can be set equal to zero’; a,,”” is required to be 
imaginary, and may be set equal to zero without 
causing difficulties in present applications. 


APPENDIX III. OPERATOR FUNCTION U(i¥,) 


Given any function U(r) we define the symbol 


U(t¥,) by the relation 


U(iv,) exp(—ix-r)= U(r) exp(—in-r); (IIL) 


for an arbitrary function 


a(n) = (2r)™3 [arexpi 


ix: r)b(r), 


we write 


U(i¥,.)a(%) = (2m) *f arexp' inx-r)U(r)b(r). (111.2) 


In order for the above relations to have meaning we 
require that a(x) be piecewise regular and absolutely 


7E. N. Adams, II, has discussed this problem in Phys. Rev. 
85, 41 (1952), in which the symbol £,,,-“ corre sponds tO OUT Gan” 
See also reference 2, where the corresponding symbol is X nn: 
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integrable, and that 6(r) and U(r)d(r) be absolutely 
integrable. These conditions are conventionally relaxed 
to ine lude certain classes of nonintegrable b(r) by the 
use of the Dirac 6 function. A more rigorous treatment 
using Weyl normalization for continuum wave functions 
in place of the 6-function normalization would render 
this subterfuge unnecessary. In the present paper we 
have used the more familiar 6-function method, but the 
validity of our results must be verified by appeal to the 
Weyl technique. In order, then, for U/(r)b(r) to be 
integrable we simply require that U(r) be bounded as 
r—«, and that U(r) not have any nonintegrable singu 
larities in the finite region of space. 

Under the foregoing restrictions, we may easily show 
that 


fever nx) U/(i¥,)de(%) 
fdrastnye 1V,)a;(%), (TIT.3) 


r)l/(r)bo(r) 
Here a; and a» are functions obeying the above condi 


since both sides are equal to (29)? fdrb, | 


tions, and b; and dy are their respective Fourier 


transiorms 

Relation (IIT.3) 
wider class of functions U(r). If U(r) is expandable in 
a ‘Taylor’s series 


may be shown to be valid for a 
about any point, and if this series is 
convergent for all values of the argument, then (III.3) 
may be obtained directly by successive applications of 
the formula for integration by parts, remembering that 
the 
vanish, since the surface of the integration region is at 


“surface” contributions in all present applications 


infinity and all functions a(«) contain either the Dirichlet 
function n(k) or the Dirac function 6(k). Furthermore, 
if the domain of l/(r) may be broken up into segments 
such that in any segment U/(r) may be represented by 
a convergent ‘Taylor’s series, or alternately satisfies the 
conditions of the preceding paragraphs, then (/(r) 1s 
simply expressed as a sum of functions, each different 
from zero in one and only one of these segments and 
each of which may be treated by one of the two tech 
(111.3) is ¢ 


very broad class of perturbing potentials 


niques given above. ‘Thu tablished for this 
In the derivations of the present paper, no properties 

of the operator U(i¥,) are used other than 

expressed in Eqs. (111.1), (111.2), and (111.3) 


those 
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The dependence upon temperature of the electrical conductivity induced in thin single crystals of MgO 
by bombardment with high-energy electrons which pass through the targets with negligible energy loss 
has been measured over the temperature range 200° K-600° K. The experimental data are in accord with 
a theory which ascribes the observed decrease in conductivity as the temperature is raised to the predicted 
variation in the mobility of the charge carriers. The effects of scattering by both the optical modes and the 
acoustical modes of vibration of the lattice must be taken into account, since neither the exp(@/7) relation- 


ship resulting from the first type of interaction nor the T 


1 law arising from the second individually fits all 


of the data. The experiments also indicate that the concentration of trapping centers remains essentially 
constant over the temperature range investigated. The lifetime of the carriers is approximately 5 10~™ 


Sec 


I. INTRODUCTION 


HEN a beam of high-energy electrons passes 

through a thin single crystal of MgO, internal 
secondary electrons produced uniformly along the path 
of the primary are lifted from the filled band to the 
conduction band.! These carriers, as well as the cor- 
responding holes in the filled band, remain mobile for 
an extremely short time until they are captured by 
trapping centers in the crystal. However, when an 
electric field is applied, a current is observed which 
under typical conditions is an order of magnitude 
greater than the primary current. 

In view of the fact that the bombardment-induced 
current is proportional to the mobility of the carriers, 
measurements of its variation with temperature provide 
a basis for comparing mobility theory with experiment. 
Furthermore, information regarding the characteristics 
of the traps can be deduced from the nature of the 
temperature dependence, since the bombardment- 
induced conductivity is also a function of the density 
of trapping centers. Therefore, a series of measurements 
was conducted over the temperature range 200°K 
600°K, the limits being imposed by certain experi- 
mental considerations, 


Il. EXPERIMENTAL PROCEDURE 


Figure 1 is a schematic diagram of the experimental 
arrangement. The crystal is clamped between flattened 
Ni wire supports which bear upon silver surfaces on the 
two faces. The glass tube is attached directly to the 
vacuum system of the electron accelerator by means of 
the O ring flange. The length of the leads is such that 
the press is outside the oven, thereby avoiding elec 
trical leakages which arise at elevated temperatures. 
The low-temperature measurements are obtained with 
the tube sealed into a metal tank which is filled with 
a mixture of alcohol and dry ice. The temperature is 


t Assisted by the Office of Ordnance Research, U. S. Army. 
* Visiting Scientist from The Socony Mobil Oil Company. 
! Pomerantz, Shatas, and Marshall, Phys. Rev. 99, 489 (1955) 


and the trap density is estimated to be 10!7-10'* cm™. 


measured with a chromel-alumel thermocouple (not 
shown) mounted adjacent to the crystal. 

The 1.3-Mev electron beam from the linear accel- 
erator passes through the graphite collimator, then 
penetrates through the thin crystal with negligible 
energy loss (approximately 150 kev) and is finally 
stopped by the graphite collector. The primary current, 
J,, is measured by means of an integrating micro- 
microammeter. The corresponding 1-usec bombardment- 
induced conductivity pulses, J,, are displayed oscillo- 
graphically, and, in the present experiments, the 
primary current is adjusted at each temperature to 
produce a fixed pulse height. Space-charge effects 
resulting from the trapping of charge carriers are 
eliminated by reversing the polarity of the crystal 
voltage, V,, subsequent to each successive pulse at the 
repetition rate of 10 pps by a flip-flop circuit.? For 
sufficiently small values of J,, no buildup of space- 
charge is detectable during an individual pulse, and it 
has been established in auxiliary experiments that the 
present measurements represent space-charge-free con- 
ditions. 

The } in. Xj in. targets are cleaved from large single 
crystals of commercially-produced fused magnesia,’ and 
are ground to a thickness of approximately 0.010 in. 
Two specimens were prepared from entirely different 
batches to determine whether the results are dependent 
upon the history of the particular melt and possible 
differences in impurity content. 

The most extensive series of measurements was 
obtained with one of the crystals in the raw state, 
which is characterized by a stoichiometric excess of 
oxygen (V-centers) as revealed by optical absorption 
measurements. This specimen was subsequently re- 
examined after it was bleached by vacuum-firing at 
1400°C for two hours. This treatment removes the 
color centers, but does not alter the concentration of 
other impurities to an extent detectable by spectro- 
graphic analysis. 

* Schematic diagram of circuit is shown in reference 1. 


‘Optical quality periclase produced by Norton Company 
Worcester, Massachusetts, under the trade name “Magnorite.” 
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Fic. 1. Schematic diagram of the experimental tube 


III. EXPERIMENTAL RESULTS 


The data are presented in the usual manner in 
Fig. 2, where the ordinate representing essentially the 
bombardment-induced current per unit primary current, 
m=I,./I, (with V, constant) is plotted on a logarithmic 
scale as a function of the reciprocal of the absolute 
temperature. The scatter of the points about the curve 
is attributable primarily to the performance of the 
linear accelerator rather than to changes in the charac- 
teristics of the crystal, and the data were entirely 
reproducible and constant over long periods of time 
within the indicated uncertainty. 

Measurements with the bleached crystal revealed no 
changes in the magnitude of m over the entire tem- 
perature range. Furthermore, the second raw crystal 
manifested the same temperature dependence as that 
shown in Fig. 2, although the values of mp in absolute 
units differed by a constant factor. 


IV. THEORETICAL DISCUSSION 


Since the mean drift distance in the direction of the 
applied field is small compared with the thickness of 
the crystal, the bombardment-induced current per unit 


primary current, m=/,/I,, is given by! 


m=6vV.7r/d, (1) 


where 6 is the number of internal secondary electrons 
raised into the conduction band by one primary electron 
per cm of path, v is the average mobility of the carriers, 
V. is the voltage applied across the target of thickness 
d, and +r the mean lifetime of the carriers. Hence, the 
yield per unit field, mo, corresponding to an applied 
field of one volt per cm, is 


mo = bur. (2) 
If we assume, following Fréhlich and Mott,‘ that 
the lifetime, 7, is independent of temperature, then mg 
should display the same temperature dependence as 
*H. Frohlich and N. F 
496 (1939). 


Mott, Proc Roy Soc (London) A171, 


DEPENDENCE 














Fic. 2. Plot of the bombardment-induced conductivity as a 
function of temperature. The solid line represents Eq. (3) with 
the value of the constant B providing the best fit with the indi 
cated experimental points 


the mobility of the charge carriers. Hence, for a given 
crystal, 
my= Br (3) 


Theoretical treatment of the problem of the mobility 
of charge carriers in polar crystals has revealed that of 
the two alternative types of interaction which have 
been investigated, scattering by the optical mode ordi 
narily suffices to account for the experimental results 
in the temperature range encompassed by the present 
measurements. 

In the present experiments, however, the general 
trend of the data indicates that more than one type of 
interaction with the lattice must be taken into account 
This conclusion is based upon the fact that calculations 
of the effects of scattering by the optical modes of 
vibration result in an exponential dependence of the 
mobility upon reciprocal temperature, whereas as a 
consequence of scattering by the acoustical modes, the 
mobility is proportional to 7~!. Since, as is evident in 
Fig. 2, neither form fits all of the data, even approxi 
mately, both types of interaction must be considered 
It can then be assumed?® that the resultant mobility is 
given by 
(4) 


1/v=1/+1/t) 


Here v, 
of the carriers with the optical modes of vibration of 


is the mobility determined by the interaction 


®R. L. Petritz and W. W. Scanlon, Phys. Rev. 97, 1620 (1955) 
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the lattice, and v the mobility determined by the 
interaction with the acoustical modes. 

In the case of scattering by the optical modes, Low 
and Pines? find 


l ¢ 1 
f(a) exp(©/T), (5) 
2aw m* [ 1+-(a/6) ¥ 


=f m )( yn) 
h \2hw KKo m 
© = hw/k. (7) 


Here, m is the free electron mass, m* is the effective 
carrier mass, w is the angular frequency of longitudinal 
optical modes, « and xo are the static and high-frequency 
dielectric constants respectively, and f(a) is a slowly 


varying function of a. For MgO, we have® 


fla) 


fundamental infrared absorption wavelength 
15.3 p, 
1710° K 
Substituting these values into Eq. (5), and assuming 
that m*=m, we obtain 
vo= 0.71 exp(@/T) cm*/volt sec. (8) 
The interaction with the acoustical modes of vibra 


tion has been investigated by Seitz,'° with the result 


2563 


eh’k? TM 


(9) 


dr®!/6 m*aC?(kT)! 


where 7 is the Debye temperature, a is the lattice 


Low and D. Pines, Phys. Rev. 98, 414 (1955) 

Mott and R. W. Gurney in Electronic Processes in Loni 
Oxford University Press, New York, 1940), p. 12. 
Sachs, and Teller, Phys. Rev. 59, 673 (1941) 
Indian Acad. Sci. 26A, 388 (1947) 

73, 549 (1948) 


oF, | 
NF 
Crystals 
* Lyddane, 
°C. V. Raman, Pro 
” F. Seitz, Phys. Rev 


POMERANTZ, 


AND SHATAS 

spacing, and M is the mass of the atoms in the crystal, 
which is taken to be equal to the reduced mass of the 
Mg-—O pair. In the present calculations, C, a parameter 
involving the wave functions of the charge carriers, is 
assumed to have the approximate value 1.7 10~*7) ev, 
as given by Seitz. For MgO, we have 


M = (1/Mmgt1/Mo) 
a=4,.210~* cm. 


1.6K 10 g, 


Hence, with m* =m, 


a= 2.1K 1057-3, (10) 


From Eqs. (8), (10), and (4), we obtain for the 
mobility : 


v=(1.4 exp(—0/7)+4.8xX 10°71} 


cm?/volt sec. 


(11) 


The calculated temperature dependence of mp [see 
Eq. (3) |, with the value of B providing the best fit 
with the experimental points, is plotted in Fig. 2. The 
agreement between theory and experiment confirms the 
validity of the assumption that 7, and consequently the 
concentration of trapping centers, is independent of 
temperature. 

In the foregoing discussion, it has been tacitly 
assumed that only one type of carrier contributes to 
the conductivity. The presence of both electrons and 
holes, however, would change only the magnitudes of 
the constants in Eq. (11) and since the calculated 
value of the coefficient of JT! can only be regarded as 
approximate in any event, the results would not be 
altered significantly. 

The value of the constant B=ér is found to be 
1.1X10-* cm™ sec. If we assume that on the average 
the primary energy loss per internal secondary electron 
is of the order of 30 ev, then 6~210°5 cm™, and 
7=5X10~" sec. 

On the assumption that the capture cross section, a, 
of the trapping centers is of the order of 10~'® to 10-6 
cm’, the number of traps per cm*® is N=1/(uor) 

10'7—10'* cm-*, where uo is the average thermal 
velocity of the charge carriers. This density is not incon- 
sistent with the known impurity content of the specimen 
as determined by spectroscopic analysis."! 


4 Spectrographic analyses were performed by the University 
of Missouri Spectrographic Service. 
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An electron beam introduced into an infinite medium is scattered and absorbed as the 


down. The ionization produced by the beam in a plane air cavity perpendicular to the 


electrons slow 


initial beam direction 


was used to measure the spatial rate of energy dissipation at various distances from the plane of incidence 


At beam energies of 57, 80, 104, and 126.5 kev 


the Spencer theory of electron penetration was found 


agreement within a few percent on an abse 


jute basis with 


the value of W, the average energy to make an ion 


pair, is taken for air to be 34 electron volts per ion pair 


I. INTRODUCTION 


N a recent theoretical paper on electron penetration, 
Spencer! has considered the problem of the slowing 
down and scattering of electron beams in infinite media. 
The method of calculation employed makes possible a 
determination of the moments of the spatial distribution 
of energy dissipation along the initial direction of the 
electron beam without the simplifying assumptions 
introduced in earlier theoretical work on this problem 
The fundamental physical processes which occur 
during the penetration were assumed to be a continuous 
dissipation of energy along the electron track as calcu 
lated from the Bethe? stopping-power formula and a 
succession of nuclear scatterings as given by the Mott® 
theory or a modified Rutherford‘ scattering formula 
For absorbing media of low atomic number the evalu 
ation of the Mott theory by McKinley and Feshbach® 
was assumed to constitute the best estimate of the 
nuclear single scattering cross section, whereas the 
cross section for scattering in media of high atomi 
number was assumed to be represented by an expression 
which gave agreement with the Mott theory calcu 
lations of Bartlett and Watson® at appropriate angles. 
The equation describing the then 
solved to the extent that the moments of the energy 


penetration was 


dissipation distribution were obtained. The distribution 
itself may be determined from its moments by appli 
method originally intro 


’ 


cation of a “function fitting’ 
duced by Spencer’ in the solution of problems of x-ray 
penetration, 

Experimentally, the distribution may be obtained by 
allowing an electron beam whose lateral extent is 

* A portion of this work has been submitted by one of us (F NH) 
in partial fulfillment of the requirements for the degree of Master 
of Science from Vanderbilt 

t U.S. Atomic Energy Commission Radiological Fellow 

'L. V. Spencer, Phys. Rev. 98, 1597 (1955 

2H. A. Bethe, Handbuch der Physik (Verlag 
Berlin, 1933), Vol. 24, Part 1, p. 491 

iN. F. Mott and H. S. W. Massey, Theory of Atomic ¢ 
(Oxford University Press, Oxford, 1949), second edition, Chap. 4 

4 See discussions by H. A. Bethe, Phys. Rev. 89, 1256 (1953 
and G. Moliere, Z. Naturforsch 2a, 133 (1947 

6 W.A. McKinley and H. Feshbach, Phys. Rev. 74 

6 J. H. Bartlett and R. E. Watson, Proc. Ar (cad 
74, 53 (1940). 

7™L. V. Spencer, Phys. Rev 
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Julius Springer 


olliston 


1759 (194% 
Arts Sei 


1952 


88, 793 


effectively infinite to slab of material 


Then the resulting ionization in a small air cavity at a 


Impinge on a 
given depth is a measure of the energy dissipation at 
that depth 
if the lateral dimensions of the cavity are sufficiently 


Alternatively, a narrow beam may be used 


yreal so that the ionization due to all widely scattered 
electrons is collected. The relatively small beam width 
of the accelerator used in this investigation made the 
latter approach the simpler one 

beam is 


that the 


absorbed in an infinite medium requires a sufficiently 


The assumption in the theory 


great thickness of material on the backscattering side 
of the plane of incidence to permit backscattered ele 

trons to be scattered again in the forward direction, Such 
an absorbing arrangement also permits an unambiguous 
measurement of the incident beam strength and hence 
an absolute measurement of the energy dissipation per 
incident electron, Previous arrangements® have omitted 
this thicknes 
as a percent of the energy dissipation at the maximum 
described here 


s of material and usually results are given 


of the distribution. In the experiment 
the beam before striking the slab is required to pas: 
through a small hole which subtends a very small 
solid angle for escape of electrons which backscatter 
from the plane of incidence, Thus all electrons which 
accounted for and the 


if the 


strike the absorber material are 


measurements are on an absolute basi value 


for the yas Is known 


Il. THEORY 


The considerations which yield the moments of the 
detail by 


will not be given 


energy distribution have been outlined in 


Spencer! and for purposes of brevity 
here. A few representative 
‘Table I and 


numerical aspects of the calculation 


numerical values are pre 


ented in will serve as a reference to the 
lor the values of 
Table I the incident energy is 100 kev, and the beam 
is absorbed in aluminum. The $,(1) are related to the 


coefficients of a spherical harmonic expansion of the 


5 See. for) tance 


Phys. 19, 599 


J.G. Trump and R. J. Van de Graaff, J. Appl 
1948); Trump, Wright, and Clarke, J. Appl. Phy 
21, 345 (1950); F. Frantz, quoted in L. V. Spencer, Phys. Rev 
98, 1597 (1955); J Laughlin et al., Radiology 60, 165 (1953 
B. Marku trahlentherapie 97, 376 (1955) 


435 





436 HUFFMAN, CHEKA, 
McKinley-Feshbach scattering cross section. The Jo,” 
are the residua] range moments of the spatial moments 
of an expansion of the electron flux in spherical har- 
monics. The first eight spatial moments of the spatial 
distribution of energy dissipation are given by the J,, 
values, The numbers Ao, A, and A, are used to repre- 
sent the stopping power as a function of energy by an 
analytic expression based on powers of the residual 
range. A complete account of the calculation is available 
elsewhere.® 

The problem of constructing the distribution from 
its moments has been considered by Spencer for elec- 
tron- penetration studies also. In the function-fitted 
method the distribution is represented by the sum of 
functions of the form, 


J (x)= >> aiF (B,,x), (1) 


where the functions /((,,x) are given by 


Ax 
F(B,,x) =, ‘exo ), O<x <p, 
§;—-2 


0, «>. 


(2) 


The functions F(f,,x) are chosen so that the moments 
F,(8,) have the proper behavior for large values of n. 
In general the procedure is to determine the numbers 
a, and §, such that the first moments, zero through n, 
of the right side of Eq. (1) equal the moments which 
have been calculated for the distribution, The calcula- 
tion is simplified considerably if the moments are 
divided into groups for even n and odd n in the following 
manner. One defines 


J (x)= 4[ J*( |x| )4+-sgnaJ?(|x}) |. (3) 


It is clear that both the odd moments of J*(|x}) and 
the even moments of sgnaJ°(|x|) are zero. Hence, 


neven 


n odd 


TABLE I. Summary of numerical values found from the Spencer 
theory. Energy of incident electron is 100 kev and absorption 
takes place in aluminum 


$i(1) Jen? Lont Tend Je wn 


0.320548 
0,.0705754 
0.0239504 
0.00997863 
0.00470887 
0.0024 2000 
0,00132441 
0.00076098 


0.2285092 
0,0660749 
0.0288385 
0.0136965 
0.00739136 
000416206 
0.00250125 
0.00154393 


0.6666667 
0.152117 
0.05 29609 
0.0213460 
0.009931 41 
0,00495044 
0.00266346 
0.00149330 


0.4000000 
0.0743136 
0.0214882 
0.00748520 
0.00304965 
0.001 35783 
0.000658902 
0,000337246 


0 2.000000 

1.8826 0.591262 

4.9557 0.263408 

8.9190 0.126776 
13.5804 0.0691693 
18.8202 0.0392701 
24.5390 0.0273568 
40.6615 0.0147480 


Ae ~0,098378, Ay ~0.071055, Aa = —0,039037, A 1.56 


*F. N. Huffman, Oak Ridge National Laboratory Report 
ORNL.-2137, 1956 (unpublished). 
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where 


1 
Jem f x"J*(\x!)dx, 
0 


1 
Farm fn x|)dx, 
0 


l 
J.™= f x"J (x)dx. 
1 


Thus two distributions, J*(|x|) and J°(|x|), have been 
defined, whose sum equals the forward scattering dis- 
tribution and whose difference is the backscattering 
distribution. It is well known! that the backscattered 
electrons are of relatively short range and thus the two 
component distributions should become asymptotically 
equal for x near unity. Such a consideration constitutes 
one effective test for the accuracy of the function-fitting 
method. 
The equations to be solved are given then by 


J = > aif (Bs) = > :a;°(B,*)"wn, 
j.# ar, a°F ,(8,°) = > ai° (67°) "wa, 


; —Ay 
Wn f y” exp( Jay. (5) 
0 1- y 


The moments w, are found by first finding two suc- 
cessive large moments (i.e., n=20, 21) from the 
asymptotic expression given by Spencer [Eq. (72) in 
reference 1 |; then finding wo from w2; and wo using the 
recursion equation [first of Eqs. (71) in reference 1]; 
and finally, multiplying all moments by a number such 
that the wo agrees with the value of Eq. (5) above for 
n=() [given by Spencer as the second equation of Eq. 
(71) ]. 

The moments found in this manner for 100-kev 
electrons in Al are listed in Table I as wa. 

Two additional equations are needed to specify that 
a beam source of unit strength is introduced at the 
origin. Then the energy dissipation wil] have a discon- 
tinuity in both magnitude and slope as given by the 
following equations: 


(4) 


where 


dT 
> a,°(B;°) i ( ) . Aot A, + A 2) (6) 
bowl 


al 


s 1 & rc . A 0 + A 1 +3A 2 
> a*(8,°) 3 ( ) wD 
AN d? F ta 2A 


where (d7‘/dt) is the stopping power expressed in units 
of mc*/fractiona] residual range and evaluated at ‘= 1, 
and d*7'/df* is the derivative of the stopping power also 
evaluated at the incident beam energy (¢=1). If the 
first eight moments are known, the two sets to be 
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solved are, then, 


2 Js 
> a*(8,)"=—=K,, n=0, 2, 4,6 (8) 


i=O Wn 


2 - A otA 1 + 3A 2 
> a,*(B;*) 2 =K 


i=) 2A 


2 Ju 

LX a,°(6,")"=—=K,, 
t=) Wr 

2 

> a,°(8;°) 


i= 


Ay +A +A. =K (11) 


From asymptotic considerations one §; in each set may 
be taken as unity, say 82° and @,’. In order to solve the 
even set, each equation is subtracted from the equation 
for the next higher even m and these difference equations 
are written in terms of new coefficients ao** and a; 
defined as 

ato" ary® 
ao** 2 [ (Bo*)? -] |, a, 

(Bo*)? 


-L(B1*)?— 1). 
(B\*)? 


Thus the equations become 


ag'* +a," = Ko- 


K_1=Dp, 


ao” (Bo*)? +a" (81°)? = Ko— Ko 


Do, 


ao” (Bo*)4 + ay**(B,*)4 K, Ky | D,, 


ag** (Bo*)® + a**(B,*)® Ke K, Ds. 
Defining, for brevity, numbers 6 and ¢ as 


b (DeDo D,D») /(DDo - D9?) ; 


(bD» D,)/Do, 
then 
(Bot)? =4[b— (b’—4c)*], (B1*)? = 4[.b4+- (b?— 4c)! ], 
and 
Do(B*)? -Ds 
ay” - ay* = Do—ag™. (19) 


(b?—4c)! 
The solution of the odd set proceeds in a similar manner 
if the definitions of ao®* and a,” are 


[ (By)? 1 ). 


ao” 
ao”* = [ (Bo’)? , 1 . a * 
Bo By 


a 
(20) 


After subtracting equations and introducing the a®*’s, 
the equations will have the same form as the even set 
except that the subscripts on all the D, will be increased 
by one, The solution"will be as given above, i.e., 


b (D,D\- DsD3)/(DsD; -D;), etc. 


DISTRIBU 


rION OF 


The final distribution will be given as a sum or dif- 
ference of the even and odd distributions, according to 
Eq. (3) above. 

In general, all distributions were constructed in the 
manner outlined above and are shown in Figs. 1-4. 
The values of a; and 8; found by this method are listed 
in Table II in the columns labeled A for an incident 
energy of 100 kev. 
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ALUMINUM 
57 kev 
T 






































| 
| 


0 4 6 8 4) 
X, FRACTIONAL RANGE 


F1G, 1. 57-kev theoretical distribution and experimental points. 
The discontinuity at the origin represents the initial energy dis 
sipation due to one incident electron and is equal to the stopping 
power of air* in-appropriate units at the interval energy. 
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theoretical distribution and experimental points 





ALUMINUM 
104 kev 
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Kic. 3. 104-kev theoretical distributions and experimental 
points. Curves designated as A, B, and C are computed from the 
same moments by the three methods described in the text 
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ALUMINUM 
126 S kev 
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v theoretical distribution and experimental points 


Variations on the above method of calculation are 
possible and the slight differences in the distributions 
afford an interesting estimate of the accuracy of the 
function-fitting method based on onily a finite set of 
methods will be outlined 


moments. Two additional 


below. The first of these utilizes functions F’(B,',x) 


defined as 


Ax 
F'(B/,x)= (B/)"(14 18) xp ), 0<*<B,’ 
Bi —x 
(21) 


, 


9, pai. 


The calculation proceeds as before except that 
—) 
dt? tl 


(Wnt Wns) (24) 


The result are listed in the 


columns labeled B in Table II and the distribution is 


numbers a,’, 6, which 


given in Fig. 3. 
The third method given below was actually employed 


by Spencer! in obtaining distributions at 0.5 Mev and 


represents still another variation of the function-fitting 


technique. In this method one defines the functions 


JO(x) and J 


(x) as follows 


Tix)=Stla)J (x) } spnaJ @) ( xr) (25) 


where 


Now 


if m 1s even, 


where 
1 


J," J x"J (x)dx, 


RITCHIE, AND BIRKHOFF 


One may construct the distribution 


J) (x) > a, F' (8; x), 


from the even moments of J(x) by solving 


IM=J,=> a F,! (8;), 
where F’(8,",x) is given by Eq. (21). 
Next, one calculates the odd moments J,“ of the 


(x) distribution using the relations 


9 


. “1 a 
> a, wolf «J ier 


t= 


K_% (29) 


9 


(30) 


(Wy, { Wns > a," (Pp; od n 
t=O 


Now for the odd moments of Eq. (25), the following 
relations hold: 


JO =, | (31) 


(dT/dt) 11, (32) 


1 
Ja” f x"J 2) (x) dx. 


0 


where 


(33) 


The function J based on the difference moments may 
be represented by 


J) (x) (34) 


where, following Spencer, one uses the function 


42/(Bi-z) 


F"'(B;,x) = (1/8;)(1—2%/28,)e (35) 


to fit the moments of J®(x) distribution. The 


distribution is then 


new 


1 
(4) > (a,? B;° 
i) 


and has moments 


In order to find the numbers a, and 6,;@, a set of 


Pas_e II. Parameters used to obtain energy dissipation dis 
tributions at 100 kev. Distributions A, B, and C have the same 
moments (zero through seven) but are obtained by slightly dif 
ferent moment fitting techniques as described in the text. — 


A B ( A B ( 


0.72304 
0.77598 
0.65968 


0.08542 
2.23515 
2.90461 


0.08542 Bot 
2.23515 pie 
2.90461 Bye 


0.73105 
1.09522 
1.0000 


0.38138 
0.95587 
1.00000 


0.38138 
0.95587 
1.00000 
0.20517 


4.5510 
§.37757 


0.13745 0.05484 Bo® 
2.16261 0.04767 pie 
2.80508 px 


0.41688 
0.95710 
1.00000 


0.34062 
0.95221 
1.00000 


0.35572 
0.82579 
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equations must be solved as follows: 


(38) 


(39) 


1, 3,5. 


i Ja” 
> a; (6,2) a, 


1 
t=O Wn 2Wn+1 


The solution given previously for the odd set may be 
used if the above set is written in terms of ao®* and 


a,*”* defined as 


ay 2)* ao”? Bo” and a 2)* ay /B,@ 9 (40) 


and if K_,™ is identified with D,, K,® with D3, K3 
with Ds, and K,® with D; 
III. IONIZATION CHAMBER AND ABSORBER 
ARRANGEMENT 


A monoenergetic beam of electrons from an electron 
accelerator collimated to a diameter of 1 mm _ was 
allowed to impinge on a 1-mg/cm? aluminum coated 
Mylar window which covered a hole 2 mm in diam in the 
backscattering plate, as shown in Fig. 5. The window 
was cemented onto the plate to form a vacuum seal 
between the air in the ion chamber and the vacuum in 
the accelerator. Backscattering from this thin window 
would neither be recorded as beam current /, nor would 
it contribute ionization to the chamber. The hole itself 
subtended such a small solid angle for the escape of 
radiation backscattered from the foil and back plate 
that the reduction in ionization from this effect could 
be neglected. The collimation of the beam was such 
that 
tering plate when the window, foil, and back plate were 


no beam current was recorded on the backscat 


removed, 


The plane of incidence was assumed to lie on the 


side of the window struck by the beam and thus the 
distance x in the theory included both the window and 
foil. Such a divided absorber minimized ambiguities 
due to loss of backscattered electrons while preserving 
the vacuum seal between accelerator and chamber. 
Also, the foil itself was not subjected to stresses due 
to air pressure which would cause it to deviate from a 
plane surface and hence alter the electric field between 
foil and back plate. To provide a uniform electric field 
in the cavity it was necessary to maintain some 80 cm? 
of foil wrinkle-free and plane within about 0.005 inch 
for foils ranging in thickness from 0.00003 to 0.003 inch, 
This was accomplished by holding the foil between two 
flat rings, one of which had a ridge on its surface and 
the other a matching depression. The foils thus mounted 
were tight as a drumhead and presented a mirrorlike 
appearance. The spacing between the foil and back 
0.156 inch for a chamber 


radius of 2 inches, thus minimizing the loss of ionization 


plate was maintained at 


from electrons scattered near 90° and absorbed by the 
radial boundary of the chamber 


RI BU 


TION OF 




















5. Schematic diagram of absorbing medium 
and ionization chamber 


An attempt was made to measure the distribution of 
energy dissipation for backscattered electrons by making 
a small hole in the foil for the beam to pass through 
before striking a new plane of incidence at the face of 
the back plate. The foil thickness would then correspond 
to the negative values of x of the theory and the ioniza 
tion would ‘be collected in the air space between window 
and foil. The ionization produced by the beam on its 
initial traversal of this space could be measured and 
subtracted from the total. This attempt failed because 
air scattering in the window-foil region during the initial 
traversal always resulted in an appreciable fraction of 
the beam being collected by the foil in the vicinity of 
the hole. 


IV. METHOD OF CALCULATION 


The relation 
70W17 d(I,/T,) 
J (x) (41) 
0.511 10° 273pl dP 


was used to evaluate the energy dissipated pec electron 
in the cavity, where J(x) is in mc? units per electron 
per g/cm’ of air in the sensitive volume, 7 is the pressure 
in cm of Hg, T is the air temperature in K°, p is the 
density of air at S.T.P., ¢ is the thickness of the col 
lecting volume, W is the average energy required to 
make an ion pair in air= 34.0 ev/ion 
d(I,/I,)/dP is the slope of the graph of the number of 


ion pairs produced in the air cavity per incident electron 


pair,’ and 


(as given by the ratio of ion current to electron beam 
current) versus pressure 

In order to determine the collection voltage needed 
to produce a saturation current in the jonization 
chamber, ratios /;//, were taken for various voltages 
when the chamber was operated at pressures of 150 
A satisfactory 


plateau was found at each pressure, and a voltage wa 


microns, 5 cm, 10 cm, 15 cm, and 20 cm 


chosen for each pressure to insure complete ion col 
lection 
The ratio /,;/7, was found to increase linearly with 


1 W. P. Jesse and J. Saudauskis, Phys. Rev. 97, 1668 (1955) 
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pressure for a given foil thickness and given incident 
energy of the electron beam. Both positive and negative 
collection voltages were used. The slope of each of these 
curves as determined by a least-squares fit was sub- 
stituted into Eq. (41) to give the value of J(x) for that 
particular electron energy and depth of penetration. 

The experimental error for J(x) was computed on 
the basis of a 1% probable error for the cavity thickness 
and a probable error for the slope as calculated from the 
least squares analysis. Errors due to pressure and 
current reading were reflected in the probable error 
assigned to the slope. Errors due to variations in tem- 
perature of the air in the chamber and foil thickness 
were negligible. 

V. RESULTS 


The energy dissipation distributions were taken for 
electron energies of 57 kev, 80 kev, 104 kev, and 126.5 
kev in order to deliver energies of 50 kev, 75 kev, 100 
kev, and 125 kev to the face of the foil. These higher 
energies were used to compensate for the loss of energy 
experienced by the electrons while passing through the 
0.994-mg/cm? window. After the data were taken and 
the theoretical distributions for the 50 kev, 75 kev, 100 
kev, and 125 kev energies were calculated, it was 
realized that scattering in the window resulted in non- 
normal incidence of the beam on the foil. Hence it was 
decided to consider the window thickness as part of 
the foil. 

The experimental distributions use the latter inter- 
pretation, where the thickness of the window is added 
to the thickness of the foils and the incident energy is 
thought of as having the higher values. Although the 
window was composed of Mylar film with an aluminum 
coating, the difference in composition was considered 
to be negligible because Mylar differs only slightly from 
aluminum in its scattering properties and stopping 
powers, and because it was thin compared to the range 
of the incident electrons. 

Rather than recompute the theoretical distributions 
for the higher energies, the ordinates of the original 
distributions were multiplied by the ratios 57/50, 
80/75, 104/100, and 126.5/125, respectively. These are 
the theoretical distribution curves plotted in Figs. 1-4. 
Such a rescaling appears justified because of the striking 


SAUNDERS, 


RITCHIE, AND BIRKHOFF 
similarity in distribution shape for incident energies 


from 50 kev to 500 kev. 


VI. CONCLUSIONS 


Within the experimental error the experimental 
points agree well in most cases with the Spencer theory 
on an absolute basis. The only exception to this appears 
to be at the deeper penetrations where the experimental 
points lie slightly below the theoretical curve in all 
cases. It is possible that some of the discrepancy may 
be due to an increase in the value of W (ev per ion pair) 
at the lower electron energies found at deeper pene- 
tration. That is, the measurements yield data on ioni- 
zation produced per incident electron, and these values 
must be multiplied by W to obtain energy dissipation. 
A larger W to be applied in the tail of the distribution 
would thus raise slightly all experiméntal points. 

On the theoretical side, the discrepancy might be 
attributable to the neglect of electron straggling in the 
calculation or to the use of the simplified representation 
for the spherical harmonic expansion of the single- 
scattering cross section given by Eq. (17) in reference 1. 

A comparison of the three theoretical distributions 
at 104 kev indicates that the curve shapes are fairly 
insensitive to the calculation method used to derive the 
curve from its moments. Presumably those differences 
which do exist are the result of employing only a finite 
set of moments. That is, each distribution is the sum 
of two component distributions each based on four 
moments. With so few moments specifying each com- 
ponent distribution, the degree of agreement among the 
three complete distributions is striking. Unfortunately 
the experiment is not sufficiently precise to help in 
deciding among the three curves. 
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Changes in conductivity near the surface of germanium in response to an ac electric field have been 
investigated at frequencies as high as 50 Mc/sec for both n- and p-type material, and in wet air, dry oxygen, 
and ozone ambients. In certain ambients the sign of the field effect changes at a frequency closely related 
to the reciprocal of the minority carrier lifetime. At higher frequencies the field effect mobility is sometimes 
substantially larger than bulk mobility of the majority carrier. A model is suggested which is in harmony 


with most the experimental observations. 


HE change in conductivity near the surface of a 

semiconductor produced by an electric field 
normal to its surface is often referred to as the field 
effect. Investigators have made use of dc, ac, and pulsed 
fields to explore the time-dependent aspects of the 
effect, but have often encountered difficulties at high 
frequencies because of the large displacement currents 
which flow in supplying charge to the surface region. 
A method of measuring field effect described by Aigrain 
and his co-workers! is especially suited to high-frequency 
work, and has been used in the present investigation 
for determining field effect in germanium at frequencies 
as high as 50 Mc/sec. 

Field-effect mobility is often much less than the bulk 
mobility of the carriers involved, and this has been 
attributed to immobilization of part of the carriers in 
surface states. Variations of field effect with frequency 
are intimately related to the time constants of the 
surface states. Previous work® * has shown the existence 
of slow surface states affecting frequencies in the range 
from a fraction of a cycle to a few cycles per second, 
and has also indicated changes in field effect mobility 
at a frequency corresponding to the reciprocal lifetime 
of minority carriers.* The present work extends the 
investigation upward in frequency by four decades. 
One would expect that at some sufficiently high fre- 
quency none of the surface states would have time to 
communicate with either the conduction or valence 
band, and the field-effect mobility should be just the 
bulk mobility for majority carriers. 


PROCEDURE 


A diagram of the experimental arrangements is shown 
in Fig. 1. The sample was a rectangular bar of single 
crystal germanium about 0.5X 2X 10 mm, with contacts 
soldered to the ends, and surfaces suitably prepared as 
described below. The germanium bar formed one plate 
of a condenser, whose dielectric was a slab of single 

1 Aigrain, Lagrenaudi, and Liandrat, J. phys. radium 13, 
587-8 (1952). 

2 Statz, Davis, and deMars, Phys. Rev. 98, 540 (1955). 

*R.H. Kingston, Phys. Rev. 98, 1766 (1955). 

4G. G. E. Low, Proc. Phys. Soc. (London) B68, 10 (1955). 

5S. R. Morrison, Phys. Rev. 102, 1297 (1956). 

6H. C. Montgomery and W. L. Brown, Phys. Rev. 103, 865 
(1956). 


crystal strontium titanate, giving a capacity around 
30 uf. Ten volts ac was applied to the condenser, 
producing a maximum field of 410* volts/cm. A 
smaller voltage of the same frequency and phase was 
applied from end to end of the germanium sample. 
Product modulation of the latter voltage by the 
conductivity changes due to the field effect produced a 
de current in the galvanometer proportional to the 
field effect, as will be shown. 

The field effect will be expressed in terms of yf., the 
field-effect mobility.”:* This is ordinarily defined as 


Mte=dG,/dz, (1) 


where G; is the conductance of the specimen per square 
of surface and & is the net charge induced by the field 
per unit area of surface. As thus defined, ui. is the slope 
of a field effect pattern of the sort shown in Figs. 2, 3, 
and 5 of reference 6. 

The total conductance is 


G G,W/ ke 


where W is the width and L the length of the specimen, 


while 
Y=Cvp/WL, 


where C is the total capacity between plate and speci 
men and v, the voltage across this capacity. It follows 
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Fic. 1. Experimental arrangements for measuring 
field-effect mobility. 


’ This terminology, used by Schrieffer,* seems more descriptive 
than the term “effective mobility” used by the author in reference 
6 for the same quantity. 


‘J. RK. Schrieffer, Phys. Rev. 97, 641 (1955 
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that 
Mte= (L?/C)dG/dog. (2) 
The applied voltages shown in Fig. 1 are sinusoidal 
with root-mean-square values V4 and Vg, and may be 


written 
(3a) 


(3b) 


va=V2V 4 cos(wl 6), 
vp=V2V g coswt, 


where 6 is the phase angle between the applied voltages. 
For small changes, the conductivity may similarly be 
written 

(3c) 


G=Go+v2G,4 cos(wl—6’), 


where 0’ is the phase of the field effect with respect to 
vy. The longitudinal current through the specimen due 
to v4 18 


/ vAG 
V2 V aGo cos(wt—0)+ V «Gal cos(0’ —8@) 


+cos(2wt— 0’ —8) | 


? 


(4) 
lac= VaGa cos(0’—6). (5) 


By an artifice familiar in ac circuit theory, we shall 
now extend the simple definition (1) of us. by regarding 
it as a complex number, whose magnitude is the ratio 
of the amplitudes of two sinusoidal quantities, G, and 
2, and whose angle denotes the phase relation between 
the sinusoids. From (2) it follows that the magnitude 
of te IS (L2/C)Ga/ Vy and from (3) its angle is seen to 
be @’. From this and (5) it follows that 


Mi cos(@’ —@) Lacl?/CVaVp (6) 


This is the basic relation between yy, and-the experi 
mental quantities 

In the circuit of Fig. 1, 0 
few Mi SCK 


0, when wl&<Gp (i.e., 


this 
frequency range (6) shows that the measurements give 


below a in these experiments). In 


ut. C089’, which is the real part of yr. The practical 
upper frequency limit of the method is reached when 
w= 4G. Near this frequency the displacement current 
through C due to vg is comparable to the longitudinal 
current due to v4, both current and voltage vary along 
the specimen, and @ is by no means negligible. In this 
range one can estimate pg, by calculating the voltage 
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and current distribution and integrating their product 
over the sample. Above this range such calculations 
become unreliable because they depend critically on 
symmetry assumptions regarding current distribution 
which are hard to justify. 

Rectification at the end contacts and thermal emf’s 
due to small temperature differences between the ends 
of the specimen produced spurious de currents which 
were not entirely negligible. Corrections were deter- 
mined by observing the dc currents, in the absence of 
any field effect, due to v4 alone and to vg alone. The 
sum of these was used as a correction, the addition of 
the currents being justified by the fact that the ac 
currents due to v4 and v, are out of phase by 90 degrees 
(except at the very high frequencies) and the rectifi- 
cation effects follow a square law with current. 

The sample was housed in a glass container in which 
it could be exposed to various gaseous ambients. The 
“wet air” ambient consisted of stationary air main- 
tained at 50% relative humidity by contact with a 
saturated solution of KyCroO;7. The “dry O2” ambient 
was commercial tank oxygen flowing through the 
container at a slow rate. “Ozone” refers to a mixture of 
ozone and oxygen obtained by irradiating tank oxygen 
with ultraviolet light before it flowed into the container. 


RESULTS 


Measurements of ys, are shown in Fig. 2 for a speci- 
men of p-type germanium at room temperature over 
the frequency range 300 cycles per second to 2 Mc/sec, 
in three gaseous ambients. The resistivity was 20 
ohm-cm, and all surfaces were etched 2 minutes in 
CP-4 and rinsed a few minutes in cold distilled water. 
In wet air there is a strong inversion layer at low 
frequencies, with ur. about one-third of bulk mobility 
for electrons. At 6 kc/sec ute becomes positive and 
increases in the 100-kc/sec range to a value about 50% 
greater than bulk mobility for holes. The sample life- 
time for minority carriers was measured by time decay 
of photoconductivity after a short pulse of light and 
found to be 25 microseconds. The corresponding fre- 
quency f=1/(2rX 25 10~*) = 6400 is about the inflec- 
tion point of the curve, and this relation is character 
istic of all samples examined. With the ozone ambient 
there is no inversion layer and yj, is almost constant 
with frequency at a value about one-third of bulk 
mobility for holes. The dry O2 ambient gives an inter- 
mediate condition. 

Figure 3 shows measurements of yy. on another 
p-type specimen over a wider range of frequencies. To 
obtain the high-frequency measurements, the field was 
restricted to a portion near the center of the specimen, 


and a small capacitor was placed in series with the plate. 
Both of these measures decrease the galvanometer 


readings, but substantially increase the upper frequency 
limit of the method. This specimen had a resistivity 
of 20 ohm-cm, and the surfaces were etched in a 
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over an extended frequency 
range. 





NaOQH—H.0O» etch and rinsed in cold distilled water, 
giving a lifetime of 25 microseconds. In the wet air and 
ozone ambients the behavior is much like that of the 
preceding sample. In oxygen the high-frequency value 
of ws. iS smaller than in the preceding sample, being 
value. The 
cause of this difference is not known. At the highest 


hardly distinguishable from the ozone 
frequencies the curves for the various ambients come 
together, giving the first experimental evidence for a 
field effect process with a time constant in the 107° 
second range. 

Measurements on an #-type specimen in several 
ambients are shown in fig. 4. The resistivity was 20 
ohm cm. For curve 
minute in CP-4 and measurements were made in a dry 
oxygen ambient. The body lifetime of this material 


1 the surfaces had been etched one 


was 90) microseconds, and the sample lifetime 175 
microseconds in air at 40% relative humidity, probably 
somewhat less in dry oxygen. Curve B was measured 


in dry oxygen after the back surface of the sample had 
been sandblasted, reducing the sample lifetime by an 
order of magnitude, and increasing the transition fre 
rhe small decrease in 
ure at high frequencies is probably due to deterioration 


quency in about the same ratio 


of the surface by masking with polystyrene cement 
during sandblasting. Curve C 
an ambient of air at 50% 


was measured with the 
relative 
humidity. Except for reversal with respect to the sign 
of the field effect, there is considerable similarity in 
behavior of p- and n-type material. 

Measurements were made on a p-type specimen of 


same surfaces in 


22 ohm-cm resistivity whose surfaces were not etched, 
but had been prepared by dry lapping on successively 
finer grades of carborundum paper, finishing with 4/0. 
In this case no inversion layer was observed and py. 
was very small, varying from 150 at 300 cps to 300 at 
2 Mc/sec in dry oxygen, and about half those values 
in wet air. Subsequent etching of the surfaces produced 
field effects comparable to those in other etched speci- 
mens. 


In several instances, samples which had been etched 
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and which exhibited normal field effect were soaked for 
5 or 10 minutes in hot (80°C) deionized water, with 
the hope that a cleaner, more sensitive surface might 
result. On the contrary, this treatment usually destroyed 
the inversion layer at low frequencies, greatly reduced 
the field effect at high frequencies, and made _ the 
sample less sensitive to ambient gasses 

With p-type material strong inversion layers at low 
frequencies and large values of uy, were obtained with 
both the CP-4 and the NaOH — HO, etches. However, 
the latter seemed to give more dependable results and 
surfaces which did not deteriorate easily when subjected 
to various ambient conditions. With n-type material 
only the CP-4 etch has been tried 

Several of the samples have been subjected to the 
ambient cycle wet air, dry oxygen, ozone, dry oxygen 
as many as Six or eight times with only minor changes 
in the field effect for a particular ambient 


DISCUSSION 


The measurements of pr. are believed to be accurate 
to 5 or 10% up to frequencies around 2 Mc/sec, where 


the reactance of the capacity is comparable to the 
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Fic. 5. Energy level diagrams before and after applying a field 


longitudinal resistance of the specimen. Analysis of the 
circuit indicates that corrections to the measured values 
become substantial at higher frequencies. For example, 
under the conditions of Fig. 3 it was estimated that the 
true value of uy, was 14%, higher than that shown in the 
figure at 5 Mc/sec and 54% higher at 15 Mc/sec. If 
one accepted these corrections at face value the curve 
for the wet air ambient would rise substantially in this 
frequency range, and the other curves would rise even 
more steeply than shown. However, the basis of these 
corrections is very involved, and they depend critically 
upon assumptions of symmetry in the specimen and 
circuit which are hard to substantiate. Consequently 
the values of u;, above 5 or 10 Mc/sec must be regarded 
as rather uncertain. The relative values in the different 
ambients are probably significant even at the highest 
frequencies, since the capacities in the structure change 
very little with ambient. Thus one may conclude that 
at least one of the curves undergoes a substantia] change 
in the region of 15 Mc/sec. 

With ambients that produce an inversion layer at 
low frequencies there is always a large change in pf, at 
a frequency f=1/(2rr), where 7 is the sample lifetime 
for minority carriers. An intimation of such a change 
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was contained in earlier work® which showed phase shift 
loops in field effect patterns at this frequency, but due 
to frequency range limitations no quantitative results 
were obtained above the critical frequency. The present 
work shows that wr. changes in one sweep from its 
low-frequency value to a value opposite in sign and 
substantially in excess of bulk mobility for the majority 
carrier, and then remains constant for at least one or 
two decades in frequency. 

With the opposite extreme of ambient there is no 
inversion layer at low frequencies, us. has the sign 
appropriate to majority carriers and a magnitude 
one-quarter to one-half of bulk mobility, and changes 
only a little through the frequency range including 
f=1/(2rr). 

Most of the experimental findings can be understood 
on the basis of the following model and assumptions, 
suggested by W. L. Brown. Consider a p-type semi- 
conductor with an inversion layer at the surface 
produced by charge in slow surface states. The equi- 
librium situation with no induced field effect is shown 
by the band diagram of Fig. 5(a). The bands bend 
down at the surface because negative charge is required 
in the space-charge region to neutralize positive charge 
in slow surface states. (For simplicity, initial charge in 
slow or fast surface states is not shown in the diagrams, 
since this is presumed not to change during the discus- 
sion.) Now, suppose a steady field is applied in such a 
direction as to charge the semiconductor negatively. 
After a very short interval, comparable to the dielectric 
relaxation time, holes flow out of the body (through 
the end contacts) leaving a net negative charge. If one 
could observe field-effect mobility after this very short 
time, it would be u,, bulk mobility for holes, since the 
changes in charge thus far have involved only holes in 
the body region. Soon after this, the electrons in the 
conduction band rearrange themselves by moving 
toward the surface, establishing space charge neutrality 
in the interior, but with no change in the total number 
of conduction electrons. 

The situation is now as shown in Fig. 5(b). The 
concentration of conduction electrons near the surface 
has increased. These electrons are now out of equi- 
librium with the valence band and the surface states. 
It is assumed that equilibrium can be re-established 
with the fast surface states much more quickly than 
with the valence band. Thus after some suitable time 
shorter than the minority carrier lifetime the situation 
is as shown in Fig. 5(c). Conduction electrons have 
gone into fast surface states sufficient to establish 
equilibrium between the conduction band and the fast 
states. Let a, be the ratio of the number of electrons 
going into fast states to the total number of units of 
electronic charge induced by the field. The field-effect 
mobility at this stage is up»+ayn,’, where yu,’ is the 
mobility of electrons in the space charge region, which 
may be less than bulk mobility because of the Schrieffer 
effect.* 
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After a still longer time equilibrium is established 
between both bands and the fast surface states, through 
the usual lifetime processes. It is immaterial to the 
reasoning whether the recombination centers responsible 
for this change are the same as the fast states or not. 
This final step gives rise to the situation shown in 
Fig. 5(d), where everything is in equilibrium except 
the slow surface states, which are assumed not to have 
changed. The added charge now consists entirely of 
electrons near the surface or in the fast surface states. 
If a. is the ratio of the number of electrons in fast 
states to the total increase in electrons, the field effect 
mobility at this stage is — (1—az)un’. 

It seems likely that a and a, are the same or nearly 
equal, although a rigorous demonstration has not been 
worked out.’ If they are indeed equal, it follows that 
the difference between field effect mobilities at low and 
high frequencies is n»+yn’. If one knows yw, and yu, one 
can, in principle, determine the magnitude of the 
Schrieffer effect y»'/u,. For this interpretation to be 
valid, the inversion layer must be strongly developed, 
so that the contribution of majority carriers to the field 
effect is negligible. Since u, and uw, depend on impurity 
content of the sample and vary rapidly with tempera- 
ture, a great deal of care would be required to make a 
satisfactory estimate of u,’/u, in this way. The data of 
Fig. 3 cannot be interpreted in this way, since exami 
nation of the field-effect pattern at low frequencies 
reveals that the inversion layer was only partially 
developed. The data of Figs. 2 and 4 are probably 
subject to the same limitation, although low-frequency 
patterns were not recorded for these samples. 

The case with an enhancement layer can be analyzed 
in a similar manner. Assuming a p-type specimen, 
most of the charge in the space-charge region consists 
of holes in the valence band. If a field is applied in 
such a direction as to charge the semiconductor posi 


tively, holes very quickly flow into the space-charge 


°C. G. B. Garrett is preparing an analysis of this situation for 
a forthcoming paper. 
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region, sufficient to satisfy the charge required by the 
field. After this short time, comparable to the dielectric 
relaxation time, the field effect mobility is yu,’. The 
holes are now not in equilibrium with the surface 
states or the conduction band. After a longer time a 
quasi-equilibrium is established with the fast surface 
states, and a fraction a’ of the added charge is immobil 
ized in the surface states. The field-effect mobility is 
now (1—a’)u,’. The time required is presumably of 
the same order of magnitude as that for quasi-equi 
librium between fast states and the conduction band in 
the inversion layer case, but much shorter than minority 
carrier lifetime. After a still longer time, comparable 
to the lifetime, equilibrium is established with the 
conduction band. This results in a negligible change 
because the electron density is much smaller than the 
hole density. Thus in the case with no inversion layer, 
the field-effect mobility has the sign of the majority 
carrier, is a fraction of bulk mobility at low frequencies, 
changes very little at high frequencies, and tends to 
bulk mobility at very high frequencies. 

Generally, the experimental results fit in quite well 
with this model. Thus, one concludes that at frequencies 
of the order of a few hundred cycles per second complete 
equilibrium is established between fast surface states 
and both the conduction and valence bands. At fre 
quencies in the region of hundreds of kilocycles per 
second there is quasi-equilibrium between the fast 
states and the near band. With some reservations as to 
the reliability of the data above 10 megacycles per 
second, as discussed earlier, there is at least a suggestion 
that the time required for quasi-equilibrium between 
the fast states the order of 
1/ (2m 15 10°) 


and band is of 


10°* second 


one 
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The field at which the spins of a previously saturated ideal ferromagnetic particle cease to be aligned is 
defined as the nucleation field. This field is calculated, using calculus of variation, for an infinite cylinder 
and a sphere, assuming three mechanisms of magnetization reversal: spin rotation in unison, magnetization 
curling, and magnetization buckling. Theoretical treatment shows that, in fact, only curling and rotation 


in unison need be considered 


The critical size for single-domain behavior, defined as the largest size at which magnetization reversal 
proceeds by rotation in unison, is calculated for the prolate ellipsoid and is found to be practically inde 
pendent of magnetocrystalline anisotropy and elongation and approximately equal to A4//,. Here A is the 


exchange constant and /, is the saturation magnetization. 
For cylinders larger than the critical size, the coercive force, for a field applied in the direction of the 
long axis, is found to be equal to the nucleation field, when magnetocrystalline anisotropy is neglected 


The coercive force thus calculated decreases with the radius of the cylinder, R, according to H, 


6.78A /T,R?. 


Available experimental data are discussed and are generally found to be in a better agreement with 


this than with previous theory 


1. INTRODUCTION 


N the last decade, interest in powder magnets has 

increased appreciably. In particular the high-energy 
products promised by current theory'* for elongated 
iron fine-particle magnets promoted investigation in 
this field. This theory suggests that the magnetization 
changes in particles below a certain size (the critical 
size) occur by spin rotation in unison.’:?:* The particles 
are assumed to be always saturated and are referred to 
as ‘single-domain particles.” The coercive force depends 
on the various magnetic anisotropies,’® and thus is 
generally calculated to be quite high 

The critical size is calculated by comparing the 
energy of the single-domain configuration with the 
energy of configurations which tend towards flux clo- 
sure. The calculation is carried out for zero external 
field. Figure 1 flux 
(ring model) usually assumed for prolate ellipsoids 


shows the closure arrangement 
which are thin compared to the wall thickness.*'° The 
critical size in this case, as derived in Appendix I, is 
given by 


NiI?R2/6A =\n(4R,/a)—1, (1) 


magnetization, R,—the 
the de 


where J, is the saturation 


critical radius, athe lattice constant, Ny» 
* This paper represents part of a thesis to be submitted by one 
of the authors (S.S to the Israel Institute of rechnology 
PecuNnion), in partial fulfilment of the requirements for the 
D.Sc. degree 
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magnetizing coefficient along the polar axis," and A 
the exchange constant’? (which is also referred to as 
the stiffness constant,'* or the Bloch wall coefficient"). 
From (1) it is seen that for V,-—0 (an infinite cylinder), 
R,-+@, since the self magnetostatic energy is zero. 

In the current theory there are three points the 
validity of which must be questioned. 

(1) The calculation is carried out by tacitly assuming 
that if the particle is a single domain at zero field, it 
will stay saturated under any field. This means that 
the changes of magnetization occur by rotation in 
unison. It will be shown that this assumption is not 
valid for many cases and leads to erroneous conclusions 
concerning the coercive force.'® 

(2) The second point to be questioned is the stability 
of the states compared in order to calculate the critical 
size. Any static physical state should be of minimum 
free energy (not necessarily an absolute minimum). It 
is shown in Appendix IT that some of the configurations 
discussed do not obey this criterion. Although the states 
discussed are usually a good approximation to the 
minimum energy states, yet, in some cases, as in the 
evaluation of the remanence, they lead to erroneous 
conclusions. 

(3) The method of comparing the energy of different 
configurations in order to find the actual state of 
magnetization should be questioned as it does not allow 
for the existence of hysteresis which is of fundamental 
importance in ferromagnetism. It is easy to see that if 
this method is followed consistently, the coercive force 
vanishes identically as all magnetic energies concerned 
are invariant to inversion of the magnetization except 
the energy of interaction with the external field which 
changes its sign. 

4" E. C. Stoner, Phil. Mag. 36, 803 (1945). 

2. Kittel, Revs. Modern Phys. 21, 552 (1949). 

4 EF. P. Wohlfarth, Proc. Phys. Soc. (London) A65, 1053 (1952). 

“CC. Herring, Phys. Rev. 85, 1003 (1952). 

18S. Shtrikman and D. Treves, Bull. Research Council Israel 
(to be published). 
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Fic. 1. Illustration of flux closure produced by a ring configuration 
in the equatorial plane of the prolate ellipsoidal particle 


In the following the behavior of ferromagnetic 
particles is analyzed avoiding the arbitrary assumptions 
discussed above. The calculations are based on the 
following model : 


(1) The particle discussed is a single-crystal prolate 


ellipsoid, having no imperfections. 
(2) The energies taken into account are Ex, the 
magnetocrystalline energy, Z,, the self-magnetostatic 


energy, /,, the exchange energy, and Ey, the energy 
of interaction with the external field. All other energies 
are neglected. 

(3) The exchange energy is represented by” 


E,=A ¥;(Va,)?, (2) 


where a; are the direction cosines of the magnetization 
vector, assumed to be continuous differentiable func 
tions of the coordinates. 

(4) No distinction is made between total energy and 
free energy, assuming the analysis to be valid only for 
temperatures far below the Curie temperature. 

(5) The analysis assumes static ferromagnetism.'® 
All effects associated with the time rate of change of 
magnetization are not considered. 

The magnetic state of the particle is completely 
described by the direction cosines a, of the magnetiza 
tion at every point, and these are found by minimizing 
the total energy /. The calculation will be best ex- 
plained by going through some examples in detail. The 
magnetic behavior of the infinite cylinder is analyzed 
in paragraph 2. This is done by studying three different 
modes of magnetization change. The dependence of the 
coercive force of the infinite cylinder on its radius is 
found. The behavior of the sphere and the prolate 
ellipsoid are studied in paragraphs 3 and 4 respectively 
and the critical size for single-domain behavior is 
evaluated. 

16 J. L. Snoek, New Developments in Ferromagnetic Materials 
(Elsevier Publishing Company, Amsterdam, 1947), Chap. 1 
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Fic. 2. Modes of magnetization change for the infinite cylinder 
(a) spin rotation in unison; (b) magnetization curling; (c) mag 
netization buckling 


2. THE INFINITE CYLINDER 


Let an infinite cylinder of radius R be defined in a 
cylindrical coordinate system (¥,¢,z). Let the 2 axis 
coincide with the direction of the external field. If this 
field is strong enough, there is only one state of stable 
equilibrium; namely, all spins aligned in the direction 
of the field. (Crystal anisotropy /x is neglected for the 
time being.) Decreasing the field, a negative value is 
reached for which this state ceases to be a minimum 
energy state. To find the field dependence of the 
magnetization state, one should find the direction cosine 
functions, a,(r,g,z), that minimize the total energy 
This is a rather complicated variational problem. ‘To 
facilitate the calculation a bit of guesswork is done, 
guided by symmetry considerations and making use of 
known low-energy configurations. Along these lines 
three ways of magnetization change, as illustrated in 


Fig. 2, are considered 


(1) spin rotation in unison; 
(2) magnetization curling; 


(3) magnetization buckling 


A. Spin Rotation in Unison 


This case has already been discussed in detail.'* The 


hysteresis loop is rectangular, and the coercive force is 
h, (3) 


in terms of the reduced field 


h=H/2rxlI, 


B. Magnetization Curling 


In this case the magnetization changes occur by spin 
rotation from the z axis in a plane perpendicular to 
the radius. The angle w between the spin direction and 
the z axis is independent of ¢g and z, and thus a function 


of r alone. The total energy / consists of H, and Ky 
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only, since in this case E,,=0, 


1 R 
E f (E+ En) 2xrdr, (5) 
rR? a/2 


where £ is the mean total energy per unit volume and 
a is the lattice constant. Following Néel* the lower 
limit of integration is taken as a/2. 

Substituting the direction cosines, 


a,=sinw COSY, ay=SiNnw sing, a,=COsw, (6) 
in Eq. (2), one gets 
E,= A[ (dw/dr)*+ (1/r") sin’ |. (7) 


The energy of interaction with the external field is 
given by 
En Hi, COs. (8) 


Using (4) and substituting 


x r/R, Ro A ‘/I,, S R/ Ro (9) 


in (5), one obtains 


2A dw\*?  sin*’w 
E f [+( ) | 2aS*hx cosw Je: (10) 
R? Jasor dx x 


The Euler differential equation’? which minimizes the 
integral (10) is 


d*a 1 dw COSW 
{ (ins ) sinw=0, 
dx* xdx x? 


with the boundary conditions for mobile limits'*: 


a/2R 


(11) 


dw/dx=0, for x and x=1. (12) 


The trivial solution w=0 is readily verified to be valid 
for any value of 4. However, this solution is a minimum 
only for a certain range of 4. The value of 4 where w=0 
stops being a minimum is defined as the reduced 
nucleation field h,. 

In order to find h,, only small angles need be con- 
sidered, i.e., 


(13) 


wl. 


This simplification linearizes the differential equation 
(11) to the Bessel equation 


Pw/dx?+- x dw /dx— (hrS*+x*)w=0, (14) 


the solution of which is 


w= BI (—hr)'SxJ4+-CNiL(—Aw)'Sx]. (15) 


Here B and C are constants, and J; and JN, are the 
Bessel and Neumann functions of the first order, 
respectively. 

‘7H. Margenau and G. M. Murphy, The Mathematics of 
Physics and Chemistry (D. Van Nostrand Company, Inc., New 


York, 1956), second edition, pp. 198-200 
4 See reference 17, pp. 214 and 215 
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If a/2R<1, a good approximation is obtained 
assuming w=0 for x=0, so that one obtains C=0. 
(The exact solution is given in Appendix III.) The 
boundary condition for x=1 is 
d 
B—J,[(—hr)'Sx]=0, 


dx 


(16) 


so that either B=0O or 


d 
Ji{(—he)'Sx]} =0. 


ax z=1 


(17) 


When h=h, is such that Eq. (17) is fulfilled, the second 
variation of E at w=0 vanishes. The smallest A, will 
accordingly be the nucleation field. Now the first 
maximum” of J,(y) is given by 


y= 1.841, (18) 


so that 


hn=1.08S~*. (19) 


In Appendix IV it is shown that at the nucleation 
field, w, changes discontinously. A graphical solution 
of (11) and an approximate solution using the Ritz 
method” suggest that the magnetization reverses com- 
pletely, coming to the second trivia] solution of (11), 
QT. 

This means that here again the hysteresis loop is 
rectangular with h,= A. 


C. Magnetization Buckling 


In this case spin rotation occurs in the x direction 
alone. The spin deviation is a periodic function of z, 
having a period of 27. In order to calculate the nucle- 
ation field which will generally be defined as the field 
at which the spins cease to be aligned, let the angle w 
between the spins direction and the z axis be given by 
the Fourier expansion 

Tv 


vali y W2m—I cos (2aa—1)—s |. 
rT 


(20) 


meo1 


Substituting the direction cosines 


a,=sinw, ay=0, as=Cosw, 


into Eq. (2), and using (20), one gets 


B.=A D> form _*(2m—1)(x/T)?. 


m=! 


(21) 


To evaluate the self-magnetostatic energy, the surface 
and the volume charges are considered. However, the 
surface charges are proportional to w while-the volume 
charges are proportional to w* and can thus be neglected 


” G. Petieu, La Théorie des Fonctions de Bessel (Centre National 
de la Recherche Scientifique, Paris, 1955), p. 452. 
* See reference 17, p. 377. 
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in the evaluation of the nucleation. The surface charges 
o are given by 


(22) 


ao=I,cos¢ sinw. 

Since w<1 is assumed, one obtains, using (20), 
a T 

a=I1, cose > wam—1 cos| (2m—1)—z]. = (23) 
m=! 7 

The energy associated with the surface charges is 


evaluated in Appendix V and is given by 


a. ” T 
E,=4D wom Petes, iC2m- 1) R| 
m=l1 i 


T 
x0 i2m—1) R| (24) 
T 


Using (8) and (20), one finds 
HI, 

Wom ie 
4 m=! 


(25) 


Using (4), (23), (24), (25) and writing rR/T=L, the 
total energy is 


_ Ff @ L?(2m—1)? 
K I Bs Wm y 
2 m=! nS? 


+orid [i(2m—1) LH Li(2m—1)L +h}. (26) 


A necessary condition for nucleation is that the 
Hessian”! |3C| of EB with respect to the variables wom—1 
is zero. This implies that 

| CE | 
| =| /=0. 
Ow Ow 


Since in this case 3 is diagonalized, (27) becomes 


D CR 
II 0. 
m=) OWom 2 


(28) 


The lowest value of h satisfying (28) or explicitly 


L?(2m—1)? 
h+ 
nS? 
tari J [i(2m—1) LH Li(2m—1)L]=0 (29) 
is the nucleation field. 

Since A is a function of L(2m—1) only, m=1 is 
chosen for simplicity. Minimizing 4 with respect to 71 
yields 

2L d 
T [JiGL) Hy (iL) }. 
aS? dil) 


1 A.C. Aitken, Determinants and Matrices (Oliver and Boyd, 
Edinburgh and London, 1949), sixth edition, pp. 130-131. 


(30) 
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Fic. 3. Theoretical plot of the nucleation wavelength 27 for 
the buckling mechanism in an infinite cylinder versus its radius R. 
R,y=A‘'/I, is the characteristic radius of the material, A is the 
exchange constant, and J, is the saturation magnetization 


From Eq. (30) the nucleation wave number L,(S) is 
calculated. By substituting it in (29), 4,(S) is obtained. 
Figure 3 shows 27/Ro= f(S). 

For L,—0, h,—1. This is found by using” 


lima] (ix) Hy (ix) = 1/9. (31) 

20 

The solution of (30) gives in this case S—0. This 

means that only in the limiting case R=0, does the 

buckling mechanism degenerate into rotation in unison. 
For S>«, Lo, and using” 


lim (iL) Hy (iL) = 1/9" (32) 
L-+a 


and Eq. (30), the asymptotic relation for S->” is 
found to be 
1.16.1, 


La= (4S?) (33) 


From (29), one calculates that, for large values of S, 
h,=—3/2L. (3/2)(2/m)§S-4 1.2954, (34) 

In the intermediate region, Eqs. (29) and (30) are 

solved numerically with the help of the relations: 


dJ \(x)/dx= Jo(x)—J;(x)/x, 
dH (x) /dx= Ho (x) — H™ (x)/x, 


(35) 


and tabulated Bessel functions.” 

It is obvious that of the three mechanisms discussed, 
the physical system will choose the one yielding the 
most positive A,. The results of the calculations are 
plotted in Fig. 4. It is seen that for S>1.1, the curling 
takes place and for S<1.1, buckling is the acting 
mechanism while rotation in unison is equivalent to 
buckling for S<1. 

It is believed that the transition from buckling to 
curling is not abrupt, and that in the neighborhood of 
S=1, a mixed mechanism takes place somewhat lower- 
ing the value of |A,| in that region. It should be noted 


% See reference 17, p. 113 and p. 120 

4 See reference 17, p. 119 

“>. Jahnke and F. Emde, Tables of Functions (Dover Publi 
cations, New York, 1945), fourth edition, pp. 226-243 





FREI, 





Fic. 4. Theoretical plot of the nucleation field of an infinite 
cylinder versus its radius R for magnetization curling and magnet 
ization buckling. The field is applied along the axis of the cylinder 
rhe nucleation field 7, is given by 2r/,h,, where J, is the satu 
ration magnetization. Ro=A‘//, is the characteristic length of 
the material, and A is the exchange constant. The coercive force 
for rotation in unison is given for comparison 


that although not rigorously proved, it is believed that 
the hysteresis loop for the cylinder whose axis is parallel 
to the applied field, is always rectangular, thus identi 
fying the nucleation field with the coercive force. 


3. THE SPHERE 


The nucleation field for the sphere is calculated under 
the assumption of the curling mechanism. The spherical 
coordinate system (r,g,0) is introduced. The direction 
of the external field is assumed to coincide with 0=0 
In the following calculations the angle w, as previously 
defined, depends on r and 6 only. When one substitutes 
(6) in (2) and writes the gradient in spherical coordi 
nates, the exchange energy becomes 


a A| (dw/Or)* +97 *(0w/00)?4+-sin*w/ (7? sin*O) (36) 


For this mechanism, when w<1, the self-magnetostati 
energy can be approximated by 


En=4al1 2— 4al Pu? /2 (37) 


The variable part of the total energy, if one neglects 
terms in powers higher than w* and assumes x =0, is 
given by 


” R 
E }R f f { y 1| (Ow/ dr)? + (1/97) (Aw 06)- 


tw*/(r? sin’) |— (4r],/3— HH)? /2) 9dr sinddé. (38) 


The choice of the lower limit of r is thought to be a 
good approximation in view of the results obtained in 
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Appendix III. When one uses (9), the energy becomes 


, Ap 
KE f f [ (dw i) x)? +(1 ‘x*) (Ow 06)? 
2R? 0 0 


+w*/(x* sin*0) — (h— $)rS? |x*dx sinddé. (39) 


The Euler equation”® is 
0°w/ Ax? + (2/x)dw/dx+ (1/x*)d*w/ 0 
+ (1/2?) coté(dw/d6)— [ (h- 4) S? 


+1/(x* sin?) Jw=0, (40) 


with the boundary conditions”*® 


(dw/Ox),.1=0 and w=0, onthe @=Oaxis. (41) 


Equation (40) is solved by separation of variables. 
Substituting w= ©(6)X (x), one gets the two differential 
equations 

dP?X /dx?4+-(2/x)dX /dx 


[ (h—4)wS?+-b(b4+-1)/2? |X =0, (42) 


(43) 


’ 


PP) /de?+-cotd® /dd—[ 1/sin?@—b(b+-1) iis) =(), 


where 6 is an integer. The solution of these equations?’ 
leads to 


Ww >» CoP! (cosd)x Tos sf Sa -5) J}, 


where C, are constants, P,' are Legendre’s associated 
functions of the first kind, and J,,, are Bessel functions 
of half odd order. The condition at 6=0 is identically 
fulfilled. However, in order that w remains finite for 
*=0, one needs b>0. The lowest A fulfilling the second 
boundary condition, 


rth 


4) /dx=0 for x=1, (44) 


m(h 


d{ x Wy, il Sx( . 


is h, and is given for b=1. 
Substituting the relation” 


(wy/2)'J;(y) =siny/y— cosy 


in (44), one gets 
2y coty—2+y=0, 
where 


y= S| §) J}. 


rh 
The smallest solution of (46) is 


y’=4.35 


and using this value. one obtains from (47) 


h,=$—1.39S~. (48) 
Equation (48) is valid only for positive values of hy. 
Negative values of h, have no physical significance as 
the coercive force for spin rotation in unison is zero in 


26 See reference 17, pp. 207 and 208 

26 A. R. Forsyth, Calculus of Variations (Cambridge University 
Press, Cambridge, 1927), p. 468. 

27 See reference 17, pp. 234 and 235. 

*6 See reference 17, p. 118 
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this case. (It should be noted that also for positive h,, 
the coercive force is zero, as crystalline anisotropy was 
neglected here.) This immediately yields the critical 
size for single-domain behavior: 


S,= 1.44. 


4. THE PROLATE ELLIPSOID 


The first term in the right-hand side of Eq. (48) 
comes from the demagnetizing field. Analogously the 
nucleation field for the prolate ellipsoid with the 
external field along the polar axis is 


hna=N»/2e—kS (49) 


Here k is a constant which varies from 1.08 for the 
cylinder to 1.39 for the sphere. 

From Fig. 4 it is seen that a good approximation to 
the behavior of the cylinder can be made by neglecting 
the buckling mechanism and taking the rotation in 
unison instead. 

If the coercive force /, for rotation in unison! as 
given by 
(50) 


h.=(Ns— Na) 


is larger than /,, as defined in (49), rotation in unison 
takes place, and the particle will behave as a single 
domain. Here .V, and .V, are the demagnetizing factors 
along the polar axis and an axis perpendicular to it, 
respectively. Equating (49) and (50) gives the critical 
s1ze, 


S2=2ark/Na. (51) 


From the variation of V, and k, one finds that 


(52) 


1.04<S,< 1.44. 


The higher value of S, is for the sphere and the lower 
for the cylinder. This result shows that contrary to 
current belief, the critical size for single-domain be 
havior is practically independent of elongation, and is 
approximately equal to Ro. When anisotropy is taken 
into account, with the easy direction of magnetization 


coinciding with the polar axis, an equal term K/rxI,’ 
will be added to both A, and h,, so that the critical 


radius will not be affected. 

The fact that the critical size is independent of 
magnetocrystalline anisotropy can be best understood 
from the nature of the energies concerned. The exchange 
energy tends to keep the spins aligned while the self 
magnetostatic energy tends to minimize the free charges 
by forcing flux closure paths. On the other hand, the 
magnetocrystalline energy is a local effect and thus is 


independent of the form of nucleation. The 


exchange 
energy is caused by short-range forces and is predomi 
nant for small sizes, causing the single-domain behavior. 
The magnetostatic energy, being a long-range effect, 
predominates for large sizes, causing magnetization 
changes to occur by flux closure mechanisms and thus 
not allowing rotation in unison. 

These speculations show that the critical size is a 
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function of J, and A only. Following this idea, dimen- 
sional analysis shows that the critical size must be 
proportional” to A’) 7, which equals Ro, the character- 
istic length of the material. 

In this paper, only the nucleation field was calculated 
for the prolate ellipsoid. Brown® had already pointed 
out in 1940 the way to find the exact hysteresis curve 
of an ideal ferromagnetic particle, by solving a set of 
nonlinear partial differential equations. However, this 
is a formidable problem and is not easily tackled 


5. DISCUSSION 


The results of the above calculation show that below 
a certain size (the critical size) the ferromagnetic 
particle behaves approximately as a single domain. It 
is found, contrary to current belief, that the critical 
size is independent of crystal anisotropy and is almost 
independent of elongation. 

It follows from previous theory that an abrupt de 
crease in the coercive force at the critical size should 
the 
magnetic anisotropy to the low value associated with 
wall Bertaut," Carman, 
Meiklejohn® found experimentally that the coercive 


occur from the relatively high value given by 


domain movements, and 
force of iron powders is inversely proportional to the 
particle size. Similar behavior was reported by Néel™ 
Gottshalk for 
powder. The calculations given in this paper suggest a 


as having been found by magnetite 
gradual decrease of the coercive force with particle size 
in cases where shape anisotropy predominates. 

The absolute value of the coercive force obtained 
experimentally for supposedly single-domain powders 
is usually considerably less than that predicted by the 
previous theory.?*!°.* Furthermore, Morrish and Yu" 
remarked that there is in fact some evidence that the 
coercive force continues to increase for particles smaller 
When 


the conclusions of this paper with experiments, diffi 


than the supposed critical size one compares 
culties®® are encountered in determining the value of A 


needed to calculate Ry. Even for iron, which is the 
material most studied, the value suggested for A varies 
considerably, starting from A=0.3 108 erg/cm (as 
given by Wohlfarth’) through 0.83%10°® (Stoner*®), 
1.16K10°® (Néel*), to 210% (Kittel'*) 
A=10~° with 7,=1700 gauss, one finds from (9) that 
Ry =60 A. For magnetite, choosing A=10~° erg/cm 
following Galt,®® and J,=500, one finds Ro=200 A 


One sees that the critical size, which is approximately 


Choosing 


* After completion of this work, it came to our notice that 
Dr. W. F. Brown reported a similar result at the Thanksgiving 
meeting of the American Physical Society, 1956 [W. F. Brown 
Bull. Am. Phys. Soc. Ser. II, 1, 323 (1956) ] 

*”W. F. Brown, Phys. Rev. 58, 736 (1940) 

| F. Bertaut, Compt. rend. 229, 417 (1949) 

2W. Meiklejohn, Revs. Modern Phys. 25, 302 (1953) 

#1, Néel, Advances in Physics (Taylor and Francis, Ltd., 
London 1955), Vol. 4 p 191 

4#S. P. Yu and A. H. Morrish, Phys. Rev. 102, 670 (1956) 

% F.C. Stoner, Repts. Progr. in Phys. 13, 111 (1950) 

J. K. Galt, Phys. Rev. 85, 664 (1952) 
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equal to Ro, is smaller than that expected by current 
theory.*"” These rather low values of the critical size 
suggest that the above-mentioned effects might be 
explained by the fact that the critical size was not 
reached in these experiments. 

One must also admit the possibility that upon 
decreasing the size the particles will become para- 
magnetic’ before reaching the size of single-domain 
behavior. 

In cases where KI/,’, as in MnBi and Ferroxdure, 
the theory disagrees completely with experiment® since, 
according to theory, the coercive force is independent 
of particle size. This was already pointed out by 
Brown.” Thus the model assumed does not apply in 
this case. It is possible that a model taking into account 
imperfections, might help in solving this discrepancy. 
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APPENDIX I. CALCULATION OF THE CRITICAL SIZE 
OF THE PROLATE ELLIPSOID ACCORDING 
TO THE RING MODEL 


The critical size for this model is calculated by 
comparing the magnetostatic energy to the exchange 
energy. Taking w= 2/2 in (7), one finds for the exchange 
energy density 


E,=A/?’. (53) 


When one uses (53), the exchange energy EF, of the 
ellipsoid per unit volume is 


R bf1 
(4/3)rRDE, f 
a/2” 0 


where 2R and 26 are the short axis and the long axis of 
the ellipsoid, respectively. 
The magnetostatic energy is 


E,,=4N,12, 


(r/R)? 
2nr'dzdr 


4rAb[In(4R/a)—1], (54) 


(55) 


where N, is the demagnetizing coefficient along the 
polar axis. Comparison of (54) and (55) yields the 
critical size R,: 


(Ni/6A)I AR? =In(4R,/a)—1. (56) 


APPENDIX II. STABILITY OF THE RING MODEL FOR 
THE ZERO-FIELD STATE OF THE SPHERE 


From symmetry considerations the ring model is an 
equilibrium state. However, in order that this equi- 
librium be stable, the Hessian of the energy function 


71. Néel, Compt. rend. 228, 664 (1949). 

* Sixtus, Kronenberg, and Tenzer, J. Appl. Phys. 27, 1051 
(1956) 

” W. F. Brown, Revs. Modern Phys. 17, 15 (1945). 

 Rathenau, Smit, and Stuyts, Z. Physik 133, 250 (1952). 
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with respect to any set of chosen functions describing 
a perturbation from this state must be positive. 

Let the sphere be defined in a cylindrical coordinate 
system (r,g,z) and let « be the angle between the 
magnetization vector and the horizontal plane. In order 
to facilitate the calculation of the self-magnetostatic 
energy, € is assumed to be independent of z. From 
symmetry considerations, ¢ is also assumed to be inde- 
pendent of gy. In order to study the stability of the 
state e=0, only angles «<1 are considered. 

The surface charge o on the sphere is given by 

o=I1,€ cos6, (57) 
where 6 is the polar angle. Let the angle e be represented 
by the series 


_ os Bon Pon 1/cos8, 


n=l 


(58) 


where Bz,-, are constants and P2,_, are Legendre 
polynomials,” so that Z,, can be readily calculated. 

Only polynomials of odd order are taken in order to 
satisfy the symmetry relation 


a(0)= —a(x—8). 
Upon substituting from (58) into (57); the surface 


charge is 


0 1.3 Bon 1Pon ly 


n=l 


(59) 
and the associated energy E,, is 


Em= ¥ Bay 1?8x2I,2R*/(4n—1)?, 


n=l 


(60) 


and with the notation 


Ro=A4/I, and S=R/Ro, 


one obtains 


En=44AR ¥ 2Boy_1?(4n—1)-2S?. 


n=l 


(61) 


The exchange energy derived from (7) is 


R -”(Rt—r)9 
E.= 24 f J [ (dw/dr)?+sin’w/r? |2erdzdr. (62) 
a/2” 0 


Writing x=[1— (r/R)? |'=cos6, and using 


w=90—-¢€, «<1, 


one finds, upon integrating with respect to 2, that 


1 —a?/8R? 
E,=44A rf [ (1—2x*) (de/dx)? 
0 


—x*é/(1—x*) |dx. (63) 


Upon substituting (58) in (63), E, can be calculated 


“ £, Jahnke and F. Emde, reference 24, p. 108. 
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and will be in the form of 


E,=> Es'B;B;. 
7 


(64) 


In order that the state «=O be a minimum energy 


| nr 
\1—P+—S$? 
9 


— Pp 


11 
[H|  |- 
=| 6 
8rAR 


a 


where 
P=\n(4R,S/A). 


The Hessian as given above is an infinite determinant. 
One is forced to study its behavior by studying the 
series formed by its principal minors. 

In the first approximation, 


|5C|1= 8A R[1—In(4RoS/A)+ (2 /9)S?], (66) 


which is associated with 
XE BP. 


|3C|, is positive down to the critical size S.,, becoming 
negative below it. S,, is identical with the critical size 
as usually calculated.*® For iron, R..=110 A. 

This might indicate that for particles larger than R.. 
the ring model is of stable equilibrium. However, 
examining the second and third approximations to the 
Hessian which are associated with xe= B,P,;+B;P; 
and xe=B,P,+B;P3;+BsPs, respectively, one finds 
that the critical radius increases to 220 A and 350A 
respectively, hinting that taking more terms will push 
the critical radius always higher. This suggest that the 
ring model is never of stable equilibrium. 

A second approach to this problem is to assume for 
the perturbation 


rb, 


rb, 


e=k(b—r) for 


e=0 


(67) 
for 


where b is a constant and & is calculated to minimize 
the energy. The variable part of Z, is 


b 


E, BAR f [ (de/dr)?— &/r* dr, 


a/2 
E,= 899A Rb’ 2—a/b—1n(2b/a) }. 
The variable part of the magnetostatic energy is 


Em<4N (kbI,)*xb?2R, 
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state, the Hessian of the total energy 
E=E,+En 


with respect to the coefficients B:,_; should be positive. 
The calculation yields for the Hessian 


137 
P 


as the right-hand side is the energy of the region where 
«~ (0 taken as that of an ellipsoid. Here b<R is assumed. 
In this case, NV is given by 


N=4nrb?R™? |In(2R/b). (70) 


The total energy E£ is 


E<k’8xA Rb*| 2—a/b—|n(2b/a) 


+4rb*R* Ry In(2R/b) |. (71) 


The condition for stability here is 


’E/dk*>0. (72) 


Taking for iron a~3A, Ro=60A, and choosing 


b= 30 A, one finds that 


PE /dk?=16"ARb(—14+1, 6% Inx). (73) 


Here x= 2R/b. Equation (73) shows that e=0 is never 


stable as 0°//dk* <0 for any value of x. 


APPENDIX III. THE HOLLOW CYLINDER 


In Eq. (15) it is found that the angle w varies with 
the radius according to the relation 


w= BI\[ (—hr)'Sx\4+CNi[ (—Aw)'Sx}, (74) 


with the boundary conditions 
and x=a. 


dw/dx=0 at x=1 (75) 


Here a@ is the reduced inner radius. 
When one uses (35), the two boundary conditions 
yield the equations 


BU Jo(u)—Js(u)/w J+CTN o(u) 
Bi J o(jucr) 


Ni(u)/uj=0, (76) 


J (sce) / par | 


+C{ No(ua) Ny (yc) / ocr | 0o 7) 


where 
hr)'S. 


p= ( (78) 


The solutions 


B=0, C=0 (79) 
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held before nucleation. At nucleation 


B¥0, CHO, (80) 
so that the determinant of the coefficients of B and C 
must vanish, yielding 

Vols) —Ni(u)/p 


J o(p)—SIi(u)/p 


J o(juaa) ~ J (pa) /pa Nola) — Ny (ua) /pa 

This equation gives p=y(a@), and with (78) the nuclea 

tion field h,, is found as a function of the inner radius a. 
Irom (81), one finds that, for a<1, 

(82) 


h, =ho(1—4.2a’), 


where Ao is the nucleation field as given in (19). Follow- 
ing Néel,® the value of the inner radius is taken to 
equal half a lattice constant, One has then 


hn= hol 1— (a/R)? |, (83) 
and as one considers only R> Ro (hig. 4) and a/ Ro<1, 
one sees that A, is essentially the same if one assumes 
Q at a 


for a mobile limit at x=a/2R. 


the boundary conditions w 0 or if one allows 


APPENDIX IV. DISCONTINUITY OF MAGNETIZATION 
AT THE CURLING NUCLEATION IN THE CYLINDER 


In Eq. (10), the total energy is found to be 


2A f' 
| t (dw/dx)*+-sin*w/x—2rS*hx cosw jdx (84) 
R? a/2k 


2A f' 
J {a (dw/dx)*+-w?/x — 2eS*hx(1—w?/2) 
R? a/2k 


ar S*hx| wt/4!—O(w*) | 


(2w)*/4!—O(w") |/2x}dx. (85) 


When one takes only terms up to w’, the nucleation 
function is | according to (15) | 


w= BZ,| (—hw)'Sx |, (86) 


where Z,; is a linear combination of Bessel and Neumann 
functions. 
At nucleation, 


f [ %(dw/dx)*+-w*/x 
a/2Rk 


a 


2a Sth, x(1 


) |dx 


constant, 


so that 


E= constant wa! (rw S*h,x*/124+-4)dx. 
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For small values of w, 


2A ¢' 
f w'a!(— 3.39/124+4)dx, (89) 


R? a/2k 


E-<const 


where 2S°h,, 3.39 is taken from (19). 
It is seen that / decreases with w, thus assuring a 
discontinuous change of the magnetization at nucle 


ation. 


APPENDIX V. SELF-MAGNETOSTATIC ENERGY 
ASSOCIATED WITH THE BUCKLING 
CONFIGURATION 


According to (23), the surface charge a on the cylinder 
is given by 


T 


s 


T, cose > wom ,c05| (2m 1) 


mel 


(90) 


T2m-1 
7 

The corresponding solution of the Laplace equation for 
the magnetostatic potential F yields 


r=¥ 


” 


T 
A om J] icon 1)—r 
! i if 
T 
x cose cs (2m 1)—z] (91) 
r 


for r< R, and 


Fa 2, 


m= 


T 
Bam | (2m 1) | 
r 


Xcosg cos} (2m—1)—z 


for r2 R. Here Aom_; and By, ; are constants. 
Equating the potential at r=R yields 


T 
Bom i A 2en | 1(2m 1 ) R \/ 
T 


(93) 


The divergence of H equals 4m, and is found by using 
H=gradF and (91), (92) so that 


d 
A 2m—1 
dr 


T 
J} 1(2m—1)—1 
r 
d T 
pH} a(2m—1)—1 
dr f 
atr=R. 
From (93) and (94), one finds that 


A om—1= 27’ wWom Aint ttl im 1) 
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The energy per unit volume of the cylinder is 


2T 2 
B= 2R?8r (162° R°T) f f 4nkaRdgdz. (96) 


Using this and (90), (91), and (95), one obtains after 
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integration 
4 wT 
= be T Pwom_ PtH] i(2m—1)—R 
mel T 


1. 
KJ i(2m—1)—R]. (97) 
r 


NUMBER 3 


Surface States on Silicon and Germanium Surfaces* 
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Interface states are found in the upper half of the energy gap of silicon and germanium. On weakly oxidized 
surfaces, they lie 0.42 and 0.13 ev above the intrinsic position of the gap with approximate densities 10" 
to 10 and 10” to 10" for silicon and germanium, respectively. On well-oxidized surfaces, interface states are 
found approximately 0.44 to 0.48 ev and 0.18 ev above the intrinsic position of the gap with densities of 
around 10" and 10" to 10" for silicon and germanium, respectively. At large bias voltages, high electric fields 
exist in the oxide film. Changes in the structure of the interface states in the upper half of the gap of silicon 
are found, A model is given which can account for the experimental observation 


INTRODUCTION 

a” a previous paper,! measurements of inversion 

layers on n-type germanium and silicon have been 
reported. This paper represents an extension of reference 
1 to measurements of inversion layers on p-type 
germanium and silicon. Essentially, the same notation 
and terminology will be used. From the steady state 
and nonsteady state measurements, it has been deduced 
previously that on both germanium and silicon there 
is a very high density of surface states on or near the 
surface of the oxide film (outer surface states) and a 
much smaller density at the interface of the semi- 
conductor and the semiconductor oxide film (interface 
states). The outer surface states appear to result from 
adsorbed atoms of the surrounding ambient gas. The 
measurements of the interface states have been inter- 
preted in terms of one localized state 0.138 ev and 
0.455 ev below the middle of the gap for germanium 
and silicon, respectively. The densities were approxi- 
mately 10! germanium 10” 
states/cm* for silicon. 

In the meantime, other contributions from workers 
in the field have appeared in the literature which deal 
directly or indirectly with a determination of the 
interface work of Bardeen et al.’ 


states/cm? for and 


states.2>* The 


* Supported in part by the Bureau of Ships 

1Statz, deMars, Davis, and Adams, Phys. Rev 
(1956) 

2? W. L. Brown, Phys. Rev. 100, 590 (1955) 

* Bardeen, Coovert, Morrison, Schrieffer, and Sun, Phys. Rev 
104, 47 (1956) 

‘W. H. Brattain and C. G. B. Garrett, Bell System Tech. J 
35, 1019 (1956 

°C. G. B. Garrett and W 
35, 1041 (1956) 

® Many, Margoninski, Harnik 
1433 (1956) 

? Harnik, Many, Margoninski, and Alexander, Phys. Rev. 101, 


101, 1272 


H. Brattain, Beil System Tech. J 


and Alexander, Phys. Rev. 101, 


essentially confirmed the previous finding for interface 
states in the lower half of the gap of germanium, It 
appears, however, that in addition to these localized 
states there is a continuous distribution of surface 
states near the middle of the forbidden gap. The total 
number of these distributed states is considerably 
smaller than that of the localized ones.’ Measurements 
of interface states by conduction measurements of 
layers are difficult and sometimes even 
impossible for states lying close to the center of the 
forbidden gap. In such measurements, the charge in 
the interface states as a function of the quasi-Fermi 
level for holes or electrons is deduced from ‘‘pulsed’’ 
conductance measurements as a function of 
voltage. If the quasi-Fermi level describing the distri 
bution of the majority carriers in the surface layer is 
close to the middle of the gap, then the conductance 
of the inversion layer is very small. The saturation 
current flowing across the junction between the in 
version layer and the bulk of the material gives rise 
to an ohmic drop in the inversion layer so that the bias 
voltage between the bulk of the semiconductor and 
the inversion layer is not constant along the base 
region of the n-p-n and p-n-p type semiconductor 
bars. The inversion layer technique is, therefore, not 
easily applicable for states near the middle of the band 


inversion 


bias 


gap. In addition, as will be shown, the occupancy of 
the interface states may not be described by the 
quasi-Fermi level for majority carriers if the ratio of 
the capture cross for electrons and holes is unfavorable 


1434 (1956). [See also contribution by Many, Harnik, and 
Margoninski to appear in Proceedings of the Conference on the 
Physics of Semiconductor Surfaces, University of Pennsylvania, 
Philadel phia, Pennsylvania, June, 1956 (to be published) ] 

*H. C. Montgomery and W. L. Brown, Phys. Rev. 103, 865 
(1956) 
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This paper deals with measurements on inversion 
layers on p-type germanium and silicon. Measurements 
and results which are analogous to those reported on 
p-type inversion layers on n-type material in reference 
1 will be described only briefly and reference 1 should 
be consulted for details. In this paper, observations 
at high bias voltages are reported and interpreted. In 
most measurements, ammonia was used as the ambient 
yas to produce stable inversion layers. It is known that 
water vapor also gives inversion layers on p-type 
material, However, it appears that current can also 
flow in the water film, especially at higher bias 
voltages.’ Thus, the true conductance arising from 
the inversion layer alone is obscured. If there is a thick 
and coherent adsorbed film on the surface, the holes 
(or electrons) which have been transferred from the 
semiconductor to the film are apparently free to move 
when an electric field is applied which has a component 
in the plane of the water film.’ Ammonia at room 
temperature adsorbs in a film not coherent enough for 
this type of conduction to take place. However, it is 
very interesting to observe an increasing component 
of such a current in the ammonia film as the tempera 
ture is lowered, approaching the point of condensation 
10°C which 
is reported below, acetylene was used instead of 
layer. Electric 
conduction in the acetylene film has not yet been 


of ammonia. For the measurement at 


ammonia to produce an inversion 
observed, From the measurements on n-type inversion 
layers, one can again deduce that there is a high density 
of outer surface states. There are also interface states 
in the upper half of the gap. For germanium, the energy 
level of these states coincides approximately with the 
Many el al.’ by 
measurements of surface recombination velocity as a 


one reported by interpretation of 
function of the position of the Fermi level at the 
that the 


states are indeed also the surface recombination states 


surface. This agreement indicates interface 
as has been postulated previously.''' Montgomery and 


Brown® have reported that there are no_ localized 
surface states in the upper half of the gap in disagree 
ment with the findings of the authors and Many et al.’ 
lhe reason for the discrepancy may lie in a different 
surface preparation but is at present not understood 
Except for certain disagreements among the various 
workers, the structure of the interface states on etched 
surfaces is essentially known. The next phase of the 
work will be concerned with the identification of the 
interface states in terms of certain defects in the inter 
face. In a first step in this direction the changes of the 
structure of the interface states has been studied as a 
function of the degree of oxidation and high bias volt 
ages. Simple models will be used for the interpretation of 


the findings. 


* Eriksen, Statz, and deMars, J. Appl. Phys. 28, 133 (1957). 

” J. T. Law, Proc. Inst. Radio Engrs 42, 1367 (1954) 

' W.H. Brattain and J. Bardeen, Bell System Tech 
(1953) 
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In the first section, the extent to which the quasi- 
Fermi level for majority carriers describes the occupancy 
of the surface states is briefly investigated. A treatment 
of this problem has, in principle, already been given 
by Brattain and Bardeen"; however, their formulas 
are not readily applicable for an investigation of the 
limitations of the present of determining 
interface states. 


method 


STATISTICS OF SURFACE TRAPS 


Consider, for example, a single energy level at the 
surface in the upper half of the gap (Fig. 1). The bulk 
material is supposed to be p-type, and there is an 
inversion layer which has been biased in reverse by a 
voltage V,. The trap will be characterized by two 
quantities ¢, and ¢, which will be defined as the proba- 
bility that an electron or a hole will be captured by 
one empty or filled surface trap, respectively, per unit 
time and unit concentration of electrons or holes at 
the surface. The fraction f; of surface states occupied 
can then be expressed in terms of the concentration of 
electrons m and of holes p at the surface by the equation 


(Cn/Cp)N+ pr 


ht 
(Cn/Cp) (n+) + (p+ pi) 


(1) 


This equation was derived by Shockley and Read" for 
trapping states in the bulk. The quantities m, and p; 
are defined by 


ny= N, exp[ (E.—E,)/kT ], 


. ; : - (2) 
pi= N, expl (E,— E,)/kT }. 


In Eq. (2), N. and N, are the effective number of 
states in the conduction and valence band, EF, and E, 
are the energies of the band edges at the surface, FE; is 
an effective energy of the surface state, & is Boltzmann’s 
constant, and T is the absolute temperature. Because 
of the small density of the interface states, it is assumed 
that these states can only be occupied by an electron 
of plus or minus spin but not by two electrons. Under 
this assumption, ; is not the true energy level of the 
trap but is related to it by the formula 


E.=E,(true)—kT 1|n2. (3) 


If the applied voltage V, is of the order of one volt or 
more and if the surface velocity is not extremely high, 
the quasi-Fermi level for holes —g¢, lies above the 
surface level and consequently p<p,. If, furthermore, 
piK(Cn/cp)n, then 


n 1 
(4) 


n+n, 1+expl(Eit-qen)/kT } 


In Eq. (4), 
and the occupancy of the surface traps is given by a 


-g¢n is the quasi-Fermi level of electrons 


12W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952) 
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regular Fermi distribution where the Fermi level is 
replaced by the quasi-Fermi level for electrons. In the 
interpretation of pulsed conductance measurements, 
the validity of Eq. (4) has been assumed. The restric- 
tion piXK(C,/c,)n can be written with the aid of Eq. (2) 
and the relation n= NV, exp(—q¢n—E.)/kT: 


NV, ( E, Ek, t TPn + i 


p 
exp 


Nees kT 


If all energies are now measured from the intrinsic 
position of the gap at the surface, and E,. and —E£,, 
are the separation of the conduction and valence bands 


from the intrinsic position, then 


N,/N.=exp[ (+ Ew— Eie)/kT 


Inserting Eq. (6) into (5) gives 


Cp/CnS exp! q(ps tor) kT |, 


where g@, and gor are the distances of the Fermi level 
and the effective trap level respectively from the 
intrinsic position of the Fermi level. Equation (7) 
holds for n-type inversion layers on p-type material. 
o, and gr are positive in the present definition when 
the Fermi level —g¢, and the effective trap level are in 
the upper half of the gap. For a p-type inversion layer 
on n-type material, the corresponding condition may 
be written 


< 
Cn/Cp 


< exp| gidetor)/kT | (&) 

og, and 7 are negative when the quasi-Iermi level 
g¢p and the effective energy level are in the lower 

half of the gap 

measurements of ¢p/€n 

literature.’-’ In all 


Some for germanium are 


available in the cases, except 
possibly for one state in the lower half of the gap, ¢, is 
found to be larger than c, which means that condition 
(8) is satisfied for states in the lower half of the gap 
The upper half of the gap needs more detailed con 
sideration. Evidence given for states lying 
approximately 0.130 ev above the middle of the gaq. 
From Eq. (3) the effective trap level for these states 
will be 0.112 ev above the middle of the gap. In order 


will be 


to insure that these states are always occupied according 
to a Fermi distribution with —q¢, replacing the Fermi 
level, Eq. (7) has to be satisfied for the smallest , 
value. Further below in Fig. 10, a run is shown in 
which the lowest measured @, value equals 0.088 volt. 


Thus, condition (7) reduces to 


Cp/CnS 2600. 


According to Many ef al,” for this particular surface 
level c,/c,=30, and thus the interpretation of the 
present measurements is justified. No values for ¢)/¢, 
are yet available for silicon. However, for distributed 
states close to the middle of the gap a situation may 


arise where Eq. (7) or (8) no longer holds. From Eq. (1) 
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bands at 
layer on p-type material 


] I nergy surtace representing 


because 


p<. 


W ill be Oct upied 


for ¢, Cp)" it follows that f,=1 


Therefore, the states in this case 
Similarly for states in 


_ it follows that 


irrespective of the value of @ 
the lower half of the gap for ¢,/c,-~7 
fr=0; therefore, the states will be empty irrespective 
of db, 

EXPERIMENTAL PROCEDURES 


and the measurement 


The 


tec hniques were essentially the same as 


sample preparation 
in reference 1] 
Grown-junction silicon and germanium n-p-n type 
bars of near quadratic cross section with a circumference 
of about 1 Phe widths of the p-regions 
0.065 0.0355 cm for the 


bars 


cm were used 


were and germanium and 


silicon respec tively Contacts were made by 


alloying suitably doped gold wires to the three regions 
on the p-type regions were produced 
olution of HI 


then e 


Inversion layer 
by first etching the samples in a and 


HNOs, 


them to dry 


washing and drying them, and xposing 


ammonia. In some of the experiments to 
oxidized in wet oxygen 
The 


given in 


be reported the ample vere 


and ozone before the exposure to ammonia 


measuring circuit was identical to the one 
reference 1. A di 


The conductance wa 
1000 cvcles/sec 


bias was applied to the base region 


determined by applying a small 


ac voltage ol between emitter and 


collector and measuring the resulting ac current through 
lor the fast 


the inversion layer time constants it wa 


found advantageous not to use a recorder as in reference 


1 but to use an oscillo cope. Thus, the response time 


of the measuring system could be brought to about 
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Fic, 2. Steady-state conductance of n-type inversion layers 
on p-type silicon versus bias voltage 


10°? sec. The accuracy of the electrical measurements 
was in general about +2%; however, for the very 
lowest inversion layer conductances (close to pinch-off) 
the error may have approached 10%, 


STEADY-STATE CONDUCTANCE OF INVERSION 
LAYERS 


After applying a bias voltage, a certain time which 
depends upon temperature and the degree of oxidation 
is required to establish a steady-state conductance 
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Fic, 3. Position of quasi-Fermi level versus bias voltage for the 
steady-state conductance measurements of Fig. 2 
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value. In Fig. 2, steady-state conductance measure- 
ments of n-type inversion layers on 11 ohm cm p-type 
silicon are shown as a function of bias voltage. In run 
B, the surface was oxidized in oxygen and ozone. In 
Fig. 3, the position of the quasi-Fermi level as a function 
of bias voltage is shown for both runs. In Fig. 4, the 
total charge in the surface states as a function of bias 
voltage is shown. The findings indicate again that the 
total density of states is very high and that ¢, deter- 
mines the occupancy of the surface states. Thus, Eq. 
(7) must also hold for the outer surface states, imposing 
restrictions on the possible ratios of c,/c,. At higher 
bias voltages, the decrease of @, with bias voltage is 
again interpreted as resulting from the potential drop 
across an oxide film.' By correcting for the voltage 
drop across an oxide film of 10 A, the curve of @, versus 
bias voltage becomes horizontal. The slight increase 
of o"for small bias voltages is similar to that found 
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Fic. 4. Total charge in surface states versus bias voltage for the 
steady-state conductance measurements of Fig. 2 


on p-type inversion layers on both silicon and _ ger- 
manium, and is not yet understood. The curve of @¢, 
versus bias voltage is very nearly horizontal for the 
unoxidized sample, indicating a thin oxide film. This 
behavior substantiates the explanation of a voltage 
drop across an oxide film. The contribution from a 
finite density of surface states to the decrease of ¢, 
with increasing bias voltage appears negligible. 

In Figs. 5, 6, and 7, corresponding curves are shown 
for an n-type inversion layer on an eight ohm cm 
germanium sample. The surface of the germanium had 
not been oxidized in wet oxygen and ozone. Conductance 
curves for n-type inversion layers on p-type germanium 
have been measured previously by Kingston” up to a 
bias voltage of five volts. His voltage range was limited 
because of water-induced excess currents on the surface. 
The measurements again show that the quasi-Fermi 
level —q¢n determines the occupancy of the surface 


’R.H. Kingston, Phys. Rev. 98, 1766 (1955 





SILICON AND GE 
states and that the total density of surface states is 
high, in agreement with the findings of Kingston. The 
¢, curve does not decrease with bias voltage over a 
long enough range to give a satisfactory determination 
of the thickness of the oxide film. 


NONSTEADY-STATE CONDUCTANCE OF 
INVERSION LAYERS 


The principal idea underlying these measurements is 
the recording of a curve of conductivity versus bias 
voltage in a time which is short compared to the 
relaxation time of the slow (outer) surface states but 
fast compared to the relaxation time of the recombina- 
tion states. This is readily done in the case of silicon 
because the long relaxation time is many minutes to 
an hour. It is somewhat more difficult for the case of 
germanium which with our surface treatments may 
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Fic. 5. Steady-state conductance of n-type inversion layer on 
p-type germanium versus bias voltage 


have relaxation times of the order of one second and 
more. Measurements on germanium are usually made 
point by point as described previously. Along such a 
conductance curve, the charge in the slow surface 
states is constant and the charge in the interface states 
is in equilibrium with the bulk of the material. To 
eliminate the constant charge in the outer surface 
states, the total charge in the surface states at pinch- 
off is subtracted from the individual charge values, 
as before. 

In both silicon and germanium, differences will be 
found before and after oxidation of the surface. In 
Fig. 8, the number of electrons versus @, in the upper 
half of the gap of silicon is shown for an unoxidized 
surface. The solid line is a theoretical curve assuming 
7.8X10" states/cm? at an energy 0.42 ev above the 


4 Statz, Davis, and deMars, Phys. Rev. 98, 540 (1955) 
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Position of quasi-Fermi level versus bias voltage for the 
steady-state conductance measurements of Fig. 5 


Fic. 6 


intrinsic position in the gap. After oxidation in wet 
oxygen and ozone, curves as shown in Fig. 9 were 
obtained. One of the solid lines corresponds to a state 
0.48 ev above the intrinsic position in the gap with a 
density of 1.410" states/cm? 
found only once. The other solid line corresponds to an 


This case has been 


energy level of 0.44 ev above the intrinsic position of the 
gap with a density of 8.410" states/cm’. ‘The latter 


energy value is characteristic for most of the oxidized 


samples. 

A similar observation is 
Fig. 10, the number of electrons versus @, is shown for a 
germanium surface before oxidation. The line 
corresponds to a state 0.13 ev above the middle of the 
gap with a density of 1.0510" states/cm*. ‘The energy 
value of this state corresponds approximately to that 
reported by Many ef al.’ which has been deduced from 
measurements of surface velocity as a function of @, 


made in germanium. In 


solid 


GERMANIUM 





7. Total charge in surface states versus bias voltage for the 
steady-state conductance measurements of Fig. 5 
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hic. 8. Number of electrons in interface states in upper half of gap 
ersus the position of the quasi-Fermi level for silicon 


In Fig. 11, various curves are shown which correspond 
to different degrees of oxidation. The energy level of the 
states for curves A and B is approximately 0.175 ev 
and for C more than 0.18 ev above the intrinsic position 
in the gap. The approximate densities of surface states 
are 2.710", 610", and 1.610" for runs A, B, and 
C, respectively. Run A corresponds to an oxidation 
time of 15 sec at 160°C, B to 30 sec at 160°C, and C to 
20 sec at 220°C. The longer the time of oxidation and 
the higher the temperature the more surface states are 
present. Because of the relatively high density of 
states, the range of the ¢, values is small and consider 
able errors are possible. Especially in run C, it is 
difficult to determine with certainty whether there is a 
distribution of states or discrete states. Sometimes there 
are indications of distributed states close to the con 
duction band as can be seen, for example, from Fig. 10 


At present, it is not clear whether the states at 0.13 ev 
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of gap versus the position of the quasi-Fermi level for silicon, after 


oxidation 


DAVIS, 


AND ADAMS 

which are found on unoxidized surfaces shift in energy 
upon oxidation to a higher level with increased density. 
In silicon, there is at least some evidence from data to 
be discussed below that the low-lying states are always 
present but become obscured by the high density of 
the high-lying states. 


EFFECTS OF HIGH ELECTRIC FIELDS ON 
INTERFACE STATES 


When the bias voltage between the inversion layer 
and the bulk material is made very large, certain 
effects are observed which will be shown to be due to 
changes in the structure of the surface states. These 
changes have been studied in detail for n- and p-type 
inversion layers on silicon. First the experimental 
observations described possible 
explanations will be discussed. 


will be and then 
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hic. 1 
half of gap versus the 
germanium 


The conductance curves of Fig. 12 show these effects 
for p-type inversion layers on n-type silicon. The 
conductance curves are ‘‘pulsed,” i.e., the bias voltage 
is changed so rapidly that the charge in the slow surface 
states cannot change. Run A corresponds to increasing 
bias voltage, and run B to decreasing bias voltage. 
For run A, between 70 and 80 volts bias, there appears 
to be an anomalous decrease in conductance. Around 
%) volts the inversion layer pinches off. The interesting 
new feature is the fact that the curves A and B do not 
coincide. Apparently, during the anomalous decrease 


of the conductance certain changes take place. This 


may be seen from an experiment in which the bias 


voltage is pulsed only up to 70 volts. Upon subsequently 
decreasing the bias voltage the two conductance curves 
thus obtained are identical. The changes which take 
place occur faster with increasing bias voltage. For 
curve A of Fig. 12 these changes took place in a time 
short as compared to the time in which the bias voltage 
was pulsed up. Often, changes take place which do not 
occur fast enough to show up in anomalous decrease 
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in conductance. If the bias voltage is held for some 
time at a value corresponding to pinch-off, when the 
bias is decreased, a curve B is traced out which may 
If an A 


anomalous conductance drop and where the changes 


lie below A. curve is selected which has no 
in the surface states occur while the inversion layer is 
pinched off, the structure of the interface states in the 
lower half of the gap can be determined from such a run. 
Within the experimental error, there is no change in 
the structure of these states when one compares the 
interface states as deduced from runs before and after 
the changes in the total charge in the surface states. 

In further investigation of the interface states in the 
lower half of the gap, a systematic variation was found 
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Fic. 11. Number of electrons in interface states in upper half of 


gap versus the position of the quasi-Fermi level for germanium, 


after oxidation for various times and temperatures 


in the apparent energy level, but not in density, with 
the equilibrium conductance of the inversion layer 
from which a pulsed run is started. Investigations of 
this effect are not yet conclusive and it is not clear 
at present whether there is a true change in the energy 
level with the charge in the outer surface states or 
whether the assumed mobility'® is grossly in error. 
that 


changes in the structure of the surface states in the 


In making the above statement there are no 
lower half of the gap, the apparent shift in the energy 
of the levels with equilibrium conductance has been 
considered and corrected for. To date, there has been 
no indication of a corresponding change in the energy 
level of the states in the upper half of the gap 


16 J, R. Schrieffer, Phys. Rev. 97, 641 (1955 


M 


\NIUM SURE 


layer conductance curves showing 


Fic, 12 


“anomalous” decrease in conductance at high bias voltage (p-n-p 


Pulsed inversion 


silicon 


Inversion layers on p-type silicon behave somewhat 
differently. Changes similar to those described above 
were observed only when the surface was oxidized in 
wet oxygen and ozone prior to exposure to ammonia 
Three pulsed conductance curves for inversion layers 
13. Curve A 


again was recorded while increasing the bias voltage 


on 11 ohm cm silicon are shown in lig 


Between 130 and 140 volts, an anomalous decrease 
in conductance was observed. Upon decreasing the 
bias voltage, curve B was obtained. Curve C was 
obtained upon decreasing the bias voltage after it was 
held at 160 volts for one minute. The relaxation time of 
the outer surface states was 24 minutes in this particulas 
case. The main difference in the behavior lies in the 
fact that curve C A and B in the 
low-bias-voltage region and has the highest conductance 


crosses both curves 


in this range. The different slopes of curves A, B, and ¢ 
In 


VETSUS 


states 


tates 


are due to different densities of interface 


Fig. 14, several runs of charge in interface 
¢, are shown after application of a high bias voltage 


The curves are not smooth and indicate inhomoge 


neities. It is seen that the number of surface states | 


drastically reduced after the high bias voltage wa 
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Fic. 14. Runs of number of electrons in interface states versus 
¢, for silicon before and after application of high field 


applied. The surface states slowly recover their original 
density and energy level. The residual density of 
surface states may vary greatly. For the case of Fig. 14, 
this residual density is relatively small. The residual 
surface states usually have an energy level 0.42 ev 
intrinsi of the gap. This 
coincides with the one found before oxidation of the 


above the position level 
surface 

Next, consider the cause for changes in the structure 
of the surface states at high bias voltages. In the follow- 
ing section it will be shown that the electric field in the 
oxide film changes with bias voltage. Consider, for 
example, a p-type inversion layer on n-type material. 
As the bias voltage is pulsed up, the positive space 
charge inside the semiconductor becomes large. Since 
the bias voltage is changed fast, the charge in the outer 
surface states does not change and the increase in the 
positive space charge is compensated by a decreasing 
positive charge in the interface states or an increasing 
negative charge in the interface states. The average 
field in the oxide film will remain unchanged. The 
important point to consider is that only the average 
field remains the same. Since the space charge of 
positive donors is much wider than the average spacing 
between donors, the positive charge can be considered 
to be smeared out and giving a constant field at the 
interface. However, for a negative ion in the oxide film, 
the spacing of the charged interface states is many times 
larger than the distance of an ion from the interface. 
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The field that an ion will see depends critically upon 
its position relative to charged interface states. If an 
ion sits midway between the nearest charged interface 
states, it will see practically the full field due to the 
positive space charge. To illustrate this effect an 
example has been calculated. It has been assumed that 
there are 4X10" positive donor atoms and _ holes 
making up the positive space charge and that there are 
2.510" evenly distributed negatively charged inter- 
face states. The electric field component normal to the 
interface has been calculated at several points in a 
plane parallel to the interface with a distance of 3A 
between the plane and the interface. The points at 
which the field has been calculated and the results are 
indicated in Fig. 15. For simplicity, the dielectric 
constant has been set equal to unity. It is seen that far 
away from the charged interface states, the field due 
to the positive space charge penetrates practically 
unattenuated into the oxide film. An ion in the interface 
will see the total field due to the positive space charge. 
Only after the distance of an ion from the interface is 
large as compared to the separation of the charged 
interface states will the field due to the space charge 
in the semiconductor be shielded, a case which in the 
presently investigated oxide films will not occur. 

In Fig. 16, two models for these changes are illus- 
trated. In both models, reference to oxidation mecha- 
misms has been made because the above effect is 
found only on oxidized surfaces. However, in a more 
cautious interpretation, one should not identify the 
centers with oxygen but rather with some yet unknown 
lattice defect. Consider first the model shown in Fig. 
16(a) and 16(b). It is assumed that O~ can diffuse 
through the oxide film. As it comes to the interface it 
creates a level in the upper half of the gap. If the Fermi 
level is above this energy, the center corresponds to 
mostly O-; if it lies below it, the oxygen is mostly 
neutral. 

For an inversion layer on n-type material, there will 
be some O~ in and on the oxide film. As the bias voltage 
is made large, the positive space charge in the semi- 
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Fic, 15, Example showing penetration into oxide film 
of field due to space-charge layer. 
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conductor becomes large. As discussed above, the 
electric field in the regions between the interface states 
increases and O 
[ Fig. 16(a) }. 
Since both quasi-Fermi levels lie below the middle 
of the gap, O~ will be discharged. Thus, the total 
negative charge in the two types of surface states 


atoms are pulled to the interface 


decreases and the conductance drops. This explains 
the experimental results for p-type inversion layers 
on n-type material. 

Next consider n-type inversion layers on p-type 
material [ Fig. 16(b)]. As the bias voltage is made 
large, the conductance of the inversion layer becomes 
small and the quasi-Fermi level —g¢, approaches the 
middle of the gap. Only a few of the 
will be charged. The field from the 
charge has its full magnitude for ions in the interface 
and pushes the charged ions into the oxide film. Pre 
viously uncharged atoms will receive an electron since 


interface states 
negative space 


the Fermi distribution always assures the presence 
of a certain fraction of charged ions. Then these atoms 
also are pushed out by the field. This continues until 
all mobile ions are pushed out. Since each atom that is 
pushed out has a negative charge, the total positive 
charge in the surface states decreases by this process 
and the conductance of the inversion layer becomes 
lower. However, this is not the case when the quasi 
Fermi level —q¢, lies so close to the conduction band 
that all interface states are charged. Here, apparently, 
no change in the total charge in the surface states and 
the oxide film takes place when the negative ions move 
from the interface into the oxide film. Thus, for low 
bias voltages, the conductance curve C in Fig. 13 lies 
above curves A and B because the positive charge in 
the outer surface states has increased somewhat while 
the inversion layer was pinched off for one minute at 
160 volts. This model requires that the decrease in the 
number of positive charges in the outer surface states 
equals the decrease in the number of interface states 
This requirement is most conveniently checked by 
comparing the total charge in both types of surface 
states at pinch-off before and after the change in the 
interface states has taken place. Since at pinch-off 
the considered interface states are practically empty, 
the difference in the total number of charges has to 
equal the decrease in the number of interface states 
In order to make such a test reliable, care has to be 
taken that the high bias voltage is applied for a long 
enough time so that significant changes occur, but also 
this period of time should still be short as compared 
to the relaxation time of the outer surface states. In 
one particular set of curves where this condition was 
reasonably well satisfied the change in the density of 
interface states was 2.410" states/cm? as compared 
to a decrease in the number of charges in the outer 
surface states of 2.810"! charges/cm*. Considering 
error this agreement is 


all possible sources of 


satisfactory. 
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Fic. 16. Various models for explanation of conductance 
decrease at high bias voltages 


A similar qualitative explanation can be given by 
using the model shown in Fig. 16(c) and 16(d) 
tially Cabrera and Mott’s theory of oxidation'® has 
In Fig. 16( 
ions are pulled into the oxide film. ‘They 


Issen 


been used , as the bias voltage is made 
large, Sit*+** 
leave interface states in the upper half of the gap. 
In Fig. 16(d) with the field in the opposite direction, 
the ionsare pulled back tothe interface and ion and inter 
face states disappear. Several objections can be made 
to this picture, however, and the most severe one is the 
above found equality of the number of interface states 
that disappear and the decrease in the number of 
positive charges in and on the oxide film. In the model 
of lig 
appearing in and on the oxide film would be four times 


16(c) and 16(d) the number of charges dis 


the difference in the number of interface states. It is 
thus certain that ions with multiple charges are not 


involved in the observed processes 


TIME CONSTANTS 


As pointed out in reference 1 and elsewhere, when 
the bias voltage is switched from a certain voltage V, 
with } 


conductance drops immediately to a low value and 


to another voltage V» 2> Vi, the inversion layer 
then slowly increases again to a new equilibrium value 
which is lower than the equilibrium conductance at 
voltages V;. The slow increase in conductance results 
from a build-up of the charge in the outer surface 
In Fig g(t) 


(g=conductance of inversion layer) as a function of 


states 17, four plots are shown of g, 


16N. Cabrera and N. F 12, 163 


(1949) 


Mott, Repts. Progr, Phys 
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hic, 17. Relaxation of inversion layer conductance 
after change in bias voltage 


time ¢. Figure 17 corresponds to n-type inversion layers 


on p-type material. Run A corresponds to an inversion 
layer on weakly-oxidized silicon and the curve shows 
a slight departure from an exponential form. Run B 


is for a well-oxidized germanium surface. Here, the 
curve is definitely nonexponential. Curve C is for a 
weakly-oxidized germanium surface. The decay is also 
nonexponential but faster compared to the well 
oxidized surface. Curve D corresponds to a weakly- 
oxidized germanium surface at 10°C and it is seen 
that the ‘‘time constant” has become somewhat longer 
and the curve is nearly exponential. It would have been 
desirable to plot the charge in the outer surface states 
function of time. 


curves are 


instead of the conductance as a 


The 


differences in the resulting minor, 
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however, so that the extra work is not warranted. Two 
essentially different explanations have been given for 
the mechanism of charge transfer through the oxide 
film.’ In the present experiments the relaxation times 
are found to depend upon temperature so that an 
over-simplified temperature-independent — tunneling 
mechanism must be rejected. However, since the band 
functions in the valence and conduction bands, and 
the outer surface states in general have different 
energies, phonons have to be involved to induce 
transitions between these two wave functions in their 
overlap regions. Thus, in a somewhat refined picture 
of tunneling, there is room for a temperature de- 
pendence, Also, from measurements in this laboratory 
there are definitely cases, especially for inversion layers 
on n-type silicon and germanium, where the charge 
in the outer surface states varies exponentially with 
time. The existing theories have been aimed particu 
larly at explaining the nonexponential variation of the 
charge in the outer surface states. In this paper it will 
not be attempted to decide whether such a refined 
tunneling mechanism or a suitably extended model 
involving a potential barrier between the  semi- 
conductor and the outer surface states can satisfactorily 
explain all the various data. The behavior of germanium 
at —10°C suggests that perhaps residual water vapor 
was causing the nonexponential behavior at room 
temperature. If there are different surface states 
resulting, for example, from water and ammonia and if, 
furthermore, the over-all transition probabilities to the 
two surface states are different, then g,—g(t) should 
not be describable by a single time constant. 
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An experimental investigation of the result of competition of interatomic interaction forces with the 


Russell-Saunders coupling has been carried out by magnetization measurements on potassium ferricyanide 


up to near saturation. Since the asymptotic value of the saturation moment is found to be one Bohr magneton 


per atom of iron, the application of the Pauli principle seems to give support to the Van Vleck theory of 


removal of orbital degeneracy of the °S state of Fe*** 


The results are obtained through a sample motion 


technique, the sample being kept at temperatures between 1.3 and 4.2°K and studied in magnetic fields up 


to 60 000 gauss 


INTRODUCTION 


HE Bose-Stoner relation for the low-field suscepti 
bility for the “spin only” case is given by 


4NB?S(S+1) 
(1) 


’ 


3kT 


where # is the Bohr magneton, he/4amc, and where the 
spin, S, corresponds to the conditions of the Hund rule 
of maximum multiplicity in the ground state; (ie., 
S=$ for the free Fe+*+*). NV is the number of magnetic 
ions per unit volume, & is the Boltzmann constant, and 
T is the absolute temperature. However, Jackson,' who 
carried out susceptibility measurements down to 14°K, 
on potassium ferricyanide, found anomalously low 
susceptibilities on the basis of Eq. (1). At first glance, 
one might be tempted to attribute this anomaly to 
manifestations of antiferromagnetic interactions, but a 
more fruitful approach is to assume an actual reduction 
of the intrinsic moment of the iron ion (Fet**). That is, 
if the effective Bohr 
moment is given by 


magneton number or intrinsic 


i= 2.84(xT)?, (2) 


then a decrease in x7 with temperature means a de- 
crease in the intrinsic moment of Fet** in potassium 
ferricyanide. The Van Vleck generalized theory? of 
splitting of the ground state of Fett* 
ferricyanide by interatomic interaction can explain the 
decrease in the intrinsic moment. When paramagnetic 
substances are magnetized up to saturation, much direct 
information is obtained about the intrinsic properties of 
the magnetic ion. As regards these intrinsic properties, 
the effects of interatomic interaction include a crystal 
line electric field interaction between diamagnetic ions 


in potassium 


and paramagnetic ion and can fall into three broad 
groups as described by Van Vleck; that is (1) the inter 
action, such as the crystalline electric field, can be 
comparatively weak, in which case J is a good quantum 


number as shown in certain rare earth paramagnetic 


Le be Jackson, Pro« Roy Sor London) Al40, 695 (1933); 
see also Proc. Phys. Soc. (London) A50, 707 (1938) 

5, H. Van Vleck, J Chem. Phys. 3, 807 1935); see 
J. B. Howard, J. Chem. Phys. 3, 813 (1935 


also 


substances magnetized up to saturation’; (2) if 


inter 
action is moderate, the spin-orbit coupling may be 
destroyed (through the Jahn-Teller effect‘), in which 
case J is not a good quantum number, but S is a good 
quantum number; an example of which is the chromium 
ion in an alum where the orbital angular momentum is 
quenched and S is good up to saturation®; if (3) how 
ever, the interatomic interaction is very strong, the 
Russell-Saunders coupling may be destroyed, and not 
even S (that is, the spin consistent with the Hund rule 
of maximum multiplicity) is a good quantum number 
In the contest between the Russell-Saunders coupling 
forces and the interaction between the paramagnetic 
and 


forces predominate and give rise to a splitting of the 


neighboring diamagnetic ions, the interatomic 


orbital levels of the iron ion, ‘This separation of de 


generate levels, with the application of the Pauli 
principle, can explain the decrease in x7 with tem 
perature 

Whereas the investigation by Jackson encompassed 
determination of x for potassium ferricyanide in low 
magnetic fields and at temperatures down to 14°K, the 
aim of this investigation is to extend that range to low 
temperatures (1) to find a low temperature range in 
which x7 is again a constant, (2) to determine magneti« 
moments by direct measurement, and (3) in the limiting 
case of large 17/7, to obtain saturation magnetization 
of potassium ferricyanide so as to critically examine 
the implications of the Van Vleck theory in the limit 
of restricted occupation of energy levels of Fet?* in 


potassium ferricyanide 


EXPERIMENTAL PROCEDURE 


The magnetization of potassium ferricyanide was 
carried out by using a method previously employed® for 
the magnetization studies of Fet** in iron ammonium 
alum. ‘The method consists in the movement of a sample 
between centers of two bucking coils connected in 


The 


ballistic galvanometer is proportional to the magnetir 


series with a galvanometer. deflection of the 


moment of the sample. ‘The sperical sample, consisting 


‘W. KE. Henry, Phys. Rev. 95, 603(A) (1954 

‘H. A. Jahn and E. Teller, Proc, Roy. Soc. (Londor 
220 (1937 

‘W.E. Henry 


Al6l 


Phys. Rev. $8, 559 (1952 
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Fic. 1. Plots of magnetization against 17/7 for ferric 
ammonium alum and potassium ferricyanide 


of powder, was mounted in a metal Dewar for liquid 
helium and held constant at temperatures between 1.3 
and 4.2°K by means of a manostat and a pumping 
system. The magnetic fields were produced by a Bitter® 
type magnet which, in a 4-inch cylindrical region, gave 
strong fields up to 60000 gauss. The sample motion 


was achieved by means of a magnetic-moment lift’ 
which reproduces the position to within about 0.002 
inch. In order to obtain the absolute magnitude of the 
magnetic moments, we used a sample of pure iron to 
calibrate the moment measuring system. The value, 
2.22 Bohr magnetons per atom of iron, was used in 


the calibration. 


DISCUSSION OF RESULTS 


The magnetization results for potassium ferricyanide 
are shown in Fig. 1. Here a comparison is made with 
results for Fe+*+* in iron ammonium alum in which 
there is at least one low-lying orbital level for each of 
the five electrons in the d shell. The Fet** in iron 
ammonium alum thus yielded the expected 5 Bohr 
magnetons per atom’ of iron at 60 000 gauss and 1.3°K. 
On the other hand, the potassium ferricyanide, at 
60 000 gauss and 1.3°K, gives a value of about 0.97 
Bohr magnetons per atom of iron and seems to be 
asymptotically approaching one Bohr magneton per 
(a discrete reduction of the 
through the prox 


atom of iron. This result 
saturation magnetization of Fe 
imity of the cyanide ions) can be explained on the basis 
of the Van Vleck theory of the way in which the orbital 
degeneracy of the Fe*** is lifted. The Van Vleck group 


++4 


*F. M. Bitter, Rev. Sci. Instr. 10, 373 (1939) 

™W. E. Henry, Proceedings of the National Bureau of Standards 
Semicentennial Symposium on Low Temperature Physics, March, 
1951, National Bureau of Standards Circular 519, 1952 (unpub 
lished), p. 237 
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Fic. 2. Schematic diagram showing the orientation of moments 
for electrons in the d shell of the iron ion for the condition of low 
temperatures and high magnetic fields, and the condition of lifting 
of the orbital degeneracy by the crystalline electric field from the 
cyanide ions in potassium ferricyanide 


theoretical generalization of the effect of this inter- 
atomic force includes as special cases three mechanisms 
which have been proposed to explain the diminution 
of intrinsic moment with decrease in temperature. 
These are (1) the Heitler-London-Pauling-Slater elec- 
tron pair bond,* (2) the crystalline electric field inter- 
action with the magnetic ion,?® and (3) the Hund, 
Lennard-Jones, Mulliken molecular orbital method." 

That is to say, all three systems lead to an energy- 
level splitting with low d, levels to be occupied by the 
unpaired electrons at low temperatures. Since this is 
true, we use the simplest scheme, namely the crystalline 
electric field terminology, to explain our results. Figure 2 
shows the schematic diagram of the pattern of removal 
of orbital degeneracy of Fe+*+* (at the center of an 
octahedron) by the crystalline electric field or similar 
interaction with the Fe ion arising from cyanide ions 
which are at the corners of the octahedron. The cubic 
field divides the ground state into two sets of levels, 
d, and d,. However, the octahedron is distorted, as is 
necessary from the Jahn-Teller effect, and the attendant 
reduction of symmetry to trigonal or less causes a 
further splitting such that there is a low-lying triplet 
and a higher doublet. 

The experimental results of this investigation show 
approximately an 7/T dependence in the liquid helium 
range, which means that there is practically no re- 
distribution of occupation numbers in the occupied 
levels in this range. Under these conditions x7 is 
constant. If we take our probable error as of the order 
of 2% in the saturation moment and let this represent 
some remaining occupation of the upper levels (4, 5), 
AE; can be estimated as greater than 107" erg. No sub- 
microwave experiments have been done on potassium 


*L. Pauling, The Nature of the Chemical Bond (Cornell Uni 
versity Press, Ithaca, 1948). 

*W. G. Penney and R. Schlapp, Phys. Rev 

R.S. Mulliken, Phys. Rev. 43, 279 (1933) 


41, 194 (1932) 
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ferricyanide to check or search for an energy separation 
in this range. However, the decrease in x7 at relatively 
high temperatures is at least consistent with a large 
energy separation. If this large separation is a reality, 
then at low temperatures (in this case, liquid helium 
temperatures), the unpaired electrons which normally 
account for the magnetization descend into the lower 
levels. There is no orbital degeneracy left in either of 
the three lower levels; only the essential Kramers 
degeneracy (twofold) remains, which is removed only 
with a magnetic field. Thus, in accordance with the 
Pauli principle, the electrons insist on antiparallel 
alignment, resulting in mutual cancellation of the 
moment. In the case of the iron ion in potassium ferri- 
cyanide which has five unpaired 3d electrons for the 
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free ion, the five electrons must distribute themselves 
among the three lower, nondegenerate orbital levels. 
This would require four electrons in the lower two 
levels (resultant moment=0). The remaining electron 
would contribute one Bohr magneton per atom to the 
saturation magnetization, in keeping with the results 
of this investigation (Fig. 1). 

This work provides an example of an ion which 
(1) yields a product, x7, which drops with the lowering 
of the temperature, but which at very low temperatures 
settles down to a constant value; and (2) yields a 
saturation magnetization drastically and discretely re 
duced from the value consistent with Hund’s rule to 
one corresponding to S=4 through the destruction of 
the strong Russell-Saunders coupling 
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Conduction Band Polarization in Dilute Alloys 
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It is shown that any conduction band magnetization produced by electron interaction with dilute im 
purities in a metal is spatially localized to the immediate vicinity of the impurity atoms 


N a recent article Owen, Browne, Knight, and Kittel! 
discussed the magnetic properties of dilute alloys 

of Mn in Cu. At low temperatures it was possible to 
align a fair fraction of the Mn ions in moderate mag- 
netic fields. Because of an expected exchange interaction 
between the Mn ions and the conduction electrons, they 
estimated that there could be an appreciable magneti 
polarization of the conduction band. On the basis of 
this result, it was expected that Knight shift of the 
nuclear magnetic resonance of the Cu would be modified 
by the Mn. They reported that the observed effect, 
however, was negligible. 

My purpose in the present note is to point out that 
only a very small increment in the Knight shift should 
be anticipated even though conduction band polariza- 
tion may be present as the result of interaction with 
localized impurities. 

In the absence of long-range ordering and at low 
concentrations of impurity atoms, the potential which 
a conduction electron experiences has a spin dependence 
which differs from that in the pure solvent only in the 
immediate vicinity of the impurity atom. In other 
spin are each 


words the two sub-bands of + and 


1Qwen, Browne, Knight, and Kittel, Phys. Rev. 102, 1501 


(1956) 


subjected to strictly localized perturbations. Friedel? 
has emphasized that localized potential perturbations 
do not disturb the density of electrons per unit volume 
and per unit energy range in a Fermi gas in regions 
outside the perturbing potential. Applied to the present 
problems, this means that the same is true for each 
spin sub-band outside the region of influence of the Mn 
ions. And since the Fermi energy must be the same for 
each sub-band, there cannot be a magnetization of the 
conduction electrons in the main body of the Cu lattice 
Any net polarization of the conduction band must then 
be localized to the immediate vicinity of the Mn ions. 

Since the conduction band magnetization is localized 
to the vicinity of the Mn ions, it is clear that the mag 
netization will affect the nuclear magnetic resonance of 
only those Cu nuclei which are nearest neighbors of Mn 
ions, and so the Cu nuclear resonance may become 
slightly asymmetrical but will not experience much shift 
of the center of the line. 

A further conclusion is that the interaction of the Mn 
ions via something like the Zener’ effect, as applied by 
Owen el al., must be modified so that the interaction is 


explicitly of a short-range type. 

Physics (Taylor and Francis, Ltd 
Phil. Mag. 43, 153 (1952) 

440 (1951) 


2 J. Friedel, Advances in 
London, 1954), Vol. 3, p. 447 
3(. Zener, Phys. Rev. 81 
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Primary Photocurrent in Cadmium Sulfide 


P, J. VAN HEERDEN 
General Electric Research Laboratory, Schenectady, New York 


(Received December 20, 1956) 


experiments were performed on the photocurrent caused by short flashes of light and by individual a 
particles in high-resistivity cadmium sulfide crystals. It was shown that the photocurrent pulses could be 
described by the mechanism of the so-called primary photocurrent of both electrons and “holes.”’ The 
energy lost by an @ particle per electron-hole pair created was found to be 7.2 ev, which seems somewhat high. 


Efforts to correlate the primary photocurrent with the so-called edge luminescence were not successful 


1, INTRODUCTION sulfide. The current pulses due to a particles were very 
fast, uniform, proportional to the energy, and of the 
right order of magnitude. However, since the phe- 
nomena in CdS are obviously complex, one has to be 
careful and would like to make sure that it is really a 
primary photocurrent. Now a property of the primary 
current is that it is linear with voltage on the sample for 
low voltages and saturates for higher voltages (“Hecht 
curve’), This is a piece of information missing in 
reference 8. A second point is that the energy spent by 
corpuscular radiation per electron-hole pair generated 
is a material constant independent of the kind or energy 
of the radiation. McKay’ tentatively gives a universal 
empirical formula for this amount ¢ given by «(L, 
+2.5) ev, where EF, is the distance between valence 
band and conduction band. This is another thing one 
would like to know and which is missing in the Kall- 
mann and Warminsky article since they did not cali- 
brate the amplifier in units of charge.’ However, if one 
estimates the input capacity of their amplifier to 30 
uuf one calculates for « in CdS the value 6 ev, while 
McKay’s formula gives 5 ev, and this therefore gives 


HEN an electric field is applied to a photo 
conductor and it is irradiated by light of the 
proper wavelength, a number of electrons and holes 
will be formed which will drift in the electric field until 
they become trapped or reach the electrodes. This is 
the primary photocurrent which was defined by Pohl 
and observed by him and his school in the classical 
work on diamond and zincblende, the alkali halides,’ 
and the silver and thallium halides.’ At least in one 
ubstance, zincblende, the motion of the positive 
charge, or what we now call holes, was also observed 
When the substances are irradiated with corpuscular 
radiation or x-rays, again electrons and holes will be 
formed in it, leading to a current completely analogous 
to the primary photocurrent, and in this article for 
brevity’s sake it will be called by that same name. 
Accordingly, in the forties, all these substances known 
te show primary photocurrent were also demonstrated 
to show primary photocurrent pulses for individual 
a, B, or y rays.’ In this way McKay?® found a primary 


hole current to be present in diamond in addition to the 
reasonable agreement. 


Kolb'’ has performed interesting experiments on 
current pulses by @ particles in very thin CdS crystals. 
He finds that the size of the current pulses depends on 
the side from which he bombards the crystal, the posi- 
tive or the negative electrode. For large voltages, how- 
ever, the asymmetry disappears. He explains this with 
the hypothesis of a nonuniform electric field in the 
crystal, but it seems much more simple and straight- 
forward to explain this by the occurrence of both a 
primary electron and a primary hole current: if the 
drift range in unit field So is smaller for holes than for 
electrons, then smaller pulses will be observed when we 
bombard from the negative electrode, as long as the 
penetration of the @ particles is less than the crystal 
1B. Gudden and R. W. Pohl, Z. Physik 16, 170 (1923); 30, thickness. For higher voltages, however, the primary 


14, (1924 . arn 4 , atee « » mens ve | ae 
DW. Pohl. Physik. Z, $9.36 (1938 hole current also saturates and the asymmetry disap 
‘K. Hecht, Z. Physik 77, 235 (1932); W 

Wiss. Gottingen 171 (1935 observations, one can estimate that in his crystals S» 
iR of stac Nucleonics No, 4, 2-27 (1949 No, 5 . “ ) a 

* . an eoesi. —s ' for holes is between 1077 and 10~* cm?/volt. 

~ ®&K. G. McKay, Phys. Rev. 74, 1606 (1948); 77, 816 (1950 In view of the above it seemed worth while to supple- 
* F.C. Brown, Phys. Rev. 97, 355 (1955 ment the observations of these authors and clear up 
R. Frericks and R. Warminsky, Naturwiss. 33, 251 (1946): 

33, 281 (1946 *K. G. McKay, Phys. Rev. 84, 829 (1951) 

*H. Kallmann and R. Warminsky, Research 2, 389 (1949 "W. Kolb, Ann. Physik 14, 398 (1954). 


468 


primary electron current, On the other hand, Brown® 
found no evidence of a hole current in silver chloride 

Relatively pure cadmium sulfide is a good insulator 
and therefore may be exper ted to show a primary photo 
current in a pure form. Indeed Frericks and Warminsky’ 
demonstrated the presence of current pulses due to 
corpuscular radiation, but here the confusion arises 
that some CdS samples give current pulses much too 
large to present a primary current pulse only. This was 
realized by Kallmann and Warminsky,® who pointed 
out that the larger pulses, which must be caused by 
secondary effects, occur in crystals which have a large 
impurity content They demonstrated what looks very 
much like a primary current, however, in pure cadmium 


Lehfeldt, Nachr. Ges. pears. When one accepts this explanation for Kolb’s 





PRIMARY PHOTOCURREN 
these questions left by them. Accordingly, CdS crystals 
of high resistance were irradiated in our experiments 
through either one of the thin electrodes with light or 
a particles. When the thickness of the crystal is large 
with respect to the depth of penetration of the radiation, 
one expects to observe essentially a pure primary elec 
tron current when this electrode is the cathode, and a 
primary hole current when it is the anode. 


2. EXPERIMENTS 


The CdS crystals were obtained from different 
sources, but all were platelets from 20-200 microns in 
thickness and a few mm? in area. The resistivity of all 
was higher than 10” ohm cm. Gold electrodes, about 
0.1 micron thick and 0.8 mm in diameter, were evap- 
orated on opposite sides. Figure 1 gives the experi- 
mental setup. A General Electric mercury flash lamp 
“photolight” was used as a light source; it gives light 
flashes a few microseconds long. The light was filtered by 
an interference filter combined with Corning filter 4303 
to select the 4580 A mercury line, which is absorbed in 
a layer of 1000 A. From data on other materials" the 
a particles were estimated to have a penetration of 20 
microns with the average charge carrier generated at a 
depth of 12 microns. The current pulses were amplified 
by a simple Elmore model 50 preamplifier and fed into 
a Tektronix 535 oscilloscope with 53B preamplifier 
Charge calibration pulses were obtained from a Tek 
tronix 104A 0.02 
usec) on a 0.6-uyf consenser connected to the input of 
the preamplifier. The rise time of the calibrating pulse 
on the scope was 0.06 usec. 

With this arrangement, the current pulses caused by 
flashes of light and individual a particles w 
The pulses from a@ particles in many samples were not 


square-wave generator (rise time 


ere observed 


as uniform as one would expect from perfect crystals 
The homogeneity in the best samples was 20-30%, of 
the total height. The pulses due to hole current, with 
the irradiation at the side of the crystal of negative 
bias, were always less homogeneous than the electron 
current pulses. In this article, pulse height for a particles 
therefore will always mean maximum peak height. The 
current pulses due to light were always much more 
uniform and variations in it were due only to variations 
in the light sources. Furthermore, the pulse height 
varied from sample to sample. In some crystals, for 
instance, no hole current at all was observed, indicating 
an extremely short lifetime for holes. With these facts 
in mind, a few curves are given in Fig. 2 for the pulse 
height versus bias voltage both for light flashes and 
a particles in the same crystal for some of the best 
crystals. No effort was made to bring a theoretical 


’ 


“Hecht curve” through the experimental points, but 


they demonstate in a qualitative way the two main 
1G. W. Gobeli, Phys. Rev. 103, 275 (1956) 


2W. C. Elmore and M. Sands, Electronics 
Book Company, Inc., New York, 1949), p. 161 
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Fic. 1. Holder for CdS crystals 
(1) that the 


voltage for 


the which 


current 


investigation, 
with 


points ol are 


electron is linear bias low 


voltages and becomes saturated for higher voltages, 


and (2) that there is a hole current which is linear with 


voltage and which has not reached its saturation value 


The penetration of the light in the crystal is negligible 


with respect to the thickness of a crystal, and therefore 


one should observe a pure electron or pure hole current 


for negative or positive bias on the irradiated side 


For a particles there is a “mixing” of about 15%, since 
hole 


The 


definitely too large 


the average depth of formation of an electron 
pair is about that percentage of the total thir kness 
hole current observed, however, is 
to be explained by this effect 

can 
chubweg” in unit field 
2X10 

holes thi 
Phi 


xperi 


rom the slope of the bias curve at small bias one 
derive the quantity So, the 

2 this 
for electron 


a factor of 10 lower 


In the samples of Fig between 
to 8X10 
value is 10°* to 10 


is the same value as 


Varit 


cm*/volt while for 


‘com*/volt 
one can derive from Kolb’s e 
ments if one accepts the explanation discussed before 
So can be expressed® in the mobility w and the life 
Therefore, if the lifetime 


the 


time for trapping 7: 5 [AT 


could derive mobility from these 


Now the 


derived from the rise time of the pulse 


were k nown, we 


measurements lifetime can in principle be 

ince the pulse 
shape represents the integrated current, the charge 
collected on the plate, as a function of time. This is so 
provided the electron hole pairs are all formed in a very 
short time, which is true fora particles. In most sample 
investigated, however, there was no observable differ 
ence in rise time between the a parti le pulses and the 
With this 
lifetime of holes | 


Phi 


lor electrons Ly 


calibration pulses the attainable accuracy 


means that the the electrons and 


to a lower 


20 cm?* 


smaller than 0.04 psec therefore lead 
voll 


It} 


© much the mobility 


limit for the mobility 


CC, and for holes Ma | about ten time mallet 


probable, however, that it is not 
as the differs for ¢ 
If we a value p.= 210 cm?*/volt-sec 
determined from the Hall effect 


lifetime which lectron and hole 


ume the recently 
can calculate the 


be 0.004 


Oli 
{ 


lifetime of the 
0.001 psec 


electrons in our samples to 


+ Kroger ink, and f *hysica 20, 109 1954 
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From the saturation value of the primary electron 
current for @ particles one can derive the value of the 
amount of energy ¢€ required to generate an electron 
hole pair, which was discussed before. From the curve 
for crystal No. 2 one arrives at the figure §=7.3 ev, 
which is somewhat higher than the value of 5 ev one 
would expect from McKay’s empirical formula. 

Since the lifetime of the electrons is probably so 
much longer than that of the holes, one would still 
expect a response to a light flash for zero bias, a photo- 
voltaic effect. The electrons generated by the light flash 
will diffuse both ways, but since they are generated 
within 1000 A from the electrode, the ones moving in 
that direction will disappear into the electrode and 
cause no movement of charge, while the ones diffusing 
into the crystal will show a net effect. A calculation 
shows that the ratio of the photovoltaic pulse to the 
pulse at saturation bias is given by 


(SokT/e)*/d, 


where d is the thickness of the crystal. Substituting, 
for instance, Sp=8X 10-7, kT /e= 2.5K 10°? ;d=87XK 10 
cm, one finds this ratio to be about 0.02, i.e., the photo- 
voltaic pulse should be 1/50 of the saturation pulse. 
This would be just at the threshold of observation. A 
few times such an effect (always of the right sign) was 
observed, but it was not very reproducible and there 
fore cannot be claimed with certainty. 

There is one difficulty in the understanding of a- 
particle pulses which is far from explained. The electron 
hole pairs, about 10° in number, are generated in a very 
small volume around the track of the a particle. When 
these charges begin to separate under the action of the 
bias field, an electrostatic interaction will be set up 
between the cloud of holes and the cloud of electrons 
which seems higher than the bias field itself. Consider, 
for instance, the 510° holes over a part of the track 
of 10 microns. At a distance of 10 microns this will 
exert a field E approximately given by E=ne/kr’ 

5X 10°e/[ k(10-*)? | 7500 volts/cm, where 
k, the dielectric constant, is estimated to be 10, Now the 
saturation voltage of about 50 volts exerts a bias field 
E,, where E,=50/(85X 10~*4)=6000 So 
how can these electrons escape at all the attraction of 
the holes under the influence of such a relatively weak 
bias field? The fact is, however, that the same objection 


25 esu 


volts/cm. 


holds against all experiments with a particles done up 
till now, and for instance certainly for the experiments 
done by McKay in germanium.’ In practice, therefore, 
the electrons seem to escape more easily than one would 


expect from these estimates, although it is possible that 
the value for the energy required per electron hole pair 
of 7.2 ev which was found in our experiments is higher 
than the actual value because of this effect. 

A possible explanation of this paradox has been 


offered by Redington: Since at the moment of its 


4 RW. Redington (private communication) 
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formation the electron-hole cloud is neutral, electrons 
will be drawn away from it until the cloud becomes so 
positively charged that escape from it becomes diffi 
cult. But then this positive cloud as a whole will drift 
in the bias field towards the cathode, which is only 10 
microns away. There the holes will be neutralized, so 


This 


explanation seems very reasonable in the light of the 


that now the electrons can escape unhindered 


obvious discrepancy between experiment and theory 
which would otherwise exist. 


3. CIRCUMSTANCES UNDER WHICH A PURE PRIMARY 
PHOTOCURRENT CAN BE OBSERVED* 


In the experiments of Pohl and his school, photo 
currents were observed which had a quantum efficiency 
much larger than unity and which had a time constant 
much longer than the expected transition time of a 
single electron through the sample.’ Such currents were 
called secondary photocurrents by Pohl and the general 
idea of the explanation was the requirement of space 
charge neutrality: if, for instance, holes are trapped and 
electrons move out of the crystal, then the positive 
charge thus formed will attract other electrons and 
cause them to enter from the cathode and move through 
the crystal, and so the current will continue to flow 
until recombination takes place of electrons with the 
trapped holes. This idea has only recently received a 
firm quantitative experimental footing in the experi 
ments of Tyler, Woodbury, and Newman on the photo 
conductivity in germanium!® doped with the transition 
elements like Fe, Ni, Co, and Mn which act like hole 
traps of known depth and concentration. But especially 
the study of photoconductivity in low-resistivity semi 
conductors makes the old division between primary and 
secondary currents seem artificial and only of historical 
value. How is one ever going to tell experimentally 
when the primary photocurrent stops flowing and when 
the secondary current begins? lor that reason it is useful 
to consider what conditions have to be satisfied so that 
one can expect to observe the primary current separ 
ately. 

Consider (Fig. 3) a flat crystal with a voltage Vo 
on the parallel electrodes and assume that the dark 
current in the crystal is purely ohmic, which means that 
the Fermi level of the electrode metal is exactly lined 
up with the Fermi level in the crystal; in this way no 
space charge regions or barrier layers occur. (In practice, 
an ohmic contact with n-type material is established 
with an electrode in which the Fermi level is higher than 
in the material. This is quite correct as long as the cur 
rent resulting from the space charge, which is not ohmic, 


is negligibly small with respect to the ohmic current.) 

* Note added in proof. During the proofreading it came to 
my attention that the considerations in this paragraph are prac 
tically identical with those of S. M. Ryvkin, Doklady Akad 
Nauk S.S.S.R. 106, No. 2, 250-253 (1956) 

on Iyler Newman, and Woodbury Phys 
W. W. Tyler, General Electric Research 
55-RL-1334 (unpublished), and references 


Rey. 102, 647 (1956); 
Laboratory Report 





Fic. 3. The condi 
tion for primary photo 
current :49d/(pkyF)«<1 








Moreover it will be assumed for simplicity that the 
current is only an electron current. The current per cm’, 
jo, is given by jo= Vo/dp 
as usual, mp is the number of electrons per cm® and uy is 


ko/p and 1/p=noepn, where, 
the mobility 

Now assume that at a distance x from the anode in a 
thin layer parallel to the electrodes and in a very short 
time, a number of electrons and holes are generated. The 
electrons will start moving to the anode while the holes 
are immediately form a 
+Q per cm*. This space charge will induce an extra 


trapped to space charge 
field at the cathode, causing more electrons to enter 
We shall now calculate the extra current per cm’, Aj, 
caused by this effect after it has obtained a stationary 
value which it will reach approximately in the time it 
takes the electrons to traverse the crystal 

Let the excess electrons present in the crystal in that 
case form a charge —aQ. They will be distributed 
homogeneously over the crystal if we assume that the 
extra field caused by the charge Q is small with respect 
to 2. Now the field /o, originally acting at the cathode, 


is increased to a field 


1 dr 
hk kot ( )( Jou a) 
d k 


the dielectric the 
the 
cathode per second and per cm* is given by N= Eun, 


and therefore the increase in electrons AN entering due 


constant of 
entering at 


(in esu), where & is 


crystal. The number of electrons N 


to the space charge is given by 


‘ tor 
AN un( )( Jou 
d k 


rhis leads to a current increase 


x da 
A} ane( )( Jou 
d k 
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On the other hand, this extra current can also be 
given by considering the number of excess electrons 
flowing through an arbitrary plane parallel to the 
cathode, since the current is stationary. Therefore 


Aj=(aQ/d)y Fo. 


From these two expressions for Aj one can calculate a, 
and it is found that 
a =B/(1+ 8), 
where 
B=4arxenp/(kEou) = 4rx/(pkEou). 


The primary photocurrent j,, flowing during the short 

time it takes the primary electrons to reach the anode, 

is given by j,=/ouQ/d. Calculating now A7/7,, one 

finds that 
Aj/Jp=B/(1+8). 

It is clear that essentially two situations can occur 
depending on whether 6>>1 or 81. If 8>>1, Aj=7, and 
the “secondary” current Aj is practically equal to the 
primary photocurrent j,. On the other hand, if 6&1 the 
“secondary” current is very small with respect to the 
primary photocurrent. Now (pk/4m) is the relaxation 
time of the material, and d/ Hoy is the transit time, the 
time it takes an electron to traverse the crystal. There- 
fore, a pure primary photocurrent will be observed if the 
transit lime is small with respect to the relaxation time. 

In the case of the CdS crystals as they were investi- 
10° ohm cm, pk/4r=1 sec. Also d=10~ 
cm; assume further that Vy=1 volt or Ey= 100 volt/cm 
and ~=10 (a minimum value); then Aj/j,=10~°. 
It is clear that in this case the condition for observing 


gated, p 


the primary current is very well satisfied. On the other 
hand, when CdS is doped with an impurity which forms 
donor centers and thus reduces the resistivity, the condi- 
tion Aj/j,<1 may no longer hold. In fact, in our ex- 
periments, occasionally larger, slower pulses were ob- 
served under a-particle bombardment which clearly 
were not primary current pulses. They may have been 
due to small regions of lower resistivity near the cathode. 

The “secondary current” pulses from @ particles ob- 
served by Frericks and Warminsky’ were irregular in 
shape and not uniform in height and not proportional 
to the energy. The reason for this is probably that to 
observe regular pulses of uniform height and propor- 
tional to the primary effect, the material near the 
cathode should be very homogeneous and moreover a 
good ohmic contact is required. A good possibility for 
studying this transition from primary current pulses to 
secondary pulses seems to be in copper-doped ger- 
manium, recently studied by Tyler and Woodbury." 
Here a thin “transparent” ohmic contact layer can be 
made by diffusion of arsenic into a thin surface layer. 
At liquid nitrogen temperature the resistance is very 
high and the pulses should be pure primary current. At 
higher temperatures the resistance is sufficiently re- 
duced to show secondary phenomena. 


‘© H. H. Woodbury and W. W. Tyler, Phys. Rev. 105, 84 (1957). 
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4. CORRELATION OF PHOTOCONDUCTIVITY 
WITH EDGE LUMINESCENCE 


Some CdS crystals show the so-called edge lumi- 
nescence!’ while others do not. This edge luminescence 
is a light green luminescence under ultraviolet irradia- 
tion which shows up only when the crystal is cooled to 
liquid nitrogen temperature. Since the primary process 
in both photoconductivity and luminescence is the 
generation of an electron hole pair, it was thought that 
there might be some correlation between these two 
phenomena. For that reason a few observations were 
made on this edge luminescence. First it was established 
that all crystals which showed edge luminescence under 
ultraviolet light also show this under x-ray irradiation, 
and vice versa. This means that the property of a crystal 
being luminescent or not is a volume effect, not a sur 
face effect. 

Next the edge luminescence scintillations caused by 
a particles in these crystals were observed with a photo 

17 Lambe, Klick, and 


and references 


Dexter, Phys. Rev. 103, 1705 (1956), 
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multiplier tube. These scintillations have a rise time 
of about a microsecond, and therefore much longer than 
the primary photocurrent pulses. ‘The maximum pulse 
50 000 photons, 


efficiency. In the end, however, no correlation was found 


was about corresponding to 1% 
between the property of being luminescent and the 
photoconductive behavior of the crystals. 


5. CONCLUSION 


The observations on CdS by previous authors were 
supplemented to demonstrate that a primary photo 
current could be observed in insulating crystals. No 
found this 
current and the presence of edge luminescence in these 


correlation was between primary photo 
crystals. 
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Measurements have been made of the temperature variation of the atomic and molecular ion mobilities in 
the parent gases, helium, neon, and argon over the range 77-300°K. The experimental values for the atomic 


ion mobilities are compared with calculations based on Holstein’s theory, The results for neon and argon 


are in good agreement with the values calculated from the theory. This is in contrast to the case of helium 


where the experimental results lie consistently below the theoretical values. The molecular ion mobilitic 
are compared with the temperature variation predicted by the Langevin and Hassé-Cook theories. The 
two theories in 


experimental results in neon and argon lie intermediate between the predictions of the 


agreement with expectations; however, the helium data cannot be reconciled with either of these theories 


ionic mobilities, it is preferable to vary the temperature 
of the gas 
the drift field to change the ion energy 
that drift 
those of electrons, are very difficult to calculate when 


ECENTLY many of the apparent discrepancies 
among the various ion mobility measurements in which the ions drift rather than to increase 


Thi 


velocit 1es, 


have been removed as a result of more precise measuring situation 


techniques and proper identification of the ions under — results from the fact joni unlike 
study.’* By using a mobility tube in which measure 
ments with small applied drift fields are possible we the ions depart from thermal equilibrium with the gas 
have been able to measure the mobilities of ions moving 
with near-thermal (300°K) energies.’ The experimental 


values have been compared with the recently developed 


under the action of an applied electric field.6 Thus, to 
facilitate comparison with theory we have confined our 


measurements to drifts in small electric fields and have 


theory for atomic ions moving in their parent gases’ varied the ion’s energy by varying the temperature of 


and good agreement has been found at 300°K. the gas in which they move 


If one wishes to make a more detailed comparison 
with theory by studying the energy dependence of the I. METHOD OF MEASUREMENT 


The mobility tube used in these studies has been 


1 J. A. Hornbeck, Phys. Rev. 83, 374 (1951) 
2R.N. Varney, Phys. Rev. 88, 362 (1952) 
3M. A. Biondi and L. M. Chanin, Phys. Rev. 94, 910 (1954 
4A. M. Tyndall, The Mobility of Positive Ions in Gases (Cam 

bridge University Press, New York, 1938) 6 Seg 
6’ T. D. Holstein, J. Chem. Phys 56, 832 (1952) (1953 


Which 1s 


shielded 


described in detail previously.* The tube, 


shown schematically in Fig, 1, consists of a 


Wannier, Bell System 
$3, 241 (1951) 


Pech. J. 32, 170 


for example, G 
and Phys. Rev 
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Schematic arrangement of the electrodes 


in the mobility tube 

discharge region in which a short duration pulse of 
ions is generated, a grid which admits the ions to the 
drift space, and a collector electrode to which the ions 
drifi under the action of an applied electric field. The 
motion of the ions in the drift region induces a current 
in an external resistor. The voltage signal across this 
resistor is amplified and displayed on a synchronized 
Ost illoscope. 

In order to study the variation of ion mobility with 
temperature, the whole mobility tube is immersed in a 
refrigerating bath either at 77°K (liquid nitrogen) or 
at 195°K (dry ice 
styrofoam box which surrounds the tube. At the initial 


The refrigerants are contained in a 


cool-down, several hours are permitted to elapse before 
measurements are made to assure that the electrodes 
and gas in the tube are in thermal equilibrium at the 
relrigerant temperature 

The gas samples employed in these studies were Airco 
Grade. An 


system’ was used which attained pressures <10 


Keayent ultrahigh-vacuum § gas-handling 


* mm 


+ 
He 
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hic. 2. Mobilities of Het and He,* in 
I'yndall and Pearce’s measurements are indicated by 
heavy bar. A pressure p* 
$3.22 10" atoms, ce 


helium at 195°K 
the short 
=1 mm Hg refers to a gas density of 


71). Alpert, J. Appl. Phys. 24, 860 Biondi, Rev 


] (1953); M.A 
Sci. Instr. 24, 989 (1953) 
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Hg and rates of rise of contamination pressure <10~ 
mm Hg/min. Thus, the handling system did not add 
significant contamination to the gas samples as received 
from the supplier. Previously, in the studies carried out 
at 300°K, a heavily sputtered magnesium electrode arc 
was used in our gas-handling system to remove im- 
purities from the argon gas samples.’ The use of this 
device did not affect the measured values of the ionic 
mobilities. More recently we have used a cataphoresis 
tube* to purify the argon. Measurements made in this 
manner are identical to those made previously. 


II. EXPERIMENTAL RESULTS 


The measured values of mobility, uo, versus the 
electric field to normalized pressure ratio, E/p*, are 
shown in Figs. 2-7. The mobility yo refers to a standard 
gas density of 2.6910" atoms/cc, in keeping with 
previous usage, while the pressures at various tempera- 





APD A 





p* mm Hg 
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7.60 

8.92 























4 6 8 lO 12 14 6 18 20 
E/p* (volts/cm x mm Hg) 
Fic. 3. Mobilities of He* and He,t in helium at 77°K 


Tyndall and Pearce’s measurements are indicated by the short 
heavy bar 


1 mm 
Hg is equivalent to a gas density of 3.22 10'* atoms/cc. 
The measurements for helium, 


tures are normalized to constant density, i.e., p* 


neon, and argon at 
300°K are given in a previous paper.’ Figures 2 and 3 
show the measured values of the mobility of Het and 
He,* in helium at 195°K and 77°K, respectively. It will 
be seen that the extrapolated zero-field value, uo(0), of 
the atomic ion increases from its 300°K value of 10.8 to 
12.1 at 195°K and 13.5 at 77°K. These extrapolations 
were made on the assumption that the atomic ion 
mobility obeys an equation of the form® 


po(O)/uol(E p) (i+ak p)', (1) 


where a is a constant. This empirical form of mobility 
variation has the desired property that at low E/p, 
when the ion energy is controlled by the thermal motion 
of the gas atoms, the mobility becomes independent 
* R. Riesz and G. H. Dieke, J. Appl. Phys. 25, 196 (1954). 
*L. S. Frost, Phys. Rev. 105, 354 (1957). Frost verified the 


validity of Eq. (1) over an extended range of F/p at 300°K by use 
of our data (reference 3) and that of Hornbeck (reference 1) 
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Fic. 4. Mobilities of Ne* and Ne2* in neon at 195°K 
of E/p. The extrapolated molecular ion mobility at 
zero field increases from its 300°K value of 20.3 to 
21.7 at 195°K but then decreases to 18.0 at 77°K. 

Figures 4 and 5 show the measurements in neon at 
195°K and 77°K. Combining these results with the 
earlier measurements,’ we find that the extrapolated 
values of uo(0) at 300°K, 195°K, and 77°K for Net are 
4.2, 4.5, and 5.2, respectively, and for Net are 6.5, 7.3, 
and 6.7, respectively 

Figures 6 and 7 refer to argon at 195°K and 77°K 
respectively. The values of yo(0) at 300°, 195°, and 
77°K are 1.6, 1.95, and 2.2 for At and 2.7, 2.9, and 2.7 
for Ax+. These values are compared with theoretical 
predictions in Sec. V. 


III. ATOMIC ION THEORY 


For ions of near-thermal energy the mobility, yu, is 
related to the momentum transfer cross section, Q,,, by'® 


3/4 e 
(2) 
8 (mkT)INOn) 


where e¢ is the ionic charge, m the common mass of the 
ion and the atom, T and N are gas temperature and 
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Mobilities of Ne* and Ne»* in neon at 77°K 
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ic. 6. Mobilities of A* and A,* in argon at 195°K 


density, respectively, and (Q,,) is the momentum 
transfer cross section averaged over the ion enerpy 
distribution. 

The theoretical calculation of the mobility of an 
was given for the case Het 


Mohr 


Holstein® developed a generalized method applicable to 


atomic ion in its parent gas 


in helium by Massey and Subsequently, 


any system, X* in X, for which the atomic wave func 
tions are known. In these cases the momentum transfer 
cross section is largely determined by the process of 


charge transfer, i.e., 


Het+ He—-He-+ He' 


Holstein showed that the probability of charge transfer 
oscillates rapidly between 0 and 1 for distances of 
closest approach between ion and atom, r, ranging 
from zero to some critical radius, 75, and then dies off 
rapidly to zero with further increase of radius,'* ‘Thus, 
the charge transfer domain may be thought of as a 
sphere of radius r, (slightly larger than 74) surrounding 
the atom. Inside r, the probability of charge transfer is 


equal to 4, and outside of r, it is zero 


+ 


A 
‘ —* * bd 
BATE a tir eae 
+ 
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VARS TER Dap ped 





HS. W. Massey and ¢ Mohr, Proc. Roy. Soc. (London 
Al44, 188 (1934 

12 We have changed the notation somewhat from that used in 
Holstein’s 


in the final result 


paper to permit explicit inclusion of polarization effect 
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If an ion approaches an atom, it will be deflected 
toward the atom as a result of the dipole moment it 
induces in the atom. If the distance of closest approach 
is greater than 7,, then only the actual deflection of the 
ion leads to scattering. If the ion penetrates the charge 
transfer sphere, then half of the time it emerges as a 
neutral atom and the other half remains an ion. As a 
result, when viewed in the center-of-mass system, these 
scattering events are always symmetrical about the 
plane perpendicular to the line of motion between ion 
and atom.® In this case the momentum transfer cross 
section resulting from charge transfer is simply 


(3) 


when 6, is the critical impact parameter for charge 
transfer and is related to the critical charge-transfer 
radius, r,, by 


1+ (¢, fk), (4) 


(b,/%-)? 


where £ is the initial kinetic energy of relative motion 
between ion and atom and @, is the potential energy 
at r, which results from the polarization attraction, i.e 


(5) 


p being the static polarizability of the gas atom.’ The 
method of calculating 7, is given in the Appendix 

At ion energies considerably less than room tem 
perature the polarization attraction is dominant in de 
termining the momentum transfer cross section, In this 
case one can quickly obtain an approximate value for 
0, by noting that at a energy there exists a 


im given 
distance of closest approach between ion and atom, r,, 
inside which spiralling orbits occur rather than simple 
deflections.'* This distance, r,, defines an impact param 


{ }) |. 
changes in 6, the scattering angle takes on all possible 


eter, 6, [through Eq inside which, for small 
values. Thus, if we neglect for the moment the contri 


bution to O,, of deflections for b> 6,, one finds that 


(),,(spir.) rh, (6) 


One calculates r,, the critical spiralling radius, by 
setting the radial kinetic energy equal to zero in the 


equations of motion. One then finds that 


Q),,(spir.) =er(2p/E)' (7) 

As one goes to lower ion energies the spiralling radius, 
r,, exceeds the critical charge-transfer radius, r,, and 
consequently the momentum transfer cross section is 
determined by polarization attraction alone, The exact 
theory of Langevin" shows that in the polarization 
limit, orbit deflections for 6>6, lead to an increase of 
the momentum transfer cross section given by Eq. (7) 
by 10°. When these effects are all taken into account, 
one obtains for the calculated momentum transfer cross 


4 Landolt-Bérnstein, Atom und Molekular Physik, Part 1, 
ttome und Ionen (Springer-Verlag, Berlin, 1950 


“P. Langevin, Ann. Chem. Phys. 5, 245 (1905 
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section as a function of energy the results given in 
Fig. 11 (see Appendix). 

In order to calculate the ionic mobilities we have 
approximated Q,, versus E by a four-term power series 
and averaged over the Maxwellian energy distribution 
of the ions. The resultant mobilities for the atomic ions 
of helium, and a function of tem- 


neon, argon as 


perature are 
2.96 10°*7?+- 3.11 107? 
+2.1110-*7-'!+ 6.667~?, 
8.69 10°*T!4+-9.16X 10-? 
+-0.20T 4-59.77 ?, 


] po( Het ) 


1 Mol Net ) 


2.08 X 107?7'+-0.244-1.33T 
+1.43K10°T~?, 


1 polA de 


valid over the temperature range 50 to 1200°K. These 
results are compared with the measured values in Sec. V. 


IV. MOLECULAR ION THEORY 


The calculation of the molecular ion mobilities is 
made simpler by the absence of charge transfer as a 
significant process and made more complicated by the 


fact that the ion is diatomic and therefore not accu- 


rately representable by a point charge or even a spheri 


cally symmetric body. Geltman’® has attempted a 
rigorous calculation for the case He2* in helium but 
has obtained rather poor agreement with experiment. 
ihe other applicable theories are the ‘‘classical” treat- 
ments of Langevin" and Hassé and Cook."® 

The Langevin theory assumes that the ions are 
smooth elastic spheres moving in a gas consisting of 
elastic spheres, the atoms being polarizable in the field 
of the ions. The interactions between the ions and gas 
atoms therefore consist of a polarization attraction and 
a hard sphere repulsion. The velocity distributions of 
the ions and atoms are considered to be Maxwellian and 
are determined by the gas temperature. From this theory 
the mobility of an ion is given by 


A(X) Ma\? 
1+ ), (8) 
[N(e—1) }} m 


where A= (kT o0*/C)!, C= pe’/2, o is the sum of radii of 
ion and atom, m, and m, are the masses of the gas atom 
and ion, respectively, and e¢ is the dielectric constant. 
Values of A(A) have been tabulated by Hassé.!” 

Hassé and Cook have arrived at a different expression 
for the mobility assuming that the force between ion 
and atom has the form 


16S, Geltman, Phys. Rev. 90, 808 (1953 
16H. R. Hassé and W. R. Cook, Phil. Mag. 12, 554 
17H. R. Hassé, Phil. Mag. 1, 39 (1926 


1931) 
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TABLE I. Comparison of experimental and theoretical values of atomic 


\tomic ion 
Expt Theory 
Beaty Holstein 


) 


12.1 
13.7! 
17.1 


where y¥ is the usual polarization force constant and 8 is 
the repulsive force constant. The Langevin and Hassé 
Cook theories differ therefore only in the form of the 
assumed repulsion. The mobility based on the Hassé 
Cook theory is given by 
3¢(1+n) 
16m!(2k78)*(m,)!NI(S)_ 

where S?=2k78/y*, m, is the reduced mass of the ion 
and gas atom, and 7 is a small constant. Tabulated 
values of /(.S) are given in the paper of Hassé and Cook. 
These theories require the determination of two param 
eters—the attractive and the repulsive force constants 
The attractive force constant was taken from published 
values of the static dielectric constants."* The repulsive 
force constant was determined by assuming that the 
maximum theoretical mobility coincides with the ob 
served experimental maximum. The comparisons of 
these theories with experimental results for the molecu 
lar ion mobilities are given in Figs. 8-10 and are dis 


cussed in the following section 


V. DISCUSSION 
a) Atomic Ions 


The experimentally determined values of the mobili 
ties of thermal energy ions are compared with available 
theoretical values in ‘Table I. The experimental results 
for the atomic ion mobilities are compared with calcu 
lations made using Holstein’s theory. Good agreement 
is found for neon and argon, the agreement being well 
within the errors of theory and experiment. For helium, 
the agreement is less satisfactory, the experimental 
values at 300° and 195°K lying approximately 10% 
below the theoretical results, and approximately 20% 
below at 77°K. At the present time it is not clear why 
one obtains less satisfactory agreement in helium, par 
ticularly since the theory requires the outer atomic 
shell to be an s shell, a condition fulfilled by helium but 
not by neon and argon whose outer shells are p shells 
It seems quite unlikely that the wave functions for 
helium are in error by the amount indicated. The in 
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and molecular ion mobilities (in cm?/volt-se« 


Molecular i 


Tyndall 


Present Pearce Lange 


20.3 
21.7 
18.0 


20.6 21.3 
20.6 21.5 
18.7 21.1 
6.82 
6.92 
6.860 
2.35 
2.42 
2.41 


creasing discrepancy between experiment and theory 
with decreasing temperatures suggests that some inter 
action which becomes significant at lower temperatures 
has not been included in the theory 

The experimental data may be shown to be internally 
consistent in two ways. For example, in the thermal 
energy range the ion energy distribution is controlled 
by the gas temperature. As //p is increased, the ion 
gain more energy from the field until at sufficiently 
high E/p the ion energy distribution will be controlled 
by the applied electric field. Hence, at sufficiently high 
E/p one should expect the mobilities to be independent 
of the gas temperature. ‘The atomic ion data of the 
present experiment fulfills this condition as can be seen 
by reference to Figs. 2-7. At sufficiently high £/p the 
plots of uw versus E p at 77°K merge with those at 
195°K and at 300°K 

An additional check on 
data is provided by comparison of the variation of 


the self-consistency of the 
mobility with #/p and with temperature, For example 
at /7°K (Fig. 3) as 
mobility de reases: hence one would expect the atomic 
ion mobility at higher temperatures to be less than that 
at 77°K. This is confirmed in lig. 8. Similar comparison 


E p Is increa ed, the atomic ion 


of the atomic ion data in neon and argon can be made 


Recent experimental results obtained by Beaty'® on 


the temperature variation of A* in A is given for com 


parison in ‘Table I. The agreement is seen to be rather 


poor, his extrapolated results lying approximately 15% 
below the present results and the theoretical values 


It should be noted that the conditions under which these 


measurements were made differ considerably from those 


of the present work. Beaty’s results in the lower //p 
range were taken at gas pressures high (~25 mm) 


compared to the present experiment. In addition, the 
results reported here extend to considerably lower 
values of #/p than 
minimizing uncertainties in the extrapolation down to 


It i 


On 


Jeaty was able to obtain, thereby 


interesting to note that 


K to 


the thermal energy range 


the ratio of the atomi mobility at 77 the 


°K. ¢ Phys. Rev. 104, 17 (1956 
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K1G. 8. Comparison of the measurements in helium as a function 
of temperature with available theories. The I symbols refer to the 
present measurements; the open circles refer to the measurements 
of Tyndall and Pearce 


mobility at 300°K is almost the same in both experi 
ments, 
(b) Molecular Ions 


The experimental and theoretical values of the 


molecular ion mobilities are compared in Table IT and 


Hasse 


Cook 


Holstein 
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}. 9. Comparison of the measured Ne* and Ne,* 
ion mobilities with theory 
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in Figs. 8-10. The significance of the type of assumed 
repulsive force in the Langevin and Hassé-Cook theories 
is clearly demonstrated by these curves. The Langevin 
theory allows the mobility to increase approximately 
15% over its value for a pure polarization interaction 
(T=0 limit); the Hassé-Cook theory allows approxi- 
mately a 90% increase. For the case of Hes* it is clear 
that the experimental results cannot be reconciled with 
either of the two theoretical At 77°K the 
mobility of He,* is already below the minimum 
value of the mobility calculated from the theories 


curves. 


(pure polarization interaction). For the case of neon 
and argon it may be seen that the results lie inter- 
mediate between the extreme cases represented by the 
two theories; in addition, the extrapolated mobility at 
0°K agrees well with the polarization limit. It would 
therefore seem reasonable that the true temperature 
variation lies somewhere between that described by the 
two theories. Since the hard-sphere repulsive field used 
by Langevin is too hard and the inverse ninth power 
field of Hassé-Cook is too soft, it is felt that a theory 
which included a more realistic type of repulsive field 
(e.g., an exponentially varying short range repulsion) 
would give results in better agreement with experiment. 
However, the mathematical difficulties involved in such 
a theory are formidable. 

As in the case of the atomic ions, examination of the 
u versus E/p data for the molecular ions reveals that at 
sufficiently high #/p the ion mobility curves at all 
temperatures merge together in agreement with expecta- 
tions. In addition the mobility data as a function of 
E/p are reasonably consistent with the mobility data 
as a function of temperature. 
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10. Comparison of the measured A* and A;* 
mobilities with theory. 
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The theoretical results of Geltman for Heg* in helium 
are shown in Fig. 8. The agreement of experiment with 
theory is rather unsatisfactory. He has also compared 
the experimental results of Tyndall and Pearce (which 
agree with the present results) with Langevin’s theory 
which has been modified to include the possibility of 
ionic clustering, and has obtained reasonable agreement 
between experiment and theory. Although there is little 
direct evidence to support the clustering hypothesis in 
simple gases and existing clustering theories are open 
to criticism, alternative explanations of the discrepancy 
between theory and experiment do not seem significantly 
better. From Fig. & it is clear that the extrapolated 
mobility at 0°K lies considerably below the polarization 
limit of the Langevin and Hassé-Cook theories. The 
359 


this 


values could be brought into agreement by a 
the dielectric in fact 
would remove the discrepancy in the case of Het; 


increase in constant, and 
however, it is unlikely that the published dielectric 
constant values are in error by this amount. 

Beaty’s recent results for Ay* are given in Table I. 
As can be seen, the agreement with the present results 
is quite poor. Beaty’s results were obtained at gas 
pressures high compared to those of the present work 


At room temperature his extrapolated value for A»? is 
7 


1.8 cm*/volt-sec compared to the present value of 2 
The gas samples used in both experiments were Airco 
Reagent Grade, with impurities present to not more 
than 1 part in 10°. The observed discrepancies are 
therefore probably not due to impurities. Preliminary 
temperature E/p of the 
dependence of the mobility of “Ast” on gas pressure 


studies at room and low 
have shown that at low pressures (~1 mm Hg) the 
At higher pressure ( 
ions are observed, one with a 


present value is obtained 25 mm 
Hg) two “molecular” 
mobility of 2.7, in agreement with our low-pressure 
value, and another, 1.9, in agreement with Beaty’s 
value. At still higher pressures the ion of mobility 2.7 is 
no longer observed. Since Beaty’s measurements at the 
low E/p end of his curve are made at pressures of the 
order of 20 mm Hg it appears that the discrepancy 
between the two experiments is removed. A_ possible 
explanation for the apparent variation of molecular ion 
mobility with pressure is that at low pressures A,* is 
observed while at higher pressures a more complex ion, 
of lower mobility, is formed. A detailed investigation of 
this question is in progress; therefore we should like to 
defer a more complete discussion to a later time. 
Holstein and A. \ 
Phelps for helpful discussions and suggestions con 
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APPENDIX. CALCULATION OF THE CHARGE 
TRANSFER RADIUS 


In Sec 
transfer cross section Q,, (plotted in Fig. 11), from the 


III the method of calculating the momentum 


radius, r,, of the “charge-transfer sphere’ was outlined 


Calculated variation of the momentum transfer 


cross section with energy 


The radius r, was shown® to be slightly larger than the 
radius 7; inside of which the charge-transfer probability 
oscillates rapidly between zero and one, being given by 


(10) 


The values of ry are determined by solution of the 


transcendental equation given in Holstein’s paper 


(11) 


where a and V,, the interaction constants characteristic 
of the ¢ harge transier process, have been calculated by 
Table II. h is Planck’s 


Holstein” and are given in 


TABLE II. Interaction constants for the charge transfer proces 


Hel 
1.67R 


1.48/ao 


constant divided by 2m and v is the relative velocity 


between ion and atom. The details of this calculation 


are given elsewhere,?! 


”T. DD. Holstein (private communication 
71M. A. Biondi and L. M. Chanin, We 
Report 60-94439.7-R3 (unpublished) 
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Thermal and Electrical Resistivity of Tellurium at Low Temperatures 
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Measurements are reported of the electrical and thermal resistivity between 2°K and room temperature 
of high-purity tellurium rods prepared by zone refining. The maximum thermal conductivity in the case 
of a single crystal of 3-mm diameter is about 10 watts/cm deg at 4°K; analysis of the measurements suggests 
that in the specimens used the thermal conductivity—-due predominantly to lattice waves—is limited by 
scattering at grain boundaries or dislocations for temperatures below 4°K and at higher temperatures 

100°K) by phonon-phonon interaction. The absence of an exponential “Umklapp” region may be 


explained by the presence of many isotopes in tellurium 


INTRODUCTION tellurium in order to obtain data on the scattering of 
lattice waves by added chemical impurities acting as 


HE Group VI A element, tellurium, like selenium, 
point defects. 


has a highly anisotropi¢ crystal structure, con 
sisting of long spiral chains of atoms arranged in such a EXPERIMENTAL METHOD AND SPECIMENS 


way that, in addition to the two nearest neighbors ad 
The thermal and electrical resistivity were deter- 


mined by mounting samples in the form of rods in a 
cryostat described previously,*® the temperatures being 
determined by gas thermometers and the electrical 


lying in the same chain, each atom has four next-nearest 
neighbors in adjacent chains.’ Its semiconducting 
electrical properties have been known for many years, 
and recently considerable attention?~* has been paid to 
the electrical resistivity and Hall effect at both high 
and low temperatures. l'rom this work it appears that 
at room temperature and above, high-purity tellurium 


resistance with the aid of a potentiometer. 
The first specimen (denoted by Te 1) was a rod of 
5 mm diameter, about 1.5 cm long, broken from a longer 


behaves as an intrinsic semiconductor with a band gap 
of about 0.34 ev. However, Mooser and Pearson® have 
suggested that in both Se and Te, the energy gap is 
bridged by a band with a low state density which 





10 


overlaps the valence band and gives rise to a small and 
temperature-independent density (10" to 10'® cem~*) of 
free charge carriers 

This paper deals principally with the results of 
thermal conductivity measurements on tellurium as 
there appeared to be little available data with the 
exception of isolated values at 90 and 300°K due to 
Cartwright.’ Some years ago one of us (G.K.W.) at 
the suggestion of Dr. P. G. Klemens made some 
thermal conductivity measurements (unpublished) on 
glassy selenium and more recently the authors measured 
the conductivity of a fine-grained polycrystalline rod 
but were unable at that time to obtain single crystals 
or large-grained samples of high-purity selenium. As a 
result, when one of us (G.F.) recently succeeded in 


THERMAL CONDUCTIVITY (watts/cm deg ) 


producing very pure crystalline rods of tellurium by 
yone retining, we turned our attention to this element 
We still hope to complete the selenium studies in the 
near future when we can obtain or produce single 
crystals, and also to study further the effect of “doping” 


1A. von Hippel, J. Chem. Phys. 16, 372 (1948 
? Virgil E. Bottom, Science 115, 570 (1952). | | | | i 
®Fukuroi, Tanuma, and Muto, Sci. Repts. Research Inst ' 10 20 50 100 200 
éhoku Univ. 6A, 18 (1954 TEMPERATURE (°K) 
‘von Kronmiiller, Jaumann, and Seiler, Z. Naturforsch. Ila 
243 (1956) : P Fic. 1. Thermal conductivity of tellurium 0.4; 2 20 23 
* Donald Long, Phys. Rev. 101, 1256 (1956 O Te 3; © Te 5; @ Cartwright (1933); Kp =0.52T3; 
* I. Mooser and W. B. Pearson, Can. J. Phys. Suppl. 34, 1369 K,;=40/17 
(1956) 
'C.H. Cartwright, Ann. Physik 18, 656 (1933 *G. K. White and S. B. Woods, Can. J. Phys. 33, 58 (1955 
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polycrystalline rod (purity about 99.59%) supplied by 
Messrs. A. D. MacKay, Inc. The ends of the rod were 
coated with “Silver-Print” (General Manu 
facturing Company) and copper leads were then 
soldered with Wood’s metal to the silvered surface. 

The other specimens (Te 2, 3, 5) were about 4 to 6 
cm long and 3 mm in diameter; the ends of these were 
plated first with nickel, then with copper, and copper 
leads were soldered to the plated surface. The original 
tellurium from which these were prepared by zone 
refining was a 99.99%, pure crystalline lump supplied 
by Messrs. A. D. MacKay, Inc. 

Te 2 was polycrystalline, individual crystals being 1 
or 2 mm wide and up to 1 cm in length inclined along 
the axis of the rod. 

Te 3 was expected to be a single crystal, but subse 
quent x-ray examination across a section of the rod 
indicated that about 5 or 6 different crystals were 
present. Both Te 2 ‘re 
tellurium which had been zone-refined in a vacuum 
sealed silica tube. The purified material was then etched 


Cement 


and 3 were prepared from 


and put in Pyrex tubes. These tubes were vacuum 
sealed again and the tellurium was melted and allowed 
to rec rystallize from the bottom by slowly cooling in a 
furnace with a temperature gradient 

Te 3 was later annealed for about 5 days at a temper 
ature just below its melting point then cooled slowly 
over a period of 24 hours and after mounting was 
denoted by Te 5. It appeared to be a single crystal, the 
crystallographic axis of which makes an angle of about 
80° with the axis of the cylindrical specimen 
that made 


perpendicular to the ¢ axis 


This 


means our measurements were almost 


RESULTS 


The results of the thermal conductivity measure 
ments are shown in Fig. 1, together with two values 
obtained by Cartwright’ for a single crystal of 99,9997 
tellurium, measured parallel to the main crystal axis 


im. Ve. d, 


appears to be proportional to 7 


and 3 the thermal conductivity, K, 


oi 
‘at very low tempera- 
tures and after passing through a maximum falls, 
becoming approximately proportional to 1/7 at liquid 
oxygen temperatures, For ‘Te 5, the maximum conduc 
tivity was substantially larger and we were unable to 
measure K with any accuracy below 3°K as the heat 
input required to produce a measurable temperature 
gradient raised the temperature of the specimen more 
than one degree above the temperature of the bath of 
pumped liquid helium 

Figure 2 shows the electrical resistivity of these four 
specimens as a function of temperature; by plotting 
the logarithm of the electrical resistivity, p, in the 
vicinity of room temperature against 1/7’, a value of 


about 0.34 ev was deduced for the band gap. 
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DISCUSSION OF THERMAL CONDUCTIVITY 


As in the case of germanium and silicon which we 
discussed recently.’ it is expected that for these elements 
having few conduction electrons and a relatively high 
electrical resistance, the heat is carried almost wholly 
by lattice the 
should exhibit the type of temperature dependence 


waves: hence thermal conductivity 


shown by crystalline dielectric solids (see, e.g., compre 


limited at very low 


hensive reviews by Berman’? and Klemens'!') such 
solids, the thermal conductivity 1 
temperatures, where the dominant phonon wavelengths 
are long, by large-scale imperfections such as grain 
boundaries or dislocations, rather than by pomt defects 
or mutual interaction between the phonons 

Casimir” has shown that when boundary scattering 


is the limiting process the conductivity is given by 


cm deg, 


Kym 3.2K 10 RBI? watt 
detined 
BT* 
that 


where F is the effective crystal radius and Bj 
by the expression for the lattice specific heat, ( 
Although De 
the specific heat of tellurium can be adequately repre 


5) kK hy a 


model 


joules/em* dey Sorbo" has shown 
based on 
the 
, recent experimental work by 
s°K, with an 
A™~150°K 


mm, we find 


sented down to about function 


a one-dimensional continuum (recalling 
“linear” chain structure 
Smith" that ¢ 1 
effective Debye characteristic temperature 
Using Smith’s uming R™1 


(see Fig. 1 


indicates below 


data and a 


0.527% watts/cm deg 


Kr 
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Te 2 and Te 3, R has a value of 0.5 to 1 mm, we should 
expect rather K~0.37*, whereas Fig. 1 shows that 
K«T? and also is rather smaller in magnitude. This 
may of course be due to the presence of dislocations, 
which are not unlikely in view of the fact that these 
samples were solidified in a Pyrex tube and rather 
severe strains may have been produced while cooling 
to room temperature, 

Klemens! has deduced a formula for the scattering 
due to dislocations in isotropic materials which reduces 


17X10°% s A 
) watts/cm deg, 
vy’ ig 


where v, y, and b are, respectively, the velocity of 
sound, Griineisen parameter, and Burgers vector appro 
priate to the material and A~ is the number of dislo 


cations per cm*. Although the application of this 
expression toa highly anisotropic material like tellurium 
is rather dubious, we may assume probable values of 
v~ 2.5 10° cm/sec, y~ 2, and b~ 5X 10~* cm, and thus 
obtain A~'=710-°7?/K. For Te 2 and Te 3, K/T? 
~0.15 below 4°K and substituting this value in the 
above expression gives A~'~5X 10° dislocations/cm?. 

Whether the actual density of dislocations is of this 
order of magnitude it seems at present impossible to 
say. However the results on Te 5 show that annealing 

which of course increased the crystal size as well as 
reducing the density of dislocations—certainly in 
creased the conductivity so that it then approaches the 
limit imposed by boundary scattering 

Turning our attention to the region of liquid oxygen 
temperatures, we that all the zone-refined 
specimens exhibit a conductivity, K~10/T watts/cm 
deg. Here, where the temperature is comparable with 8, 


observe 


we should expect phonon-phonon interaction to be the 
dominant resistive mechanism in a relatively pure 


sample but again, only for isotropic solids do we have 
those of Leibfried and Schlémann" and 
Dugdale and MacDonald'® which might be applicable. 


theories, €.g., 


On the basis of central-force models these theories 
predict that anharmonic coupling between lattice waves 
will produce a thermal resistance proportional to 7, 
ie., Ka 1/7. If we apply their formulas to tellurium 
and assume y~ 2, we obtain K~~30/T to be compared 
with the experimental value of K~10/T (see discussion 
by White and Woods* for Ge and Si). 

Possibly the most interesting part of the temperature 
dependence of the thermal conductivity is that between 
4° and 20°K, i.e., from a temperature 6/10 down to the 
region where scattering by boundaries or dislocations 


becomes important. Peierls’ theory of Umklapp'’'* 


© G, Leibfried and EF. Schlémann, Nachr. Akad. Wiss. Géttingen 
Ila, 71 (1954) 

7. S. Dugdale and D 
1751 (1955) 

17 R. Peierls, Ann. Physik 3, 1055 (1929) 

'R. Peierls, Quantum Theory of Solids (Oxford University 


Press, Oxford, 1955) 


K. C. MacDonald, Phys. Rev. 98, 


WHITE, 


AND WOODS 

processes suggests that phonon-phonon interaction 
becomes much less probable in this region so that for 
temperatures below about 6/20, we might expect K to 
increase exponentially as T decreases. Such a tempera- 
ture dependence, K « e*/*? (b-~1), has been observed 
over a narrow range of temperature in solid helium, 
sapphire, diamond, quartz crystals, and bismuth (see 
review by Klemens'') but in specimens of very-high- 
purity Ge and Si® and also in some alkali halides!® such 
behavior appears to be masked by some other scattering 
process; the rather high sharp maximum observed in 
the conductivity of sapphire, for example, is reduced 
to a much more flat maximum. Berman, Foster, and 
Ziman" have recently suggested that this may be 
explained by scattering at lattice sites occupied by 
atoms of minority isotopes if they are present in 
appreciable quantities. Klemens*® has shown that in an 
assembly of atoms of mass M containing a few atoms 
of mass M+AM, the presence of the “impurity” 
species results in a scattering of the lattice waves 
proportional to (AM/M)*. For an isotropic material 
Klemens deduced that the conductivity, Ky, i.e., the 
reciprocal of the thermal resistance produced by such 
scattering, is approximately given by 


hv* _ (4M)?)-" 
K r= G > f - | 5 


raT mM 

where G~! is the number of imperfections per unit cell, 
a’ is the volume of the unit cell, v is the mean velocity 
of sound in the material, and f is the proportion of 
each isotope of mass M=M-+ AM. The calculations of 
Berman ef al.’ showed that for severa] substances 
including Ge, Si, and KCl this does seem to provide an 
adequate explanation. 

In tellurium (Fig. 1), K does increase more rapidly 
than 1/7 with decreasing temperature but certainly 
not as rapidly in the region of 10°K as the Peierls 
theory would predict if only phonon-phonon interaction 
were limiting the conductivity. However in tellurium 
there are present almost equal quantities (33%) of 
Te'® and Te!’ and progressively smaller but appreciable 
amounts of isotopes 126, 125, 124, 122, and 123. Thus 
f(AM)?/M? has a value of about 3 10~ and, assuming 
again that v~2.5X10° cm/sec, we obtain K;-~40/T. 
As is obvious from Fig. 1, such a value represents quite 
well the upper limit for the conductivity although the 
close agreement must be considered fortuitous. Further 
measurements with doped tellurium samples may pro- 
vide a more conclusive test of the theory. 

The first rather impure rod (Te 1), measured as 
received from Messrs. A. D. MacKay, Inc., has a very 
small thermal conductivity which appears to be only 
partly explained by its small grain size and high 
Roy. Soc. (London) 


1’ Berman, Foster, and Ziman, Proc. 


A237, 344 (1956). 


*” P.G. Klemens, Prox 


Phys Soc. (London) A68, 1113 (1955). 
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impurity content. The measurements also showed 
hysteresis effects after warming to room temperature 
and cooling again. This is even more marked in the 
electrical measurements (discussed below) and suggests 
that internal “fissures” are developed, so that it cannot 
be considered a representative specimen. 

In view of the stated purity of 99,999% the conduc- 
tivity at 90°K for Cartwright’s single-crystal specimen 
is surprisingly small. 


DISCUSSION OF ELECTRICAL RESISTIVITY 


The increased electrical conductivity at low tempera- 
tures of the annealed specimen, Te 5, over that of the 
same unannealed specimen (Te 3), may be attributed 
to the increase of crystal perfection. Annealing not 
only produced a single crystal but also removed many 
dislocations, and therefore improved the structure of 
the atomic chains within the lattice.* The room temper 
ature resistivity of these samples is nearly 0.5 ohm cm 
which is in agreement with the value perpendicular to 
the c axis found by Kronmiiller et a/.4 Their data also 
indicate that our Te 3 and Te 5 have a concentration 
of electrically active impurities of not more than 10!¢ 
atoms per cm*, The over-all impurity content, as shown 
by spectrographic analysis, does not exceed 10'7 atoms 
per cm*. 

The higher conductivity of ‘Te 2 is due to the presence 
of a larger number of impurities. This sample was 
prepared from a slightly less pure section of the zone 


purified rod and the surface was not etched prior to 


recrystallization. 


iC 


AL RESTSTIVITY oO} 483 


Sample Te 1 exhibits a very odd behavior. For this 
sample, room temperature is very near the transition 
between the intrinsic and impurity ranges. The maxi 
mum resistivity observed while cooling the sample was 
at 
the relatively low purity of the sample (99,5°; 
main impurities being Pb, Sn, and Si). As the specimen 


20°C. This is to be expected considering 
the 


about 


was now warmed, the resistivity increased very rapidly 
and the maximum, now much increased, was shifted 
toward room temperature. Cooling and warming several 
times increases the resistivity by a factor of ten or 
more, This is very probably due to the particular 
texture of Te 1, The cylindrical specimen consists of 
small, needle-shaped crystallites of about 0.01 mm* 
cross section and 1 mm length, all pointing toward the 
axis of the cylinder and leaving a hole in the center 
The highly anisotropic thermal expansion of tellurium 
produces fissures between the crystallites as the temper 
ature is changed, thus increasing the resistivity of the 
sample 

As mentioned above, this hysteresis is also reflected 
of Te 1 but lesser 


in the thermal conductivity to a 


extent 
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Crystal Vacancy Evidence from Electron Spin Resonance* 


Joun E. Wertz AnD Pereris Avuzins 
School of Chemistry, University of Minnesota, Minneapolis, Minnesota 
(Received January 28, 1957) 


Three distinct patterns have been observed in the electron spin resonance spectrum of chromium (+3) 


ions in single crystals of magnesium oxide. The chromium (present in naturally-occurring amounts or 
augmented) replaces magnesium (-+-2) ions substitutionally. The Cr(+3) spectrum depends upon whether 


compensation for the extra charge occurs in the immediate vicinity, and if so, upon the position of the 


compensating charge. The first pattern is a single line surrounded by a hyperfine quartet, representing that 


expected for a ‘*F ion in a purely cubic electric field if most of its isotopes have zero nuclear spin J, and one 


isotope has / 


j. This means that charge compensation cannot occur in a position as close as that of the 


next-nearest magnesium ion. The second pattern has nine lines (each with a hyperfine quartet), the angular 
dependence of which shows axial symmetry about the principal crystal axes. It is explained in terms of a 


vacancy in the magnesium position next-nearest the chromium ion. The third pattern arises from ions 


with axes of symmetry in face-diagonal ({110]-type) directions. This symmetry is ascribed to the effects 


of a magnesium ion vacancy in a position nearest the central ion 


HE electron spin resonance (ESR) spectrum of a 

paramagnetic ion depends upon the symmetry of 
the electrical field of the ions which surround it. The 
spectrum is normally simplest if the symmetry is cubic, 
becoming progressively more complex if there is axial 
or yet lower symmetry. All magnesium oxide crystals 
we have been able to secure (more than forty speci- 
mens) show the presence of Cr(+3) ions in Mg(+2) 
positions. The ESR spectrum of chromium (+3) in 
these crystals may be sorted into lines arising from 
ions in three different electric field symmetries. Figure 1 
represents the extended spectrum (shown as the first 
derivative of the absorption vs field strength) while 
Fig. 2 shows an expanded portion in the region of a 
strong isotropic line with spectroscopic splitting factor 
g equal to 1.9797, Centered upon this line is a quartet 
of lines of about one-fortieth the intensity of the 
central line. We shall disregard two extra lines in Fig. 2 
due, respectively, to manganese (+2) and vanadium 
(4-2) ions. 

A ‘F jon such as Cr(+3) in a purely cubic field 
should have the sevenfold orbital degeneracy removed 
by splitting into a single and two triplet levels, the 
singlet lying lowest. However, the fourfold spin de 
generacy should not be removed by a purely cubic 
electric field 
cause uniform splitting into four spin levels. Since they 
are equally separated in energy, only one transition 
should be observed, and the strong central line then 


Application of a magnetic field should 


becomes an ideal example of expected behavior. The 
line width in one crystal was measured as 0.75 gauss, 
one of the narrowest observed in ionic solids. When the 
concentration of paramagnetic ions is high, the width 
may exceed 5 gauss. The line occurs only 1.4 gauss 
higher in field than the fourth principal hyperfine line 
of manganese and is only partially resolved from it in 
[ Better resolution is attained when the 


this trace 


* This research was supported in part by the U. S. Air Force 
through the Office of Scientific Research of the Air Research and 
Development Command 


relative proportions of Cr(+3) and Mn(+2) are more 
nearly the same, and the derivative curve crosses the 
base line.] The quartet arises because of the 9.5% 
abundance of “Cr with nuclear spin /=4, while the 
remaining isotopes of mass 50, 52, and 54 have J=0. 
The separation of successive hyperfine components is 
17.85 gauss. It may at first seem surprising that one 
should find the major fraction of the Cr(+3) ions in a 
purely cubic field, indicating that any vacancy or 
unipositive ion necessary for charge compensation in 
MgO must not be immediately adjacent to the oxygen 
ion octahedron which surrounds the chromium. The 
location of and 
vacancy sites is shown in Fig. 3. However, since one 


nearest next-nearest positive-ion 
positive-ion vacancy compensates for two trivalent 
ions, there must be af least one ion without an associated 
vacancy for each associated vacancy. The excess positive 
charge doubtless causes a uniform shrinkage of the 
oxide octahedron, and this rearrangement apparently 
stabilizes the system in the absence of nearby vacancies. 
The line shows little tendency toward saturation with 
moderate microwave power, unlike the Mn(+2) ion. 
Up to 20 milliwatts of microwave power, the line am- 
plitude increases with power, though there is some 
broadening. Further, the line amplitude diminishes 
more rapidly than that of Mn(+2) with increasing 
temperature. 

When the total chromium concentration in the MgO 
crystal is not high, one can nearly eliminate the five 
lines by x-irradiation, suggesting that the chromic ion 
has been reduced by an electron to Cr(+2). The source 
of the electron is probably Fe(+2 ), since one observes 
an enhanced Fe(+3) ESR spectrum at the same time. 
However, when the chromium concentration is of the 
order of 0.01%, the reduction of line amplitude on 
x-irradiation may be only twofold. The quintet grows 
slowly after irradiation, and much faster if the crystal 
is heated. In one case heating in vacuum at 1450° C 
increased the line amplitudes tenfold. The five lines are 
isotropic so they are readily observed for a powdered 
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Fic. 1. 
a purely cubic field symmetry. The lines Ag, Bo, 
the applied magnetic field Ho, while Bgo, Cyo, and 
axes perpendicular to 1». L corresponds to a AM 
a symmetry axis in a [110 ]-type direction 


1 90 


crystal. In fact, the central line was observed in 
“reagent-grade” MgO powder. 

Contrasted with the isotropic behavior of the lines 
from Cr(+3) in a cubic electrical field, there is a set of 
nine lines whose angular variation shows axial sym 
metry about the principal identical crystal axes a, b, 
or c.! The spectrum shown in Fig. 1 was taken with an 
MgO crystal oriented such that a is parallel to Ho and 
b is parallel to H,, where 77) and H, are the static and 
microwave fields, For 
venience, this will be referred to as the 0° orientation 
At 9225 Mc/sec, the ESR lines with this type of axial 
symmetry range from 1555 to 5105 gauss at this orien 
tation. Lines Ao and By are centered upon Co, corre 
Ba 


magneth respectively. con 


sponding to g,, 1.9782. They arise from Cr(+3) 

1The spectrum of Cr(+3) with cubic or [100]-type axial 
symmetry was also found independently at Oxford University and 
the University of Chicago. The Oxford results (with the axial 
symmetry ascribed to unipositive ions in magnesium ion positions) 
were kindly communicated by Professor B. Bleaney. W. Low 
cited his work at the conclusion of this (post-deadline) paper when 
it was presented November 23, 1956 at the American Physical 
Society Chicago meeting. Note added in proof. Recently Low 
published his results for chromium in a cubic field (Phys. Rey 


105, 801 (1957) 
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rhe electron spin resonance (ESR) spectrum of chromium 
and Co arise from ions with an electric 


are 


= 2 transition for such ions. G, H, J 
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+. 3 due to ions 


field symmetry axis along 


The most intense line is in 


each twofold coincident lines from ions withsymmetry 


and K arise from ions with 


ions with an axis of electric 


(and /[]1,) 
partially resolved from the far more intense central 
$) line Cr 
higher in field than the latter 


field symmetry along a 
The central line Cy shown in Fig. 2 is only 


cubic chromium (+ lying about 2.5 gauss 
There will also be similar 
ions with electric field symmetry axes along 6 or c, each 
kor the O 
These 


appeal 


“ 
W 


of which will give rise to a set of three lines 
they will 


doubly intense lines labeled 


orientation, be coincident in pairs 
1 yo, Boo, and ( 90) 
at approximately 4195, 2480, and 3135 gauss, respec 
lor a 90-degree rotation of the crystal about //,, 
1o, Bo, and C;, 


places with one each of the components ol 


tively 
the lines will respectively interchange 
199, Boo, 
and Cy. The angular variation is shown in ig. 4. When 
the field /7) lies along a unit-cube body diagonal, there 
$020 yauss and a 
threefold coincidence near 3540 gauss. The field //» then 
With very careful 


alignment of the crystal, the coincidences may 


should be a sixfold coincidence neat 


makes equal angles with a, 6, and « 
he 
observed at the expected positions. We take these coin 
cidences to mean that if g,, and g, are not exactly equal, 
the difference is very small. Each of the nine lines shows 
a hyperfine quartet arising from “Cr, with just the 








Fic, 2, The ESR spectrum of chromium (+-3) in an electric 
field of cubic symmetry. Line Cro is the transition due to the 
isotopes 50, 52, and 54, while the quartet Cr;, Cre, Crs, and Cry 
is due to the 53 isotope of 9.5% abundance. Line Cr—Co is the 
central transition for Cr(+-3) in a field of (100 ]-type axial sym 
metry. Lines Mn, and V, are, respectively, due to Mn(+-2) and 
Vi +-2) 


17.85-gauss separation of components which was found 
for Cr(+3) in a cubic field. The line multiplicity for 
arbitrary or special orientations is just that expected for 
[ 100 |-type symmetry. 

The observed symmetry may arise in several ways. 
Charge compensation with an extra electron on an 
oxygen ion O(—3) may be dismissed as representing a 
very unstable configuration. This leaves one with two 
reasonable possibilities outside the oxygen octahedron 
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Fic. 3. A portion of the MgO crystal showing a Cr(+-3) ion 
at a Mg(+2) site (cross-hatched). If the Mg(+2) site at V, is 
vacant, the electric field about the Cr(+-3) ion will have tetragonal 
symmetry. A similar vacancy at site V, will give rise to a sym 
metry axis in a [110]-type direction 
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for producing distortions which give rise to axial sym- 
metry of this type. First, one could have one of the 
six next-nearest Mg(+2) ions (lying along one of the 
principal axes from a central Cr(+3) ion and shown as 
V, in Fig. 3) replaced by a unipositive ion.! The alter- 
native is to have a Mg(+2) vacancy at a similar 
position. The presence of Li(+1) ions was postulated 
by Prener? who found that the fluorescence spectrum 
of MgO which had been heated with MnSO, in an 
oxygen atmosphere depended upon whether LigCOs; was 
also present or not. He concluded that manganese ion 
could be present in an oxidation state greater than +2 
if charge compensation occurred through replacement 
of Mg(+2) by Li(+1) ions. However, no analyses were 
given to demonstrate that an appreciable amount of 
Li(+1) was present. In MgO crystals one must take 
cognizance of the inevitable impurities of several 
transition group elements having at least two stable 
By taking up or 
losing oxygen at high temperatures, the oxidation states 
of these impurities may be altered without requiring 
unipositive ions.’ Taking the radius of Mg(+2) as 
0.65 A, one should expect that Li(+1) should fit readily 
into the crystal (with Na(+1) less likely) while any 
other unipositive ion is probably too large to fit without 
undue distortion. However, a spectrographic analysis 
failed to detect the presence of Li, Na, or K in a crystal 
which had 0.05% of Cr and showed the [100 ]-type 
axial spectrum strongly. By elimination, one is left with 


valence states (usually +2 and +3 


the Mg(+-2) vacancy as the cause of axial electric 
field symmetry. Such vacancies, while overcompensating 
for the single extra positive charge of the nearly Cr(+3) 
ion with axial symmetry, serve to help compensate for 











C 30 2) 60 90 
Fic. 4. Angular dependence of ESR lines of Cr(+3) in a [100] 
type axial field. 


2]. S. Prener, J. Chem. Phys. 21, 160 (1953). 
3 Wertz, Vivo Acrivos, and Auzins (to be published). 
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the many extra Cr(+3) ions in a purely cubic electric 
field. The number of vacancies is intimately related to 
the presence of other impurities and to their changes 
of oxidation state.’ 

The Hamiltonian appropriate for the Cr(+3) ion in 
a field of axial symmetry (neglecting hyperfine inter- 


$¢,upH+D—W 0 
0 +he,unH—D—W 
V3E 0 
0) V3E 


This fourth-order equation has roots 
W),2=a+[ (D+2a)?+3E }}, 
Ws4=—o+[(D—20)'+3E"}}, 


where a= }¢,ug2/. For a purely axial electric field, E=0, 
and at zero magnetic field the energy levels are sepa- 
rated by 2D. Our best value of D is 887.0 gauss or 
0.08194 cm™'. The energy levels and transitions are 
shown in Fig. 5. 

When one applies a magnetic field perpendicular to an 
axis of symmetry, D should be replaced by }(D—3£) 
and E by —}(£+D). Designating the magnetic field 
for the Cy line as Hoo and that for the twofold Ago lines 
as IT’, one gets: 


hv= gun’ +[D°+Dg.usll’+ (gun) } 
Dp Dg.upll’ + (g.upll’)? ie 


Since one also observes a transition when hy= g,upH 9, 
one may obtain the relation: 


H’ dW’ HH" ~} H”? 3 
1 (#4 t ) t (@ { ) 

Hoo Hoo Hov? Hoo? 
Substituting observed values for H/’ and Hoo, the two 
sides should be identical. The discrepancy for the 
doublet Ago is less than 0.1%. Similar relations for Bgo 
and Cy 9 show consistency with observed values to 
within 0.1 and 0.2%, respectively. This agreement we 
take as indicating that our g and D values are reasonably 
accurate and that £ is essentially zero. 


dH’ 
Hoo 


A prominent line group shown as L in Fig. 1, appear- 
ing at fields of 900 gauss or below also shows axial 
symmetry in [100 }|-type directions, appearing as a 
single line at 0” orientation. The line L arises from an 
axis at right angles to 1) and /7,. When no axis makes 
a small angle with Hy or H,, one observes the expected 
three lines. These disappear whenever one magnetic 
field makes an angle of less than five degrees with an 
axis of symmetry. This group shows the hyperfine 
quartet with the same spacing as for cubic chromium 
(+3). However, the quartet is slightly displaced to 
low field with respect to the central line. If one calcu 
lates the position expected for the AM=2 transition 


from —} to + levels for 0° orientation, it agrees with 


ACANCY 


EVIDENCI 


actions) is*: 
5K, = us (g.,S,+ gH Sst gy Sy) 


+ DU SP2—4S(S+1) |+4(S2—S,,). 


If a strong magnetic field is oriented along the z axis, 
one obtains the following secular determinant : 


V3E 0 
0 V3E 
ko up D 0 
0 $eunll+D—W 


the observed value (extrapolated from angles at which 
it is visible) of 780 gauss to about 0.107%. However, the 
calculated position for a 90-degree rotation about a 
principal axis is rather higher than that observed. The 
companion line arising from the M } to M=+}4 
transition should appear near 2600 gauss. A line group 
showing appropriate axial symmetry but at somewhat 
lower field is a possible candidate for this transition 
When a crystal of MgO is very carefully oriented at 
0°, there are four line groups labeled G, H, J, and K 
in Fig. 1. For random orientations, the first two are 
fourfold, while the last two are twofold, The approxi 
mate positions at 0° orientation for 9200 Mc/sec are 
1640, 1700, 2940, and 3790 gauss, respectively. These 
groups have an angular dependence which indicates 
that they have a [110 |-type symmetry axis. We fail to 
see lines from axes which are parallel to the magnetic 
field, while the lines are strongest for axes at 90" to 


a oo ae 


free ion; B 
superposed magnetic field; D: ESR spectrum 


Fic. 5. Energy levels of a ‘¥ ion. A axial electric 
field; C 


‘K., D. Bowers and J. Owen, Repts. Progr. Phys. 18, 304 (1955) 
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the field. As seen from Fig. 1, the intensity of the low 
smaller than that of the high-field 
groups. For a rotation of 90° about a [100 }-type axis, 


field line groups is 


a twofold component from the 1640 


( hanye ; 


gauss group inter 
with a similar one from the 
(twofold) the 
exchanges with another from the 


$790-gauss group, 
1700-gauss group 
2940-gauss group. 


while a line from 
Simultaneously, from each of the low-field line groups, 
a single line goes to low field and another to very high 
field for the same rotation. When the magnetic field lies 
along a unit cube body diagonal, there are four threefold 
coincidences at fields of about 1445, 1505, 4185, and 
5955 gauss, respectively 
at O the same hyperfine quartet as for 
the other Cr( +-3) lines 
of the lines increase in intensity on heating to 1000°C 


For the two high-field groups 
one observes 


and with the same spacing. All 


and decrease upon x-irradiation. The same behavior is 
shown by Cr(+-3) ions with other types of symmetry, 
though the relative effect is different in magnitude. 

In seeking an explanation for orthorhombic sym- 


1) 


ions, since there is hardly room in the lattice to accom- 


metry, we reject the possibility of interstitial O( 


modate them.’ Rather, it appears reasonable to assume 
that these lines arise from Cr(+-3) ions which have an 
of the nearest 
in a [110 ]|-type direction. If 
entirely 
in NaCl.® For this case, 


associated vacancy at one twelve 


ne ighbor position 1.€ 
this 


analogous to that for Mn(+-2) 


’ ’ 


interpretation is correct, it would be 


Watkins has observed both types of symmetry and 
estimated energies of association in the two posi- 
tions (which in MgO lie just 2.97 A apart). At suf- 
ficiently high temperatures he found that the lines 
broadened, and this was interpreted as meaning that 
the vacancies were rapidly shifting about over the 
twelve nearest-neighbor positions.' 


While the interpretation of the [100 |-type spectrum 
*(G Phys Sor 
fe Be 

6G 


DD. Watkins and R 
324 (1956) 
D. Watkin 


M. Walker, Bull. Am 


private communication 


A 


ND P AUZINS 

appears to be in good accord with theory for the most 
part, the [110 |-type spectrum is not yet fully explored 
even from the experimental standpoint. Because of the 
intensity of the Mn(+2) spectrum which is always 
present, it is very difficult to follow lines through the 
region near g= 2. Line broadening at some orientations 
also makes angular-dependence studies difficult. There 
are weak satellites below line group J and above K as 
well the [100 }-type 
Cr(+3) axial lines. 

We should like to suggest that ‘trapped holes” may 
produce axial symmetry. If an electron is lost from one 
of the six oxygen ions in the octahedron surrounding 
a magnesium ion vacancy near a trivalent ion, one 
would have local charge compensation also with this 
type of center. One should expect to see ESR absorption 
from such a center, but none has yet been established.’ 

If the interpretations in terms of vacanciesare correct, 
it will be a matter of great interest to establish quan 
titatively their association with and dissociation from 
trivalent impurity ions under a variety of conditions. 
There is probably no other method which permits ob- 
on with directness. For 
example, one can conclude from the spectrum of 
Cr(+3) ion in a purely cubic field that there exist 
regions at least 13 A in diameter over which there is no 
vacancy or other type of compensation for an extra 
positive charge. Numerous other observations can be 
nicely correlated with the electronic properties of 
MgO.* We are hopeful that the interpretation of the 
Cr(+2) ESR spectrum will help to give a rather 
complete description of the behavior as an impurity 
ion of chromium in either valence state. 

Thanks are G. D. Watkins and W. N. 
Lipscomb for helpful discussions. Dr. G. R. Finlay of 
the Norton Company, Chippawa, Ontario kindly 
supplied some of the crystals used in this work. 


as numerous satellites about 


servations vacancies such 


due to 


7 The line observed by J. E. Wertz and J. L. Vivo [Phys. Rev. 
100, 1792(A) (1955) ] and attributed to an intrinsic defect center 
was the central component of the Fe(+3) quintet. 
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Two proposals are made for producing nuclear polarization by a transient analog of the Overhauser 


effect in the impurity-state electron spin resonance in silicon 


Ihe success of the proposal polarization 


schemes requires that the electron spin relaxation process in which the impurity nucleus and the electron 
simultaneously flip their spins be faster than those relaxation processes in which an electron alone changes 


its spin 


A detailed study of many electron spin relaxation processes is carried out 


It is found that for 


sufficiently low concentrations of P, As, and Sb impurities in silicon transient nuclear polarization should 


occur; for Li impurities it should not. The foregoing theoretical predictions have been verified for As by 


the recent experiments of Abragam and Combrisson, and of Feher 


I. INTRODUCTION 


HE electron spin resonance of impurity states in 
silicon is of particular interest because of the 

very long relaxation times observed for extremely pure 
samples, and the much shorter, highly concentration- 
dependent, times found as the impurity concentration 
is increased.' In samples where the relaxation time is 
very long (of the order of minutes to hours), a number 
of interesting transient effects may be observable. In 
this paper we propose the existence, under suitable 
experimental conditions, of a transient nuclear analog 
of the Overhauser effect.? It should occur whenever the 
relaxation process in which the electron and the im- 
purity nucleus simultaneously flip their spins is faster 
than those in which an electron alone changes its spin. 
The effect thus depends sensitively on the various 
possible electron relaxation processes, so that an ex- 
perimental and theoretical investigatiop of these times 
is required before the feasibility of establishing nuclear 
polarization by the above scheme may be established. 
We were thus led to a theoretical investigation of a 
number of possible electron spin relaxation mechanisms. 
We were originally stimulated in the investigation 
of such effects by the experiments of Honig’ and the 
theoretical explanation proposed for them by Kaplan.‘ 
Honig studied the impurity spin resonance of As-doped 
Si, for which one finds four lines, separated by the 
hyperfine interaction of the impurity electron with the 
As nucleus. He observed that passage through one of 
the lines enhanced the neighboring lines, and on this 
basis Honig and Kaplan concluded that nearly 100% 
nuclear polarization occurred as a consequence of such 
passage through the first line. Our first conclusion was 
that Kaplan’s proposed polarization scheme is, in fact, 
lacking in validity. On the other hand, we found that 
effects somewhat similar to those observed by Honig 


1 Feher, Fletcher, and Gere, Phys. Rev 
Feher (private communication). 

2A. W. Overhauser, Phys. Rev. 92, 411 (1953) 

3A. Honig, Phys. Rev. 96, 234 (1954). 

‘J. Kaplan, Phys. Rev. 96, 238 (1954). 


100, 1784 (1955); G. 


may be associated with a transient nuclear polarization ; 
however, the order of magnitude of the polarization 
associated with such effects is considerably less than 
100% that obtainable in a 


steady-state Overhauser polarization 


and is of the order of 


Our calculations of spin-lattice relaxation times for 
a number of possible mechanisms have led us to the 
conclusion that at helium temperatures all relaxation 
times for very pure samples are quite long (of the 
order of minutes), essentially because the electron 1s 
bound to a given impurity site in such a way that it 
tends to respond adiabatically to changes in its environ 
ment. As a result the matrix elements for bound electron 
spin flip are considerably reduced over those one would 
calculate neglecting the adiabaticity of the electron 
response. We furthermore find that the simultaneous 
spin-flip mechanism should be more effective in pro 
ducing relaxation than the electron pin only mecha 
or Sb doped 


obtain in a 


nism for extremely pure samples of P-, As-, 
silicon. Whether such conditions actually 
given sample is difficult to decide in principle. First of 
all, Honig’s experiment does not provide any evidence 
for the existence of a transient nuclear polarization 
For, as Feher® was the first to point out, the experi 
mental results obtained by Honig can be explained in 
terms of fast-passage theory.® Second, Feher et al.' find 
that the spin-lattice relaxation time is quite sensitive 
to impurity concentration, and is reduced from a time 
a concentration of ~10" 
than 10 


concentra 


of the order of seconds for 
phosphorous impurities in silicon to less 
second for a concentration of 4%10'", Thi 
undoubtedly caused by an 


tion-dependent time i 


an elec tron spin flip only mec hanism. Under what con 
the fastest 


sample we are not able to predict. We have investigated 


ditions it is time of interest in a given 


several possible causes for a highly concentration 


dependent relaxation time, but thus far have not been 


able to invent a mechanism which yields sufficiently 


*G. Feher (private communication). See also A. Honig and J 
Combrisson, Phys. Rev. 102, 917 (1956) 


*F. Bloch, Phys. Rev. 70, 460 (1946) 
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C. FIRST TRANSIENT 
EFFECT 


A. THERMAL EQUILIBRIUM 6. SIMULTANEOUS SATURATION OF 


BOTH RESONANCE: M- 4 (+6 


Fic. 1, Energy levels and their populations for a nucleus of spin 4 
and an electron of spin 4 under various circumstances 


fast relaxation times to give agreement with experi- 
ment. 

Recently Abragam and Combrisson’ and Feher* have 
carried out experiments on samples of As-doped silicon 
which show that the simultaneous spin-flip mechanism 
is the most efficient relaxation process for the impurity 
electron, so that transient nuclear polarization should 
occur in these samples. Furthermore, the relaxation 
times they observe are in good accord with our theo- 
retical prediction. 

In the following section we consider the possibility 
of producing a transient Overhauser effect, and the 
ways in which it may be detected experimentally. We 
discuss two different kinds of transient effects which 
may be used to detect the polarization. In Sec. III we 
report our calculations on spin-lattice relaxation times 
for a number of possible mechanisms. In Sec. IV we 
compare our calculations with experiment, and in the 
appendix we analyze Kaplan’s proposed explanation of 
the Honig experiments. 

We wish to take this opportunity to call the reader’s 
attention to a paper by Pound’ which contains, we 
believe, the first description of a double-resonance 
effect. In an ingenious study of nuclear resonances 
with resolved quadrupole splittings, Pound applied the 
double-resonance technique to unravel the various 
relaxation mechanisms. The analysis we present below 
is essentially the same, although arrived at indepen- 
dently. It gives us particular pleasure to call the 
attention of the reader to Pound’s pioneering work, 
since one of us (CPS) has omitted this important 
reference in earlier publications on the Overhauser 
effect 

Il. TRANSIENT OVERHAUSER EFFECT 


Let us consider an impurity with nuclear spin and 
electron spin both 4 (as in the case of phosphorus) in a 
very strong magnetic field. We can then characterize 
the energy levels by Ms and M;. We introduce the 
notion (4 ), (+ +), for the various levels, 
where (4 ) means Ms=+4, M, , The 
energy levels are shown schematically in Fig. 1. Pos 


CCC., 
etc. 


7A. Abragam and J. Combrisson, Compt. rend. 243, 576 (1956) 
*G. Feher (private communication). 


*R. V. Pound, Phys. Rev. 79, 685 (1950). 
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sible spin-lattice relaxation processes are those indi- 
cated by the arrows, the corresponding relaxation 
times being Tx and 7's. The process which gives rise to 
Tx results from modulation of the hyperfine coupling 
by the lattice vibrations. A process which gives rise to 
Ts might result from modulation of the electron spin- 
orbit coupling by lattice vibrations, or perhaps by 
coupling with conduction electrons. We further assume 
that times for processes in which the nucleus alone 
flips are much longer than either 7y or 7's.’° If there 
are NV atoms, we have the populations at thermal equi- 
librium indicated in Fig. 1. Here 2e=,f/o/kT represents 
the electron Boltzmann factor, and in calculating the 
relative populations we have neglected the nuclear 
gyromagnetic ratio y, with respect to the electron 
gyromagnetic ratio y,, and have neglected the hyperfine 
interaction constant relative to y,//o. Prior to turning 
on the field we have equally populated levels. 

We now consider three different ways in which 
nuclear polarization may be achieved, namely Over- 
method and two transient 


hauser’s steady-state 


methods. 
(1) Normal Overhauser Effect 


If we saturate both electron resonances simultane- 
ously (i.e., the resonances associated with M;=+}4 
and M;=—}4), we produce the normal Overhauser 
effect. We show how this comes about to illustrate the 
general type of calculation we carry out. The fact that 
the electron resonances are saturated means that the 
population (+ +) and (— +) are equal, and likewise 
for (+ —) and (— —). However, the relaxation process 
Tx maintains thermal equilibrium between the relative 
populations of (+ —) and (— +). We have therefore 
the situation shown in Fig. 1, where M is to be deter- 
mined. The condition on M is that the total population 
must be N, and hence that 


M+M+M (1—26)+M(1—26)=N. 


We find therefore that M =} (1+-¢). The total number 
of nuclei of spin up, m4, is therefore 4N(1+.) and the 
total number with spin down, n_, is }N(1—e), giving 
a ratio 


n,/n_= (1+6)/(1—¢) &14+2e. 


Therefore, the nuclear population difference corresponds 
to an effective nuclear gyromagnetic ratio of (yn)ett=Ye- 
This is just Overhauser’s result. 


(2) First Transient Effect 


The first transient polarization can be seen very 
simply. Let us assume that 7'x<7's. If we turn on the 
magnet and wait a time longer than Jy but less than 
Ts, we have thermal equilibrium established between 


© That nuclear times are long compared to the electronic times 
of interest may be deduced from the recent experiments of R. G. 
Shulman and B. J. Wyluda [Phys. Rev. 103, 1127 (1956)]. 
Their experiments indicate a nuclear relaxation time in the very 
pure samples (<10'? impurity atoms/cc) of at least 200 minutes. 
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the two levels (+ —) and (— +), but no change in 
the populations of the (+ +) or (— —) states. 
Therefore we have the readjustment of populations 
indicated on the righthand side of Fig. 1. The number 
of nuclei of spin up, m,, is }V+4(1+6)N, whereas the 
number with spin down, n_, is }N+}(1—6)N so that 


n,/n_= (2+ 6)/(2—e)=1+¢. 


Thus the nuclei are polarized to the same extent they 
would be if the nucleus had a gyromagnetic ratio of }7.. 
This transient polarization will last for a time ~T7's. 

We could observe the presence of a polarization of 
this type by watching the intensity of the microwave 
electron spin resonance, which would reach its full 
value in a time 7's, but half its full value in the shorter 
time 7x. The presence of a pair of relaxation times Tx 
and 7's should also show up in a measurement of the 
magnetic susceptibility as a function of frequency using 
an alternating magnetic field parallel to Ho. For low 
frequencies the susceptibility should be Vy,?h*/ (I+-1)/ 
3kT. At an angular frequency of about 1/7’s, the sus- 
ceptibility should drop to 4; it should become zero for 
angular frequencies above 1/T7'x. 


(3) Second Transient Effect 


The second transient effect was invented by us to 
explain experimental results of the type described by 
Honig in which saturating one electron line enhanced 
the second line. Bloembergen' has independently sug- 
gested the same effect. As we have said, however, it 
appears that it is more likely that Honig’s results can 
be best understood in terms of the rate of passage 
through the resonance, that is, as a fast-passage effect. 

There are of course various experimental conditions 
that might prevail as far as a microwave resonance is 
concerned. The speed of passage through the line may 
be fast or slow compared to the relaxation times or the 
rate of transition induced by the external field, and 
additional parameters enter if one is modulating the 
magnetic field. For simplicity we shall consider a case 
in which T'yx<<7T 5 and in which we can forget about the 
peculiar coherence effects of fast passage. We shall 
assume that we go through the resonance in a time 
long compared to 7x, and that the power level is high 
enough to produce complete saturation. 

The populations under various experimental condi- 
tions are those shown in Fig. 2. A represents the situa- 
tion before observation of the electron spin resonance. 
B gives the population changes produced when we 
saturate the M;= 
wait a time short compared to 7's but long compared 
to Tx, so that the (+ —) and (— +) states are in 
thermal equilibrium. C gives the level populations 
which result after we then proceed to saturate the 
M,= ++} line in a time which is short compared to 7's. 


} electron spin resonance line and 


1 N. Bloembergen (private communication) 


PROCESSES IN Si 


C, AFTER NEXT SATURATING 
My" tm ELEC TRON RES 
2 


A. AFTER SATURATING My*~2 
ELECTRON RESONANCE. “ 


A. THERMAL EQUILIBRIUM 


Fic. 2. Energy levels and their populations for a nucleus of spin 4 
and an electron of spin 4 under various circumstances 


We first note that the m;=-+-} is enhanced relative 
to the m,;= —} line. To show this, we need a criterion 
for intensity. Clearly there is a problem in how we 
define this since we have assumed complete saturation. 
However, a net amount of energy is absorbed from the 
microwave field, and we could use this as a measure of 
the intensity. An alternative measure, which is equiv- 
alent, is to take the population difference before 
passage. The latter criterion is based on the fact that 
the initial signal intensity (before the line is saturated) 
is proportional to the initial population difference 
With these definitions, we note that the intensity of the 
my } line which we observe first is proportional to 
2e. On the other hand, the intensity of the m;=-+-4 line 
is proportional to (5¢/3)+-e«= (8e/3). The second line 
is therefore enhanced by the ratio 4/3 relative to the 
first line. 

The degree of nuclear polarization produced at each 
stage of the process is as follows: 


After passage through the m, } line: 


1+-2¢/3, 


which is equivalent to (ym)en=Ye/3 
After passage through the m;= +-} line: 


1+ 14/9, 


7y./9. It is evident 
that a sizeable nuclear polarization has resulted. We 
should like to emphasize that although the m,;= +} 


electron line has increased 30% in intensity, it is not 


which is equivalent to (Yn)ert 


true that the nuclear polarization 1s correspondingly large 
That is, the intensity of the electron lines only tells us 
the degree of nuclear polarization when we have a 
theory of the detailed processes which take place. 
The experimental situation in silicon is often that of 
adiabatic fast passage. In this case it is a simple matter 
to revise our calculations, the result being that (a) 
passage through a line inverts the population and (b) 
no changes in population are seen until relaxation has 
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taken place. Calculations along the lines .we have 
indicated can then be carried out simply, but we shall 
omit them from our discussion. It is clear that one 
can get larger effective polarizations in this manner. 
Feher has explored the 


theoretical ramifications 


extensively. 


II]. RELAXATION TIMES FOR THE SPIN RESONANCE 
,OF GROUP V DONORS IN SILICON 


We here wish to estimate the spin-lattice relaxation 
time due to the hyperfine interaction of the electron 
with the impurity nucleus, and to compare this with 
its relaxation time due to any other cause. The phonon- 
induced relaxation processes will only go if the spin 
flip of the electron is accompanied by the emission of 
phonon of energy hwo (or inelastic scattering, if we are 
considering a Raman process), where wo is the resonance 
frequency for the electron. Since hw» is small compared 
to the binding energy of the electron, we may expect 
that the electron will tend to respond adiabatically to 
any change in its enrivonment which takes place with 
a frequency wo. As we shall see, this has the effect of 
reducing considerably the matrix elements for the 
spin flip of the bound electron. It also enables us to 
apply with some confidence the deformation potential 
concept of Bardeen and Shockley" to the calculation 
of our matrix elements. 

As will be seen, we can obtain only an order of mag- 
nitude estimate of the relaxation times. For this reason, 
we shall not consider in detail the rather complicated 
wave function which describes the bound electron cor 
rectly, but instead think of a simplified wave function 
which corresponds to a single energy minimum with an 
0.31m. We have con- 


spin 


average effective mass of m* 
all 


dependence of the matrix elements and the like, as 


sistently dropped angular dependences, 
essentially leading to factors of order unity. We also 
consider only longitudinal phonons in our explicit 
calculations, although for some of the processes we 
consider the transverse phonons may play an important 
role. 

Using the deformation potential, it is quite straight- 
forward to show that the matrix element for a transition 
from spin up to spin down induced by a change in the 
electrostatic potential V and spin orbit interaction or 


hyperfine interaction 47; may be written 


(Wo_, (6V+6H,)Wo,) 


(Wo . ky, Ao) { (Eo, (1) 


Eo_) (Wo_,6W,). 
Here 5V and 6H, are the change in potential, and £,,4 


and éy, are the change in total energy and wave 


function for a spin up electron, all associated with a 


2G, Feher, Phys. Rev. 103, 500 (1956) and private com 


munication 
43 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950) 


ARDEEN, 


AND SLICHTER 


dilation A. For longitudinal waves we have 


tkq. 
A=divéR(r) -E( )es 7 
k /p 


where p is the density of Si. Eo_ and Eo, are the energies 
of the spin down and spin up electron in the undilated 
lattice, and we have Eo, — Eo_= hwo. 


(2) 


(1) Electron-Nuclear Hyperfine Interaction 


Let us first consider the matrix element (1) for the 
hyperfine interaction between the bound electron and 
the impurity nucleus. In this case (Wo_,F1,Aypo,) 
vanishes because the spin parts of the spin-up and 
spin-down wave functions are orthogonal. We may 
calculate 6y, directly. The wave functions in the 
absence of dilation are 


Wo4 
where a= A/(Eo,—Eo_), A is the hyperfine splitting, 
and we have separated space and spin wave functions. 
The change associated with dilation is 


¢1(0)x(+)+ $a¢i(r)x(—), (3) 


bWor =5g1(4)x( +) +} (6a) g1(4r)x(—) +4 (ad¢1)(4)x(—), 


and we find 


(Eo, — Eo_) (Wo_,6¥4) = 5A, 


where 6A is the change in the hyperfine splitting with 
dilation. Writing this as 


6A =yAA(0), 
where y is a multiplicative factor of order 10 to 100, 


we may readily calculate our desired matrix element. 
The transition rate, and hence relaxation time Tx, is 


J 


Tx 


given by 


dk 
5(hsk—two) (Ny +1! 456A | Ny), 


(2r)* 


1 Qn 
(4) 
Tx h 


and we find 


(8mh?s'p)/(wekTy2A?). (5) 


For the case where the nuclear spin is not 4, the relaxa- 

tion rates for the electron in the spin-up state will 

differ slightly with different nuclear spin orientations. 

Let us define Ty as the inverse relaxation rate for the 

electron with spin up, and the nucleus with spin state 
I. We then find the general expression 


4irh’s*p 


Tx= (6) 


wehTyTA2 


where A is the hyperfine splitting of two adjacent lines 
in the spectrum. In Table I we give the calculated 
values for Tx for various impurity states in silicon, 
under the assumption that y=50, (wo/2m)=9000 
Mc/sec and 7=1.2° K. 
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It is perhaps worth indicating briefly the reasoning 
which has led us to estimate y as being of order 10 to 
100. The change in 
iW(O)|? with dilation, where y 
impurity electron wave function. We have 


¥(r) 


where F(r) is a modulating function corresponding to 
the solution of the effective mass equation for the 


A with dilation is a change in 
r) is the simplified 


Fir) g(r), (7) 


bound electron, and g(r) is a Bloch-function appro 
priate to the energy minimum under consideration. 
F(r) is given by 
1 
F(r) exp(—r, (8) 
(ma*?)! 
where a* is the effective radius of the impurity atom 
and is ~20 A. If we consider only | #(0)|*, we under- 
estimate A considerably since | ¢(0)|*? introduces a 
multiplicative factor of order 100 and the breakdown 
of the effective-mass approximation in the central cell 
may introduce another factor of order 2. However, in 
calculating changes in |y¥(0)|? with dilation it is 
probably a good first approximation to consider only 
the changes in | F(0)|* (and hence in the radius of the 
electronic orbit), since the adiabatic response of the 
electrons to the dilation will tend to smooth out the 
changes taking place over the region of a cell. In any 
case we underestimate y by this procedure. The change 
in the Bohr orbit is due to a change in the dielectric 
constant, xo, and in the effective mass, m*, with dilation. 
These changes are in turn closely related to the change 
in the energy bands on dilation, and for Si such changes 
may be considerable. Thus a 10% dilation might easily 
lead to a 100% change in the dielectric constant and 
a 50% change in the effective mass. For Si, these 
changes add up, so that the figures we have quoted 
would lead us to estimate y~45. In general we should 
be surprised if y were greater than 100 or less than 10. 


(2) Modulation of Electron Spin-Orbit Coupling by 
Lattice Vibrations 


We now consider 7; for the electron due to spin-orbit 
coupling. One might expect that this would be an 
important relaxation mechanism. For the conduction 
electron spin resonance in semiconductors it is the 
dominant relaxation mechanism, the 
work of Elliott.'4 As we shall see, for the bound electron 
this mechanism is, in fact, singularly ineffective. We go 
into the calculation in some detail, because a compari- 
of the bound electron 
elements for this process shows the important role 
adiabaticity plays in reducing the bound electron 
matrix elements. We first (Wo_, 1, AWo4). 
This matrix will be nonvanishing because of the 
admixture in Wo, of excited states ¥,— due to the spin 


according to 


son and conduction matrix 


calculate 


“R. J. Elliott, Phys. Rev. 96, 266 (1954) 
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TABLE I. 7y for the impurity state spin resonance in silicon 
I is the nuclear spin, A is the hypertine splitting (in ergs) of two 


and 7'y is the calculated value in minutes assuming 


50, and 7 =1.2° K 


adjacent lines 


wo/2r) =9000 Mc/sec, ¥ 


A Tx 


0.056% 10°" 364 10° 
7.81074 500 
14x 10°" 56 
1.3«10°" 41 
7.0«K10°" 9) 


admixture will be of two 


the 


Actually thi 
with 


orbit coupling 
kinds—that 
with the Siatoms and that associated with the impurity 
} 


associated pin-orbit coupling 


rhe amount of admixture may be roughly characterized 
At first sight it would 
appear that the contribution to Ag from each of these 


by a Ag due to each mechanism 


mechanisms should be roughly comparable, for although 
the electron sees many more 51 atoms, It 1s somewhat 
pulled in toward the impurity atom in the cell sur 
rounding that atom, and the energy differences to the 
100 those of the 


hy pot hesis 1s 


excited impurity levels are only ~1 
levels. ‘Thi 
easily subject to experimental verification, for if the 


excited conduction-type 


sample is allowed to warm up, so that the impurity 
levels are ionized, it should be po ible to observe a 
shift in the central value for Ag as one goes from an 
impurity resonance to a conduction electron resonance, 
the impurity atom being relatively ineffective in this 
latter case. Recent experimental indications® are that 
the contribution to Ag from the impurity atoms is at 
least an order of magnitude smaller than that arising 
from the Si atoms. 

We carry out a much simplified calculation of the 
We 


matrix 


times 
the 


matrix elements and associated relaxation 
that for dilation A, 
element will vanish. Expanding the dilation associated 


we find that 


first note constant 


with the resonance phonon wave vector kf 
A~kopko-t (9) 


gives the first nonvanishing contribution. For the spin 
orbit coupling associated with the Si atoms, the excited 
state wave functions will be Bloch type, and 


(Wo 1, Ao.) Agsilis,k “dk ( 3d), (10) 


since the integral may be carried out over each cell 
Note that 


are here considering the conduction electron case, the 


and yields just the cell size for (r)m\ if we 
term will still be about this size. 

On the other hand, for the 
associated with the impurity atom, the excited state 


spin-orbit admixture 
wave functions are spread out over a distance of the 
size of the Bohr orbit, xo(m/m*)ao, and we may write: 

Yo, L1, Aor) = Agimpl14, Roger no (11) 


for an excited atomic state n, where ryo is the dipole 
matrix element for a transition from this state to the 
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ground state. We thus find, for the relaxation time 
associated with this mechanism, 


2. 


For a frequency of 9000 Mc/sec, Ey~14 ev, (1) nv~2.4 
1077 cm, and 7 =1.2° K, we find 


Ey wthkT 
Iah?os? {(Ag)*imp(t no)? + (Ag)*S 9a") }. (12) 
Wh’ ps 


1.5 
(13) 


1.0 min, 
a’ +0,009 


where a is the portion of Ag associated with the im- 
purity atom, and we have assumed that a<1. The 
maximum value of @ is probably about yy, so that 
T4.0.275 min under the above conditions. 

Actually our time, given by (12), represents an 
enormous overestimate of the effectiveness of this 
relaxation mechanism. For, as is shown in detail by 
Abrahams,'® there is a “Van Vleck’ !® cancellation 
which occurs in the matrix elements (10) and (11). 
The left-hand side of Eq. (10), for instance, may be 
written as 


(LYo-+Cy hy" JE, 4[ Yo, —C_y’]). 


Here C_~dA/(AE—hay), Cy~d/(AE+hwo), is the 
spin-orbit splitting, and AF is of the order of the energy 
differences between the ground state and the levels 
which are admixed by spin-orbit coupling. Because C 
and C, are nearly equal, the matrix element is reduced 
by a factor of (C_—C,)/Cy~(hoo/AE). For the most 
favorable case, given by Eq. (11), this reduction 
amounts to multiplying the relaxation time by a factor 
of ~104, so that this relaxation mechanism may be 
completely ruled out vis-d-vis the hyperfine interaction 
discussed above.” 

We now consider the contribution of the matrix 
element, (/o,— Eo_) (Wo_,6y,) for this process, and show 
that it will generally be quite a bit smaller than that 
we discuss above. Because of the applicability of the 
adiabatic approximation we here assume that the wave 
functions are also deformable. This will underestimate 
the matrix element somewhat, but almost certainly by 
not more than a factor of 10. If we use the deformable 
wave function hypothesis, we have 


by, bR - Vo, 
so that our matrix element is 
(Foy Ko )(Wo dR Voy ). 


It is instructive to compare this with that we should 
obtain for this matrix element in the conduction 
electron case. Here it is more reasonable to calculate dy 


1° EF. Abrahams (to be published) 

16 J. H. Van Vleck, Phys. Rev. 57, 426 (1940). 

174 similar cancellation does not occur for the conduction 
electron case because C_ and C, there have quite different angular 
dependences 
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by perturbation-theoretic methods, although this will 
tend to overestimate the matrix element somewhat. If 
we used perturbation theory for 6¥, we would have 


(Wo5Vpor) (Wo, BR-VVpo,) 
(Wo o,) ~ a a i ’ 
Eo, nei Eo Eos — Eo 


where we have applied the deformable potential idea 
of Bloch to obtain a very rough estimate. Thus, for the 
conduction electron we have 


(Eo,— Eo ) (Wo_,d~+) = (Wo OR -VVo,). 


This estimate of the matrix element leads to order of 
magnitude agreement with experiment'* and _ corre- 
sponds to a relaxation time Ty~10~* sec at helium 
temperatures for the conduction electron resonance. 
The ratio of the bound electron matrix element to the 
conduction electron matrix element is ~hwo/ev~10~, 
so that even increasing the bound electron matrix 
element by a factor of 10 leads us to a relaxation time 
of at least 1000 sec. The estimate does not include an 
additional effect which acts to increase the time by a 
factor of ~30; this comes from the difference in the 
effective density of states for the two cases, and has 
its origin in the fact that only one phonon can con- 
tribute to the bound electron case. Thus, the mechanism 
is clearly ineffective. The physical origin of the disparity 
between the conduction electron matrix element and 
the bound-electron term lies in the fact that the matrix 
element can only be appreciable when there are con- 
siderable variations in the effective potential acting on 
the electron within a given unit cell. This may occur 
for the conduction electron. However, because the 
bound electron responds so nearly adiabatically, effects 
of this sort are enormously reduced by about the 
order of magnitude discussed. 


(3) Modulation of the Hyperfine Coupling with Si*® 
Nuclei by Lattice Vibrations 


The modulation by lattice vibrations of the hyperfine 


interaction between the impurity electron and the Si* 
nuclei in the sample (natural abundance 4.68%) can 
also lead to spin-lattice relaxation of the electron spin- 


flip-only type.'* The matrix element for the interaction 


TABLE II. (7s;\/7x) for impurity states in silicon. The values for 
the lattice sum, ‘S*(ko), are estimated from the work of Kohn.” 


Impurity 1y (0) {2 $4 (ko) Tsi/Tx 


4.7 10”! 0.1 
10 107! 150 
12 107 1000 
10 10! 2000 
10 10? $20 


0.055 K 105 
0.44 10% 
1.80 10% 
1.20 10" 
1.20 10% 


NR NR NW NO bh 


‘We should like to thank Dr. George Feher for suggesting 
that this mechanism might be important. 
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with a Si® atom on the ith lattice site may be written as 
y 
6A ;=7:A ,A(0)/2. 


5A, is the change in the hyperfine interaction of the 
electron with the ith Si atom as a consequency of the 
dilation A and y; is the appropriate multiplicative 
factor. We have 


329 
: 3 ly(rs) | *Usite 


32r/ 1 —2r; 
ro a 
3 \wa® a* 


where 7; is the distance of the ith Si atom from the 
impurity nucleus. Again neglecting the change in 
| ¢(0)|? with dilation, we find 


A,= 


yi 2r,/(a*)?—3/a* \da*/dd. 

We neglect 2r;/(a*)? with respect to 3/a*, an approxi- 
mation which will lead us to overestimate y, for all 
the lattice sites of interest (where 27 ;/a*>>3, A, is so far 
reduced as to be essentially ineffective). We then have 
vi=vy, i.e., the multiplicative factor is just what we 
found for the change in the electron-impurity hyperfine 
interaction with dilation. One may then easily show 
that the ratio of the relaxation time for the process we 
are considering, 7'si, to 7x for a given impurity nucleus, 
is 


Tsi/Tx a [27 g*|y(0) bs Vises? i W(r;) |, 


where / and g are the spin and g value for the impurity 
nucleus, and f is the fraction of Si” atoms in the 
sample (4.68% natural abundance). 

Kohn" has calculated >°;|¥(r,)| for various im- 
purity atoms in Si. He finds that it may be well approxi 
mated by 

> V(r.) = (1/36) [$4 (Ro) |, 
where represents the extent to which the Bloch 
function is pulled in at the center of each silicon cell, 
and is ~200,!° while S4(ko) is a lattice sum which 
depends on the exact position, ko, of the six energy 
minima in silicon. 

In Table II we list estimated values of S4(ko), and 
the ratio of T's; to Tx for various impurity centers. We 
see that 7's; is faster than Ty for Li, but that it is con 
siderably slower for the other impurity centers. There 
is some uncertainty in this calculation, because we do 
not yet know with certainty the value of ko. However, 
even if we take the maximum values for S*(ko) which 
Kohn calculates (a factor of four higher than the 
quoted values, found for ko=0), we still do not find 
that 7's; competes with Ty for P, As, or Sb. 


# W. Kohn, Phys. Rev. 105, 509 (1957) 
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(4) Modulation of the Exchange Coupling between 
Neighboring Impurities 


The hyperfine relaxation mechanism may well be the 
most effective one in extremely pure samples for all but 
Li-doped samples. However, the great reduction in 
relaxation times (from a few seconds to ~10~° sec) 
observed by Feher ef al. as the impurity concentration 
is increased from 10" to 4X10" in P-doped silicon 
clearly cannot be explained on this mechanism. Because 
of the strong concentration dependence, we decided to 
investigate whether the fast relaxation time could be 
associated with the presence of a cluster of impurity 
atoms. We first consider the mutual flip of fwo impurity 
centers in which a net transfer of energy to or from the 
lattice results. This transition comes from a modulation 
of the exchange coupling between the two impurity 
electrons. 

The calculation may be 
analogous fashion to that for the hyperfine interaction 
If the exchange interaction is JS,-S», the matrix 
element for spin flip is given by 


carried out in directly 


b6J =3CJA(0), (14) 


where C is a suitable multiplicative factor. The transi 


tion rate is 


1 2 dk 
f 5(hsk — hw) | (mp,6 ney1) |?, 
r+ (2m)* 


(15) 


where w is the difference in hyperfine splitting frequency 
for the two electrons. We find for the relaxation time, 


Toxch = 8arh?s*p/ (u*kT CJ"), (16) 


and the ratio of Texch and 7’y may be written as 


Tx / T exch = C*S*w*/ (y?A a9") (17) 


J will be proportional to exp(—2r/a*), where r is the 
distance between the impurities and a* is the “dielectri 


Bohr radius.’’ We have 
1dJ ad d 2r 2rf1 da* 
InJ ( ) 
Td& dd dAa* a*\a* da 


By way of comparison, we know that A&const/(a*)? 


(from the F function of Kohn and Luttinger) and 


1 dA 3 da* 


A dA a* dA 


Hence C/y2r/3a* and 


Tx (— ¢ y(c 
T i ot, A =J 


But w= A/h, so that we finally obtain 


7 X/ Tac : 


(2r/3a*)*(J /ftary)?. 
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For a concentration of 3X10'* impurity atoms per 
cc, we estimate r, the most likely nearest neighboring 
spacing, as ~87 A, for which value the exchange in- 
tegral J is ~0.88 gauss. Hence for an applied field of 
3000 gauss, we have Tsxen~4 X 10°7T x. For a concentra- 
tion of 10'’ impurity atoms/cc, we find Texey~225T x. 


Hence we may rule out this mechanism. 


(5) Exchange Scattering 


In the case that there are electrons in the conduction 
band, we may encounter additional relaxation mecha- 
nisms for the bound electron. Two such mechanisms are 
the magnetic interaction of the bound spin with that 
of a conduction electron and the bound spin with the 
field of the moving change of a conduction electron. The 
calculation of these processes is given in the forth- 
coming paper by Abrahams.'* 

Another process that may occur when conduction 
electrons are present is the exchange scattering in 
which the impurity and conduction electrons change 
places. The conduction electron then relaxes presum 
ably via a spin-orbit mechanism which could be fairly 
rapid 

The analysis of the exchange scattering is inter- 
esting, representing another case of coupled spins. We 
define the following quantities: n,, n number of 
conduction electrons with spins up and down, respec 
tively; N,, N.=number of impurity electrons with 
spins up and down. Then we can write differential 
equations for N, and n, as functions of time: 


dN ,/dt=(N_n,—N,n_)U (19a) 


and 


dn, /dt (19b) 


(Nin V JU { (W jon W o1n,.). 


The quantity U is a probability of transition by 
exchange. The first equation represents the fact that 
mutual flips are required for an exchange process to 
change the impurity atom spin population. In the 
second equation the quantities Wy, and W2, are prob- 
abilities of the conduction electron undergoing a spin 


flip due to a relaxation process. Wij. and W. differ 
slightly since at thermal equilibrium n_#n,. These 
equations can be solved readily. In particular, if we 
define the quantities x and y which characterize the 


population difference in + and states by N, 


1N(1+-x) and n,=4n(1+y), we have two equations 
for x and y 
(20a) 


dx/dt=nU (y—x) 


and 


dy/di= NU (x—y)+W-—W'y, (20b) 


where W W yo —- Way and Wt=Wy24+Wa. By noting 
the form of the differential equation for dy/dt, we see 
that 1/W* is the spin-lattice relaxation time for con- 
duction electrons alone. Moreover, if the exchange 
term were missing, we see that in the steady state, 
y=W-/W*. Therefore W~/W* must represent the 
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thermal equilibrium value of y, the fractional spin 
excess in the lower state. The steady state solution of 
the pair of equations is x=y, y=>W~/Wt. In other 
words, both spin distributions for impurity and for 
bound electron are in thermal equilibrium. 

If the spins are disturbed from thermal equilibrium, 
they will return, the rate of return being described by 
two characteristics times or their inverse, the relaxation 
rates. The relaxation rates are given by 


4 N Wt N Wt 2 4Wty 

( 1 +1) +] ( t 1) - | (21) 
nU n nU n nU nU 
The slower rate, which will control the relaxation, is 
approximately W+/[1+(N/n)+(W*/nU) | and hence 
is always slower than Wt alone. We see that if W* is 
very large, so that the conduction electrons are in 
thermal equilibrium, our rate becomes nl’, which is 
essentially the rate at which an impurity atom ex- 
periences collisions. We can estimate this time because 
4U =aV, where a is the cross section for spin exchange, 
and V the velocity of conduction electrons. The cross 
section can be estimated from the approximate formula 
for exchange scattering of electrons from hydrogen”: 
ao = 1441h'/m’e*. The cross section in silicon can then be 
computed by assuming a dielectric constant, giving 
o=3X10-" cm?. If we take V as 10° cm/sec, U=6 
10~*/sec, and nU =6X10~*n. For n= 10° this gives 
a relaxation rate of 6 10?/sec (or a time of 1.6K 10~* 
sec) provided the relaxation rate of conduction electrons 
is sufficiently rapid. Actually, however, it would be 
very difficult to achieve this situation because this 
requires Wt>NU. For 10'* impurity atoms/cm*® we 
required W* large compared to 6X 10°-®X 10'°=6X 10". 
At room temperatures W* is probably only 10°, and 
at He temperatures it is considerably less, so that we 
find that our relaxation rate is given approximately by 
Wtn/N. That is, the conduction electrons are so few 
that they gain energy from exchange collisions faster 
than they can give it up. In the helium range the con- 
duction electron line width reported by Portis et al.?! 
is about 2 gauss, indicating a relaxation rate of 
4X 10'/sec for Wt. Hence, if n/N=10~-" we would 
have a relaxation time of about 400 minutes. Such large 
values of m/N are unlikely as a result of thermal 
ionization in the low-temperature range, although pre- 
sumably at 20°K or above the excitation could readily 


occur. 


IV. DISCUSSION OF RESULTS AND COMPARISON 
WITH EXPERIMENT 
Although in the preceding section we have estimated 
the various relaxation times in somewhat cavalier 
fashion, our results should be useful as an indication of 
what relaxation mechanisms are likely to be most 
effective in very pure samples. They should also provide 
* J. R. Oppenheimer, Phys. Rev. 32, 361 (1928). 
* Portis, Kip, Kittel, and Brattain, Phys. Rev. 90, 988 (1953). 
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a qualitative estimate of the relaxation times one 
expects to encounter in such pure samples. In what 
follows, we shall define a pure sample as one in which 
concentration-dependent mechanisms are unimportant. 
This is a convenient definition because thus far we have 
to invent an efficient concentration 


not been able 


dependent relaxation mechanism. We shall consider 


below whether experiments on “‘pure’’ samples (by the 
above definition) has thus far been carried out. 

Our principle conclusion is that in ‘‘pure” samples at 
helium temperatures the relaxation times are all very 
long. We find that 7's is shorter than 7x for Li-doped 
samples, but even here 7's is 3.6410° minutes at 
1.2°K and 9000 Mc/sec. For P-, As-, and Sb-doped 
samples we find that Ty should be faster than 7's, so 
that nuclear polarization via the first or second transient 
effects we have discussed above should occur for suf 
ficiently pure samples. Furthermore, the purity required 
for As or Sb samples will be less than that required for 
a P-doped sample, since the 7y for the foregoing 
samples is an order of magnitude faster. 

Abragam and Combrisson’ and Feher® have recently 
verified the foregoing theoretical predictions for As 
doped silicon. Abragam and Combrisson worked with 
a sample with a concentration of ~10'7 As atoms/cc, 
They observed the first transient effect described above. 
By measuring the relative rate at which the extreme 
and median lines of the hyperfine multiplet grow, they 
found a ratio of 7y/7s5= 4. By measuring the growth 
of an extreme line with time, they obtain 7s~20 min, 
so that 7, was ~10 min in their sample. Our theo 
retical prediction (for their experimental arrangement 
of 9000 M« K) is 7’, = 34 min. Feher worked 
with a sample containing 3.5 10'® As atoms/cc. He 
used a technique similar to that of Abragam and 
Combrisson. At 1.2° K 9000 Me/sec, he finds 
(Tx/Ts)=4, T7'3=80 min and 7y=40 min, while our 
predicted value of 7'x is In view of our rough 
estimate of y, we regard the agreement between the 


sec and 2 


and 
56 min 
theoretical and experimental values of y as quite 
satisfac tory. 

The situation with regard to 7's is somewhat puzzling. 
The value found by Abragam and Combrisson of 20 
min is considerably less than any 7's we have calculated 
thus far. Furthermore, they do not find a quadratic 
field dependence for 7's, as one would expect for any 
first order phonon-induced transition. Instead they 
find that 7's is independent of field between 1000 and 
10 000 gauss. Furthermore, they find for 75 a tempera 
ture variation much stronger than 1/7; 7's is ~1 min 
at 4° K and ~1 sec at 8° K. We are inclined to believe 
that this rapid temperature variation and lack of field 
dependence is produced by a concentration-dependent 
mechanism whose origin is at present uncertain, rather 
than to any of the mechanisms discussed in this paper. 

We are in part led to this conclusion by Feher’s 
‘There purest 


results with P-doped 5i even in the 


samples he has investigated (2.5X10'® P atoms/cc), 
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Tx appears to be slow compared to 7's. Further, 7's is 
of the order of minutes at 1.2° K and varies much more 
rapidly with temperature than a 1/7 law. And, as we 
have mentioned, 7's is strongly concentration-depend 
ent, when the P concentration is increased above this 


classify even 2.5 10!®/c« 


value. Thus we would 
P-doped silicon as “impure” in the sense of our dis 
cussion above. 

Finally we 
experiments may be explained by the exe hange scal 


that we the 


might mention that certain of Feher’s 


tering with free electrons discussed in 
preceding section. Feher finds that shining light on a 
sample acts to reduce the relaxation time markedly. 
For instance, he finds that shining light on a P-doped 


sample (2.5 10!'*®/cc) at 4° K 
Such 


reduces the relaxation 
a reduction would be 


2.5X 108 


time from 20 to 2.6 se 


accomplished provided the light produced 
conduction electrons, a not unreasonable assumption 

The this 
while all were at 
Illinois. One of us (D.P.) has continued work on 
problem while a summer visitor at Bell 
Hill, New Jersey; his 
carried out there was notably aided by the stimulating 
atmosphere provided by the staff and management. We 
should like to acknowledge with pleasure helpful con 
with Dr. I 
eher, Dr. R 


was begun 


described in paper 


the 


research 
University of 
the 


three authors 
Lele phone 


Laboratories, Murray work 


these and related 
Anderson, Dr. G 
Kohn 


versations on topi 5 


Abrahams, Dr. P. W 
(. Fletcher, and Dr. W 


APPENDIX 


an explanation of Honig’s* 
Although the 
original experimental interpretation has proved incor 
rect, the whether Kaplan’ 
theory might not apply to some cases. We wish to 
to Kaplan’ proposal 


Kaplan‘ has 


postulated 100% 


proposed 
nuclear polarization 


question till remain 


discuss brietly some objec tion 


The usual difficulty in aligning by application 


pin 
of an alternating magnetic field as a spin pump is that 
in both directions. ‘There 
Kaplan does not 


thus we are led to 


the field induces transition 


is no preferred sense of spin flip 


discuss reverse transitions, and 


conclude that the polarization results from a unidire¢ 


tional flipping mechanism. The physical basis seems to 


be that the nuclear transition removes the paramag 


netic center from resonance so that no reverse transi 


that 


We 


error for the following 


tion occurs. It was this unidirectional feature 


originally bothered us most about Kaplan’s theory 


believe that his proposal is in 


reason 


Kaplan gives two justifications of his formula——-one 


semiclassical, the other quantum-mechanical. In the 
former he solves the hyperfine interaction to first ordet 


interaction. He 


neglecting the x-y components of the 


2 (4. Feher dR letcl ill, Am. Ph oc. Ser. II, 1 
12 1956 
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then considers that as a result of the electron spin flips, 
the x-y components behave randomly, possessing fre- 
quency components which induce nuclear transitions. 
We believe that the basic error in this approach is to 
consider the x-y coupling to be random. One can solve 
the hyperfine interaction exactly. In fact, inclusion of 
the x-y terms produces energy shifts which are much 
bigger than the line widths or alternating fields. One 
might say that coherent effects dominate. There is no 


transverse field “left over’ to fluctuate 


The quantum-mechanical treatment is a second 


order perturbation theory modified to include the 
effect of electron We point out to 
begin with that the calculation is second order simply 
solve the 


spin transitions 


because the first-order solution does not 
hyperfine problem exactly. If one starts with the exact 
solution of the hyperfine problem, one has matrix 
elements of the alternating field between Kaplan’s 
initial and final states. Of course, the energy difference 
is wrong, and one gets transitions only if the level 
widths are wide enough to satisfy the energy conser 
vation. Clearly such a process is not unidirectional 
because the matrix elements are Hermitian. 

Kaplan’s calculation is not quite equivalent to this, 
however, because he modifies the second-order per 
turbation theory to include the effect of induced elec- 
tron His 


assumed time dependence of the probability amplitude, 


transitions. modification consists of an 


a,, of the initial state. Ordinarily one assumes that 
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a,=1. Following Weisskopf and Wigner, Kaplan 
assumes an exponential time dependence, the decay 
being 7,;°' in Kaplan’s notation, the inverse of the 
electron transition probability in the alternating field. 
We feel this approach is incorrect, because once again 
it overlooks other effects which surely dominate. To 
compute 7,;°', Kaplan assumes a level broadening 
characterized by a 7». As he points out, we do not wish 
to include static broadening in T2, but only the natural 
breadth of an individual impurity level. He attributes 
the breadth to spin coupling with other impurities. In 
order to avoid the complication of including two im- 
purity atoms, let us assume instead that the natural 
breadth is due to electron spin-lattice relaxation. Then 
we see two effects result. In the first place, the energy 
denominators are no longer so sharply resonant. In the 
second place, the lifetime of the initial state is not 7',4°! 
but 7, presumed shorter. If 7; is not shorter, we cannot 
assume an exponential decay of a; since the microwave 
field will carry the electron back and forth up and 
down as in a molecular beam experiment. If we do not 
assume that 7\= 7», similar considerations apply. 

We believe, therefore, that the correct method of 
computing the transition rate involves first order per- 
turbation between the exact states of the hyperfine 
interaction. The transition probability becomes very 
small since it is nonresonant, and moreover the transi- 
tions are no longer unidirectional. No large polarization 
results. 
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Observations of double-quantum transitions in the nuclear magnetic resonance 


reporte d 


rhe presence of spin-spin interaction causes the double-quantum lines 
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spectra of liquids are 


to form multiplets. A 


theoretical explanation of the multiplet structure is given 


M ULTIPLE-QUANTUM. transitions have previ 
ously been observed in atomic and molecular 
beams.!? We report here the observation of double 
quantum transitions in the nuclear magnetic resonance 
spectra of liquids.4 

In Fig. 1 typical proton resonance spectra of ethyl 
alcohol are given. The top trace was made at a low 
radio-frequency level, and shows the well-known alcohol 
Spec trum.*®:4 The triplet is due to the CH, protons, the 
quadruplet to the CH» protons, and the single line to 
the OH proton. The second trace in Fig. 1 was made at 
3.4 10~% 


oersted), with all other conditions remaining the same. 


a much higher radio-frequency level (//; 


Double-quantum transitions now show up as a sharp 
quadruplet midway between the much broadened CH, 
and CH, lines. The spacing of the components of this 
quadruplet is half the spacing of the components of the 
low-field CH; and CH 
traces it should be borne in mind that at high power 


multiplets. In interpreting the 


levels the amplitude of the absorption mode is much 
smaller than the amplitude of the dispersion mode.® 
A small admixture of dispersion mode to the absorption 
mode could not be avoided experimentally, and seri 
ously modified the shape of the observed resonance. 
6X10 


oersted, and shows broadening of the double-quantum 


The third trace in Fig. 1 was made ina field //, 


quadruplet. Because of fast chemical exchange of the 
OH proton, no double-quantum lines appear between 
the CH» and OH resonances 

Double-quantum transitions have also been studied 
in the spectrum 1,1,2 trichloroethane, the low-power 
spectrum of which consists of a doublet and a triplet 
In this case the double-quantum lines were found to 
form a doublet, the components of which have equal 
intensity and have a spacing half that of the low-level 


multiplets. 


* Louis Lipsky Fellow 1956-1957 
Cagnac, and Kastler, J 
P. Kusch, Phys. Rev. 93, 1022 (1954 

* Multiple quantum transitions of a different kind have been 
reported by V. Hughes and L Phys. Rev. 79, 314 
1950); 79, 829 (1950); 82, 561 (1951 

t Note added in proof.—The possibility of 
such transitions has been suggested by V. W. Hughes and J. S 
Geiger, Phys. Rev. 99, 1842 (1955). Their observation has recently 
heen reported by W. Anderson, Phys. Rev. 104, 850 (1956) 

+ J. Arnold, Phys. Rev. 102, 136 (1956 

‘ The alcohol was made slightly basic by the addition of KOH, 
so that fast chemical exchange of the OH group averages the 
spin-spin interaction between the CH, and the OH protons to zero 

»F. Bloch, Phys. Rev. 70, 460 (1946 


! Brossel phys. radium 15, 6 (1954 


Grabner, 


the occurrence of 


rhe theory for multiple-quantum transitions appli 
cable to atomic beams has been given by a number of 


( 


authors For the case treated here, where a steady 


State solution is required, the theory is based on the 
averaged density matrix equation as developed by 
Bloch.’ 
different relaxation quantities I',, 
> pl 


slon h 


To simplify the mathematical treatment the 
? introduced by Bloch 
are assumed equal, and I',, ? is taken to be zero 


rhis simplifies Eq. (2.44) of paper’ to 


if{Lexp(—hg/kT) —exp' 


where 


and the other notations are as given in Bloch’s paper.’ 
This 
previously derived by Karplus and Schwinger 


equation is only slightly different from one 


We shall treat the case of three energy levels with 


nearly equal spacing. We assume equal transition 


no allowed 


‘| he 


probabilities between adjacent levels, but 


direct transition between the extreme levels 
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Fic. 2. Theoretical absorption spectra for a three-level system 
Phe curves were computed from Eq. (2), taking y=1 0.01 
rhe strength of the radio-frequency field 11, increases from top 
to bottom and is indicated by the parameter e= (y//,)/(2éw 


rhe abscissa is the quantity 6 defined in Eq. (5) 


( rbw) 


assumption of nearly equal spacing allows us to take 
the difference of the Boltzmann factors on the right 
side of Eq. (1) for adjacent levels as equal. It is then 
found that this term will only appear as a multiplying 
factor in the calculated magnetization. The result of 
the calculation is given in the Appendix, and can be 


expressed in terms of the dimensionless parameters 


yH1,/éw and réw, where y is the gyromagnetic ratio, 7, 
the amplitude of the rf field, and 6w the frequency 
difference of the two lines corresponding to the allowed 
transitions. The numerical evaluation for a number of 
values of these parameters was carried out on the 
this Institute. Some of the 
2, which gives the calculated 


vil, bw 


electronic computer of 
results are plotted in Fig 
ab orption for different values of and for 
TOU 100 

In order to apply the theory to actual cases, In which 
causes multiplet structure, 


the spin-spin interaction 


we have assumed that there will always be a double 
quantum transition associated with any three energy 
levels which are connected in the manner assumed for 
‘| he 


number of lines and their relative intensities in alcohol 


our theoretical calculation. calculation of the 
is then made by assuming that the off-diagonal elements 
of the spin-spin interaction can be ignored.’ All allowed 
transitions will then have equal intensities. A simple 
counting of all possible three level combinations gives 
four double-quantum lines with relative intensities of 
1:4:4:1. These lines will occur halfway between all 
combinations of a triplet and a quadruplet line except 
for the two combinations of an inside with an outside 
line 


The 


trichloroethane is explained in a similar way. 


double-quantum doublet observed in 1,1,2 


Ajo 
t Pos" “ 


1+4a Im(A jo+A 93) +1207 [mA 12 [mA 23 


AND S&S. 


Aas | OaA 93 ImA i2t 6aA 12 [mA 93 


MEIBOOM 


In the lower two traces of Fig. 1 can also be seen 
evidence of triple-quantum multiplets, at positions one 
third and two thirds the distance between the single- 
quantum multiplets. A simple theoretical interpretation 
of these multiplets, similar to the interpretation for the 
double-quantum transitions, gives for the left multiplet 
a ratio of intensities of 1: 2:1 and for the right multiplet 
1:1:1:1, The spacings of the left and right multiplets 
are 4 and 4, respectively, of the spacing of the single 
quantum multiplets. Although the amplitude of the 
multiplets was hardly above the noise level, comparison 
of a large number of traces seems to bear out this result. 

It is thought that the interpretation of complex 
multiplet structure may be facilitated by finding the 
double-quantum transitions. The occurrence or non- 
occurrence of a particular double-quantum transition 
could possibly distinguish between two interpretations 
of a spectrum. 
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APPENDIX 


We assume three energy levels with nearly equally 
spaced adjacent levels. The matrix elements of the 
time dependent perturbation £, are defined by taking 

(1| £,| 2) 


(2 FE, | 3) yH; coswl 


and 


A solution of Eq. (1) is assumed of the form 


(|x| j) = Rist Piste + Pye +S jte- tS, et, 


where the Hermitian character of the Hamiltonian 


requires that 


Pijt=(P5-)* and 

The resonance frequencies are designated as w 2 and 
wes Where (w12/w23)>1. For this choice the contributing 
terms to our solution are Ri, Roe, Rs3, Pist, Post, Sist, 
and their complex conjugates. The expectation value 
of the x-component of the magnetization, defined as 


M,=>.(i| M.x\i) 
is then given by 
M ,=|Re(Pi2t+ P23*) | cosat+-[|Im(Pi2++ P23*) | sinwt. 


The absorption is proportional to the component of the 
signal out of phase with the radio-frequency field and 
is thus proportional to the imaginary part of 


4{ 1 + 3a Im(A y2+A 23) |Bis 
, (2) 
12a? ImBy3 Im(A jo +A 3) —4a [mB yy 





QUANTUM 


where 

Ay.=e{ (1—8) —ty |D, 

Aos= | —B— ty ID, 

Bi3= &{ (1—28)—iy }'D, 
D={{ (1—8)—iy][-B 


| (1— 28) 
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Schawlow and Townes have made a theoretical calculation of 
the perturbing effect of the finite size of the nucleus on the 
Ly-Lyn x-ray doublet splitting in heavy elements. Combined 
with approximate calculations by Christy and Keller of the un 
perturbed splitting for the case of a point nucleus, comparison of 
this theory with such experimental values of the splitting as were 
then available led to an anomalously large value of nuclear radius, 
R=r A! with ro>=2.1%10™ cm. Schawlow and 
the suggestion to account for this that quantum electrodynamic 
effects probably modify the fine structure in much the same way 


Townes offered 


as an oversize nucleus. The present investigation was undertaken 
to improve on the precision of the x-ray measurements yielding 
the Zyj;-Li fine structure splitting and to incorporate into a new 
comparison between theory and experiment the recent vacuum 
polarization correction of Wichmann and Kroll, The 
ments of the Li—Liy, splitting for W, Pt, Bi, Th, U 
based on two-crystal spectrometer determinations of the Bragg 


measure 


, and Pu are 


I. INTRODUCTION 


HE recent experiments in high-energy electron 
scattering! and mesonic x-rays’ have indicated 
that the nuclear charge distribution probably consists 
of a central region of uniform density with an extended 
“tail” at the periphery of the latter and with a root- 


mean-square radius of R=r9A', where A is the atomic 


mass number and r21.2K10-"% cm.’ Cooper and 
Henley‘ and Ford and Hill® have compared these and 
other methods yielding information on the nuclear 
charge distribution and find, with one exception, that 
the results of the various experiments are consistent 
with this value of 1, 


* Work supported by the U. S. Atomic Energy Commission 


t Based on a Ph.D. thesis submitted by R. L. Shacklett, Cali 
fornia Institute of Technology, 1956 (unpublished). 

t Present address: Department of Physics, Fresno State College, 
Fresno, California 

1 Hofstadter, Hahn, Knudsen, and McIntyre, Phys 
512 (1954). 

2V.L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953) 

3 Hill, Freeman, and Ford, Phys. Rev. 99, 649(A) (1955) 

*L. N. Cooper and E. M. Henley, Phys. Rev. 92, 801 (1953). 

5K. W. Ford and D. L. Hill, Phys. Rev. 94, 1630 (1954) 
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angles of the Lag and LA; x-ray lines of these elements Pechnique 


of measurement and corrections for vertical divergence and crystal 


diffraction pattern asymmetry leading to a relative precision 


(relative standard deviation) in the splitting of about 50 parts 


per million are described. A comparison is made with the data 


used by Schawlow and Townes, and a discrepancy 


which may ace 
them A col 


theoretical to the present experimental values of th 


several earlier wavelength values 
the large value of ro obtained by 
plitting 
assuming no quantum electrodynamik 
To ] OS & 10-4 Whe n 


polarization and a nuclear radius of r l 


ellect icids a value of 


corrections are made tor 


x 10 ( 


cm. vacuum 
1 compari 
son with experiment shows that a di crepan re tl which i 
The ign 
that the re 


imb 


then used to evaluate an empirical correction term 
magnitude, and Z dependence of this term iggest 
from the I 


maining discrepancy might 


shift effect 


arise principally 


rhis exception is the value of ro obtained by Schaw 
Using the method of Bros A,’ 
have calculated the 


low and ‘Townes.® they 


change in the electroni 


nuclear 


energy 
levels due to finite size. A correction term for 
the 2p,—2p4 (Lir-Lin) fine structure splitting was 
evaluated and added to the splitting formula of Christy 
and Keller® which had been derived by assuming a 
the 
structure splitting (without the nuclear size correction) 
the 
Cauchois and Hulubei’ showed a systematic deviation 
which had 
order of magnitude predicted by the nuclear size effect 


point nucleus. A comparison of theoretical fine 


with measured values obtained from tables of 


for large atomic number a direction and 


theory. Under the assumption that the deviation was 


due entirely to the finite nuclear size, Schawlow and 
6A. L. Schawlow and C. H. Townes, Phy Rev. 100, 1273 
(1955). We wish to thank the authors of this paper for providing 
j 


us with a copy of the unpublished manuscript 


which formed a 
basis for planning portions of the present measurement 
7. K. Broch, Arch. Math. Naturvindenskab 48, 2 ) 
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Townes evaluated the nuclear size correction parameter 
by a least-squares fit of theoretical and experimental 
values and obtained a value of ro= (2.1+0.2) 10-4 cm. 

Inasmuch as the evidence in favor of the smaller 
value for ro (1.2% 10~" cm) is now very strong, it has 
been suggested®*” that quantum electrodynamic ef- 
fects such as vacuum polarization and the “Lamb 
shift” probably modify the fine structure splitting to 
such an extent that the correction in terms of a fictitious 
nuclear size requires an unusually large value of ro. The 
contribution of vacuum polarization to the Ly-Lin 
x-ray level splitting has been calculated recently by 
Wichmann and Kroll."' It is possible, therefore, to 
make a correction for this effect and for the effect of a 
nuclear radius with ro=1.2K10~-" cm. Any remaining 
discrepancy between theoretical and measured values 
of the Ly-Lyy splitting could therefore be attributed 
to Lamb shift effects and possibly small residual errors 
in the point-nucleus expression of Christy and Keller. 

The existing x-ray data used by Schawlow and 
Townes evidently contain random errors of about 
0.05% as indicated by Fig. 5 of their paper. It is clear 
that an increase in precision of the x-ray measurements 
by a factor of ten would make possible more definitive 
conclusions based on the fine structure anomaly. At the 
suggestion of C. H. Townes, the present investigation 
was undertaken to improve on the precision of the x-ray 
data entering into the Schawlow-Townes theory. 

The Ly-Lin energy level difference can be measured 
in several different ways, each having its own set of 
experimental difficulties. A direct determination of the 
energies of the two levels can be made by absorption 
edge measurements. This method is not suitable for 
high precision work, however, because of the uncer 
tainties in the exact position of the “edge’’ introduced 
by solid-state effects. The difference in energies of the 
two levels can be obtained from several pairs of x-ray 
lines. The Ka,;— Kaz doublet could be used, but the 
relatively large energy of these lines introduces several 
complications into an experiment; also the fact that 
these lines have a rather large energy width compared 
to L-series lines places limitations on their usefulness 
as a precision measure of the level splitting. Six different 
pairs of L-series lines might be used, but because fluo- 
rescent sources were employed intensity considerations 
were acutely important and hence only the 16,— Lay 
pair proved to be suitable for this type of work. 

Using two-crystal spectrometer techniques, we have 
made precision measurements of the Bragg angles of 
the LB; and Lay x-ray lines of the six heavy elements 
W, Pt, Bi, Th, U, and Pu. The values of the Ly-Lin 
fine structure splitting calculated from these data have 


‘ 


an accuracy of about 50 parts per million, roughly ten 
times the accuracy of previous measurements. A com- 
parison of the transition energies of the lines calculated 


” C. H. Townes, Phys. Rev. 94, 773 (1954 
EH. Wichmann and N. M. Kroll, Phys. Rev. 101, 843 (1956) 
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from the present data with those calculated from the 
tabulated wavelengths’ reveals a possible systemati: 
error in the earlier measurements of the La, wavelengths 
for several elements of high Z. This error is in such a 
direction as to yield a value of the fine structure split- 
ting for these elements which is too small. Thus the 
large value of ro obtained by Schawlow and Townes 
may be due partly to this supposed error, since the 
effect of finite nuclear size is to decrease the level 
splitting. 

The improved precision of the measurements makes 
it possible to evaluate an empirical correction term for 
the Lamb shift effect under the assumption that the 
point-nucleus expression contains no errors. Work is at 
present under way by S. Cohen to recalculate the 
Liu-Lin splitting to higher accuracy than was attained 


by Christy and Keller. 


Il. EXPERIMENTAL 
X-Ray Sources 


In view of the fact that commercial, sealed off x-ray 
tubes with targets of the requisite high atomic numbers 
are either difficult or impossible to obtain, it was de- 
cided to use the fluorescent-type source. It was felt 
that, for work of the high precision here required, de- 
mountable x-ray tube sources would hardly afford the 
requisite stability of intensity. In any case, plutonium 
could not have been made available to us for use as an 
x-ray tube target. In an experiment similar in several] 
respects to the present one, Rogosa and Schwarz” 
found that a fluorescent source gave sufficient intensity 
for precision measurements, and their success encour- 
aged us to try it. 

The six elements studied are all available in the 
metallic state and hence are easily mounted in the form 
of a flat strip or plate on an aluminum holder. The 
holder design is shown in Fig. 1 and has the feature that 
the fluorescent radiation can be seen both by the spec- 
trometer and by a monitoring Geiger counter positioned 
off to one side. The holder accommodates flat strips of 
about { in.X2} in. The plutonium source," 
because of its toxic properties, was 
between two aluminum protective plates. The top 
plate was provided with a window, covered with 6-mil 


metal 
“sandwiched” 


aluminum foil, whose opening was the size of the Pu 
strip. 

The exciting radiation was obtained from a Machlett 
type OEG-SOT high-intensity tungsten-target x-ray 
tube. The tube was positioned over the fluorescer so 
that the tube window was parallel and as close as 
practicable to it. X-ray tube power was obtained from 
a Phillips water-cooled diffraction unit with regulated 


primary voltage. 


2G. L. Rogosa and G. Schwarz, Phys. Rev. 92, 1434 (1953). 

'’ We wish to acknowledge the cooperation of Dr. Eric Jette at 
the Los Alamos Scientific Laboratories under whose direction this 
Pu sample was prepared. 





MEASUREMENT OF X 
As a precaution against errors arising from variations 
in intensity of the source during measurements on a 
spectral line, counts from the monitoring Geiger counter 
were fed into an electromechanical scaler which could 
be preset to any given total number of counts. The 
counting time interval was controlled by this scaler so 
that if the source intensity dropped or rose slightly 
during measurements at a particular spectrometer 
setting, the 
shortened to compensate for the change in intensity. 


time interval would be lengthened or 

The source, x-ray tube, and monitor with its shielding 
were mounted on a thick steel base plate and enclosed 
in a lead-lined box. The box was provided with adjust 
able vertical and horizontal slits immediately in front 
of the source holder. Pin-hole photographs of the 
fluorescer indicated that its intensity was essentially 


uniform in both the horizontal and vertical directions 


Spectrometer 


The two-crystal spectrometer used in these investiga 
tions was designed by one of us and is described in some 
detail elsewhere.“ Additional discussion related to the 
use of the instrument by W. J. West in a precision 
determination of the wavelength of the W Ka, line 
may be found in a paper published in 1949,'® Briefly, 
the instrument is provided with four independent mo 
tions of rotation actuated by worm wheel drives which 
permit [ (a) and (b) | 
tal tables to a few tenths of a second of arc, (c) angular 
setting of the instrument as a whole about an axis 
coincident with that of crystal A relative to the primary 


precision settings of the two « rys- 


x-ray beam, and (d) angular setting of the arm sup 


porting the x-ray detector about an axis coincident 
with that of crystal B. The worm gears on which the 
crystal tables are mounted have been specially lapped 
and optically calibrated by methods described in an 
earlier article." 

In the present investigation large calcite crystals 
(2% thick ) 
reflecting surfaces were ground, polished, and etched 


in. on a side, 1 in were employed whose 
according to the technique of Manning.!® The angular 
widths of the parallel-position rocking curves obtained 
with these crystals were found to increase approxi- 
mately linearly with wavelength and with a width at a 
given wavelength about 2 seconds of arc wider than 
predicted by the theory for perfect calcite crystals. 
Hence these crystals probably deviate slightly from 
perfection because of a residual] surface mosaic structure 
produced by grinding which possibly could have been 
removed by continued careful polishing and etching. 
However, it was thought best not to attempt to achieve 
a slight gain in resolving power with the attendant 
decrease in luminosity when the usefulness of the 


47. W. M. DuMond and D. Marlow, 
(1937). 

'® Watson, West, Lind, and DuMond, Phys. Rev. 75, 505 (1949) 

16K. V. Manning, Rev. Sci. Instr. 5, 316 (1934 


Rev. Sci. Instr. 8, 112 


RAY FINE STRUCTURE 


FROM 
X-RAY TUBE 
FLUORESCER 


f 


re 


The 


slanting surface so that the 


Ihe fluorescent source holder x-ray tube window 


Nic. 1 
is positioned just a few cm above the 
exciting radiation is essentially normal to the source plane 


crystals in precision wavelength determinations would 
not be materially improved 

The temperature of the spectrometer and crystals 
was maintained at a desired value to within about 
0.2°C by means of electrical room heaters controlled by 
a Fenwal Thermoswitch. An aluminum isothermal heat 
shield was placed over the crystals to prevent air cur 
rents from causing temperature changes in the grating 
constant of that part of the lattice in the reflecting 
surfaces. Windows in the heat shield covered with 4-mil 
Mylar allowed passage of the x-ray beam with negli 


gible loss due to absorption 


Detector 


The x-ray detector used in this work was a Nal 
scintillation crystal mounted in its holder on the face 
of a DuMont 6292 photomultiplier tube. The detector 
was fabricated by Robert Swank of the Argonne Na 
round, thin 


mounted in a 


tional Laboratories and consists of a 


(about 0.1 Nal 
holder having a beryllium window for the x-ray 


in.) wafer of which is 
, and a 
glass window for the light output. The tube and crystal 
were enclosed inside a brass cylindrical housing pro 
vided with a light-tight paper window for the x-rays 
On this same housing was mounted the detector slit 
system consisting of a pair of horizontal and vertical 
slits defining a rectangular aperture about % in. wide 
by 4 in. high. The slit sizes were changed for different 
x-ray lines depending on the Bragg angle and the usable 
height of the source. The whole assembly was mounted 
on the detector support arm of the spectrometer which 
also held a preamplifier for the photomultiplier tube 
output. 

Conventional electronics was used in the remainder 
of the detecting system: a linear amplifier, a pulse 
height analyzer, and a scaler. The pulse-height analyzer 
was used to eliminate background arising from photo 
tube and amplifier noise and from cosmic rays. With no 
special techniques being used, it was possible to detect 
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Tansre I. Results of Mo Ka; Bragg angle measurements, 
uncorrected for vertical divergence. 


Worm 
wheel Pemperature 
correction correction 
180” +26 Me UT 


193° 25’ 14.9” 4.3” 6" 
193° 25’ 14.5” 4.3” 7 

193° 25’ 17.1” 5.0” 6” 
193° 25’ 17.0” 5.0” 7 
195° 25’ 19.1” 8.0” » ig 


Bragg angle 
4 


° 42’ 36.9” 
° 42' 36.8” 
rie 29.8" 
rie of.3 
as si” 


x-rays of energy as low as about 8 kev with a minimum 
of background 


Procedure 


Inasmuch as the calibration of the two precision 
worm wheels which drive the crystals had not been 
checked for several years, it was decided to make a 
preliminary measurement of the Bragg angle of the 
Mo Kay, x-ray line. This particular line has been meas- 
ured by many investigators, and its wavelength is 
essentially a standard for the x-ray scale. The Bragg 
angle for calcite has been measured by Compton!’ 
using two-crystal spectrometer techniques; when the 
vertical divergence correction of Williams'® is applied, 
the resultant Bragg angle as obtained by Compton is 


0=6° 42’ 35.9,” (at 18°C) (J 


By making measurements of this angle in several 
different portions of the worm wheel of crystal B, the 
accuracy of calibration could be checked as well as the 
grating space of the calcite used in the present work. 

Using a fluorescent Mo source, five independent sets 
of measurements of the Bragg angle were made, each 
measurement consisting in the complete delineation of 
a parallel (1, —1) and antiparallel (1,1) curve. The 
angular displacement between the centers of the two 
curves is equal to 180°+-20, where @ is the Bragg angle 
uncorrected for worm-wheel errors, vertical divergence, 
and temperature. In some of the measurements the 
beam was deviated to the left by crystal A, and in 
others to the right. We shall denote runs of the former 
type by the letter Z and runs of the latter type by the 
letter R. Subscripts appended to these letters dis 
tinguish the three different portions of the worm wheel 
of crystal B that were used. 

The results of the preliminary measurements on 
Mo Ka, are shown in Table 1. The worm-wheel readings 
required correction for worm-wheel errors. These were 
taken from the calibration curves which had been 
prepared by optical tests when the instrument was first 
constructed.'* The worm-wheel correction, 4@,, is equal 
to the difference between the parallel position correction 
and the antiparallel position correction; the sign is 
determined by whether the antiparallel angle is sub- 
tracted from the parallel angle to determine 180°+-26 


17 A. H. Compton, Rev. Sci. Instr. 2, 365 (1931) 
1® |] H. Williams, Phys. Rev. 40, 636 (1932) 
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or vice versa. The correction A@,, is added to 180°+26 
while the temperature correction,'’ A@,, is added to 0. 
The vertical divergence correction is the same for all 
runs and amounts to 1.4 seconds as computed from 
Williams’ formula!*: 


h?y+h? 
Ad, = (- ) tan, (2) 
241? 


where h, and h, are the heights of the two slits limiting 
the angle of vertical divergence of the beam and L is 
the distance between them. The mean value of the five 
measurements with its standard deviation is 


6=6° 42’ 35.940.2”. 


The remarkable agreement between this and Compton’s 
value of @ [ Eq. (1) ] may be somewhat fortuitous, but 
it indicates that the crystals, worm-wheel calibration, 
and techniques do not give rise to large systematic 
errors and are probably reliable for precision wave- 
length measurements. 

In the case of the L-line investigations, four inde- 
pendent determinations of the Bragg angles of the 
LB, and Laz lines were made for each of the six elements 
by using two different regions of the crystal B worm 
wheel. Measurements were made in the usual way by 
advancing the spectrometer one or two seconds of ar« 
at a time over the parallel curve and five or ten seconds 
at a time over the antiparallel curve. At each setting, 
the x-ray intensity would be determined by accumulat- 
ing counts over a sufficient time interval to obtain good 
counting statistics. The time interval, of course, was 
essentially the same" for all the points on a given curve. 

For all the Lae lines and for the Pu Lp; line, the 
intensity was too low to get the desired number of 
counts at the peak (about 8000) in just one run over 
the line. Therefore two and sometimes three runs were 
necessary in order to make the time per run of reason- 
able length. For example, a total of twelve hours were 
required for the three runs over the Pu Lag line. The 
temperature was maintained at a constant value to 
within one or two tenths of a degree during the course 
of a series of runs. In the parallel position, the intensity 
was high enough so that the x-ray tube could be run 
at reduced power. Under these conditions the tube 
current was stable enough so that the use of the monitor 
to compensate for intensity variations was not war- 
ranted. The counting time interval was controlled by 
the 60-cycle power-line frequency instead. 


III. CORRECTIONS 


In attempting to compensate partly for the low in- 
tensity of a fluorescent source by using as broad a 
source as possible, the disturbing effects of large vertical 


The time interval, being controlled by the monitor scaler, 
would be subject to slight variations from point to point because 
of possible variations in x-ray intensity and monitor counting 
statistics. The time was recorded for each point and the counting 
data normalized to counts per unit time 
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divergence are introduced. These effects are 
shift of the center of the line to longer wavelengths. In 
this section we shall describe the analysis of this aberra- 
tion and the methods used to correct for it. We shall 
also discuss a correction for a less significant effect, 
namely, the shift in the center of the line due to the 
well-known crystal diffraction pattern asymmetry first 
predicted in Darwin’s dynamical theory.” The shifting 
effect of absorption in the source and air path on the 
position of a spectral line (because of the slight varia- 
tion in absorption coefficient across the line profile) 
was also analyzed but was found to be negligible and 


will not be discussed further 


Vertical Divergence 


In what follows we shall refer frequently to “the 
center point of a spectral line profile.”’ By this we shall 
mean the center of a horizontal chord drawn across the 
line at half maximum height. 

The problem of the correction for the displacement 
of the center of a spectral line due to vertical divergence 
has been investigated by others. Williams!’ and Spencer*! 
give correction formulas for the effect; Spencer’s for- 
mulas are based on the assumption that the center of 
the spectral line will be shifted the same amount as the 
center of gravity of the “geometrical window curve’ 
of the spectrometer. Allison*® has shown the effect of 
vertical divergence on a hypothetical ‘‘monochromatic”’ 
spectral line by numerical evaluation and integration 
of the two-crystal Prins diffraction pattern. 

Under the normal requirements of precision in x-ray 
spectroscopy, it is usually sufficient to draw a smooth 
curve through the observed points on the spectral line, 
locate the midpoint (usually at half-maximum inten 
sity), and correct the results for vertical divergence by 
using the appropriate formula. It was believed, however, 
that the data obtained in the present work required a 
more refined treatment inasmuch as the desired pre 
cision was somewhat greater. The plan was to fit the 
observed points to a theoretical curve which would 


*”C.G. Darwin, Phil. Mag. 24, 325, 675 (1914). See also A. H 
Compton and S$. K. Allison, X-Rays in Theory and Experiment 
(D. Van Nostrand Company, Inc., New York, 1935), pp. 376-399 

#1. R, C. Spencer, Phys. Rev. 38, 618 (1931) 

2 We here use the “geometrical window curve” 
same limited sense as the term “geometrical rocking curve”’ 
by Compton and Allison in their text (reference 20, pp. 735-737) 
In this sense the geometrical window curve of the two-crystal 
spectrometer describes the finite spectral intensity distribution 
which, at a fixed crystal setting, the combination of two successive 
crystal reflections would select solely because of the finite vertical 
divergence or of the x-rays, all other effects tending 
to impair the resolution being excluded. The shape of this geo 
metrical window curve depends therefore on the distribution of 
x-ray intensity over the various directions of vertical divergence 
and is hence dependent on slit geometry and on the geometrical 
distribution of intensity as emitted by the extended source. A 
more complete discussion of this and related matters has been 
given in the thesis of one of the authors, R. L. Shacklett, Cali 
fornia Institute of Technology, 1956 (unpublished 

3S. K Allison, Phys Rey 14, 63 (1933 


in the 


used 


term 


“cross fire” 


the 
broadening and distorting of a spectral line and the 


RAY FINS STAUCTURI 505 
take into account not only the shift in wavelength of the 
observed spectral line but also its broadening and dis 
tortion as well. The analytical fitting of the data to a 
theoretical spectral line profile makes it possible to use 
the data more efficiently, an important consideration 
when intensity is at a premium 

Our derivation of the 


modified by the two-crystal spectrometer with finite 


theoretical line shape as 
vertical divergence is based primarily on three as 
sumptions. (1) The original spectral line (as emitted 
by the source) is assumed to have the shape of a witch. 
(2) The two-crystal Prins diffraction pattern under 
conditions of zero vertical divergence is also assumed to 
be sufficiently well approximated for our purpose by 
the shape of a witch. (3) It is assumed that the spectral 
line shape which the spectrometer would give for non 
zero vertical divergence is the fold of the geometrical 
window curve and the spectrometer line shape for zero 
vertical divergence 

Assumption (1) is well justified both in theory and 
experiment.” The main justification for (2) is that it 
greatly simplifies the calculations. Actual comparison 
of Allison’s monochromatic two-crystal diffraction pat 
tern’ with a witch having the same amplitude and 
half-width (for the case of calcite at 1.537 A) indicates 
that although the witch is slightly wider at the base 
than Allison’s curve the disagreement is not serious 
enough to invalidate the assumption. The simplification 
that a fold of itself a 
witch whose half-width is the sum of the half-widths of 
Assumption (3) 


lies in the fact two witches 1 


the two original witches is based on 
the fact that since the effects of vertical divergence are 


known to be small, the geometrical window can be 


separated from the true diffraction pattern without 


introducing appreciable error 
Ihe two-crystal spectrometer geometrical window 
curve for point and uniform sources has been discussed 


elsewhere ® For the case of the uniform source the 


curve may be represented by the function 


G(d’) =[2A(A—)’) 4 Adm) 


(3) 
G(d’)=0, A’<rws ADA 
Here X is 


sponding to the Bragg equation A 


the antiparallel spectrometer setting corre 
2d, sin@, 6 being the 


Bragg angle made by a ray with zero vertical divergence 


angle. The angle of maximum divergence, dm, is related 


to A», the minimum wavelength that is transmitted 


through the system, by the equation 
bA(1 (4) 


Am Pm’) 


the Cauchy distribution) has 
a being the half-width at 


4 The witch 
the formula 
half-maxin 

‘A. H 
8, 391 (1954 

26) W.M. DuMond and A. Hoyt, Phys. Rev. 36, 1702 (1930); 
M. Schwarzchild, Phys. Rev. 32, 162 (1928) 


ometimes Known a 
1(1+-x7/a?)', with 
um 


Phys. Rev. 40,477 (1932); G. Brogren, Arkiv Fysik 
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edl'ic. 2. Curves representing the shape of the spectral line 
(underJthe condition of zero vertical divergence) and the geo 
metrical window curve. The spectrometer is set at a wavelength 
corresponding to the Bragg angle 6. The lower scale illustrates the 
significance of the dimensionless quantities x, t, and k 


ligure 2 shows the geometrical window curve along 
with the spectral line profile which would be observed 
under the conditions of zero vertical divergence. We 
shall let this profile be represented by the function 


T(X—X,) = CL 14+ (A—A,)*/a (5) 


j ) 


where A, is the wavelength of the axis of symmetry of 
this “‘unmodified line.” 

The spectrometer output curve (the “modified line’) 
is given by 


d 


F(A Am) f cov d.)dx’. (6) 


We shall make the substitutions 


Am)O—) hm? / 2a, (7) 


which reduce (6) to 


t 
F (tk) =4Comk if (t—x) (14 
t—k 


t 
- 4K ‘Dmnk f (1+-27)"'dx. (8) 
t—k 


The physical interpretation of the quantities x, /, and 
k follows easily from (7). The half-width a of the un 
modified line is chosen as a unit of wavelength, and 
deviations from the wavelength of the center of the 
unmodified line are measured in terms of this unit 
Che variable ¢ represents the spectrometer setting, 
with ¢=0 corresponding to the center of the unmodified 
line. The parameter & is the wavelength width of the 
geometrical window in units of a. Figure 2 illustrates 
the relation between these various quantities. 
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The evaluation of the integrals in (8) is straight- 
forward, but the resulting expression is rather complex 
and not very illuminating. In order to obtain quanti- 
tative information from the results, it was necessary 
to plot curves of F(t,k) for several values of k. The 
evaluation of the function for values of ¢ in the range 

5<t<5 and for eleven values of k up to k= 1.5 was 
done by electronic computer techniques.”’ Large scale 
graphs were plotted and measurements were made of 
the half-width at half-maximum and the shift of the 
center at half maximum. Figure 3 serves to define these 
two quantities, 7 and 6. The unmodified line is also 
shown in the figure so that the effect of vertical diver- 
gence is clearly seen 

Graphs of 100(7 
in Fig. 4. The quantity 100(7 


1) and 6 as functions of k are shown 
1) is the percent in- 


crease in half-width of the curve since the half-width 
of the original curve is unity. An attempt was made to 
find a simple analytic expression for 7 as a function of 
k, but it was without success. The 6 graph may be 
expressed quite accurately, however, by the equation 


5=k/6. The corresponding shift in wavelength is ka/6, 
and when this is combined with the differential of the 
Bragg law we obtained a correction formula for the 
angle to be subtracted from the observed Bragg angle 
to correct for vertical divergence : 


Ad, = (1/6d,)ka tand= (1/12)? tand. (9) 
This result agrees with Williams’ formula (2) when the 
slit heights are the same. 

The eleven graphs of F(t,k), besides providing in- 
formation on wavelength shift and increase in width 
of the modified line, formed a basis for evaluating 
F (t,k) for any value of & not equal to one of the original 
11 values. It can easily be shown that 


AF = (hie tan k[t(t—k) +1 4 (4k) dk/k. (10) 





Fic. 3. Plot of F (t,k) for k= 1.0 showing the significance of r and 4 
The unmodified witch is shown by the dashed curve. 
*7 The machine evaluation of F(t,k) was done by T. W. Layton 
on a Datatron computer. 





MEASUREMENT OF X 
The computer program was arranged to compute the 
quantity in brackets and print out its value along with 
I(t,k). In this way the experimental data could be 
fitted to a theoretical curve having a & value slightly 
different from one of the original values without having 
to recompute F by machine. 

The value of & for a given spectral line depends on 
the half-width, a, of the unmodified line which is 
actually an unobservable quantity. An excellent ap- 
proximation for k(=k') may be obtained, however, by 
using the observed half-width a’ and calculating a trial 
value of k’ from (7). This value of k’ is then increased 
by the percentage shown in the first graph of Fig. 4, 
L.e., 


(11) 


Crystal Diffraction Pattern Asymmetry 


Allison’s* work on the evaluation of the two-crystal 
Prins diffraction pattern with and without vertical 
divergence shows clearly that the asymmetry in the 
single-crystal diffraction pattern (predicted by the 
“dynamical theory” with non-negligible absorption) 
results in a slight shift of the center of a spectral line 
toward smaller Bragg angles. We are here assuming 
that this shift is the only aberration and that any other 
distortions or asymmetries in the “unmodified line’ 
are negligible. 

Because of the complexity of the Prins single-crystal 
diffraction pattern formula, it is impractical to deter- 
mine an analytic expression giving the shift of the 
two-crystal diffraction pattern. If the function is 
graphed, however, it is possible to obtain a sufficiently 
accurate measure of the shift. Since the absorption in 
the crystal is a function of wavelength, the asymmetry 
being more pronounced for the longer wavelengths, the 
shift would be expected to increase with A in some regu- 
lar manner. Allison’s curve evaluated for A 

1.537 A, and Parratt” has published numerical tables 
for the single-crystal diffraction pattern at \=2.299 A 
from which it is possible to get the two-crystal diffrac- 
tion pattern by numerical integration. 

Measurements made on the 1.537 A curve show that 
the shift (which we shall designate by the letter e), 
when measured in units of rotation of crystal B, is 
about 0.5 sec. At A\=2.299 A, ¢ 
values, plus the fact that «= 0 for \=0, make it possible 
to evaluate an empirical correction formula for this 


was 


1.1 sec. These two 


effect. Assuming a power law dependence, we obtain 
the approximate result 


€0.2* seconds (X in A) (12) 


Since ¢ is measured in terms of the rotation of crystal 
B, the actual correction to be added to the Bragg angle 
is €/2 inasmuch as the dispersion of the instrument is 


28 By the term “unmodified line” we 
shape which the spectrometer 
vertical divergence 


mean the spectral line 
vould give for vanishingly small 


2%. G. Parratt, Phys. Rev. 41, 561 (1932 
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Fic, 4. Curves showing the quantities 100(r 


and 6 as tunctions olf 4 


twice that given by the differential of the Bragg law 
The size of the correction varies from about 0.25 second 
for W Lae to about 0.05 second for Pu LB;. For the 
purposes of the present work it is more important to 
know accurately the differences between the various 
corrections applied to the La, and 1B, angle measure 
the absolute value of a 


ments rather than to know 


given correction with high accuracy 


IV. RESULTS 


The raw data from the various antiparallel runs were 
subjected to two minor corrections before being fitted 
to the theoretical line profile /' (4,2). The natural back 
ground count was subtracted off and also any further 
the 


uming 


background due to any extraneous x-ray lines in 


vicinity. This latter correction was made by a 
that the unwanted line had the shape of a witch and 
subtracting off the intensity due to it in the reyion ol 
the de 

In 


value 


ired line 


fitting the data to the theoretical profile, a 4 
was first the known 
divergence angle, ¢,,, and the half-width of the modified 
A graph of /’(t,k) was then drawn to a large scale 
the height half-width he 
were then normalized to the same height 


(tk 


established near the center of the observed line profile, 


determined from vertical 


line 


and and determined ob 


served data 
and width as An arbitrary origin, t/=0, wa 
and the various spectrometer settings were measured 


from this origin in half-width units. The intensity at 
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TABLE II 


$1 La 


4%” 44’ ap 
250° 40’ 53.8” 8.1’ 
94°41’ 8.2” 4 
296° 37’ 16.4” 4 
Mear 


32.6" 


b) Bi Lp 


KO” 


50° 41’ 
248° 43’ 
96° 38’ 
294° 40’ 


28.4” 


6.6” 


each point, designated as a y value, was used to locate 
a corresponding ¢ value on the large scale plot of F(t,k) 
Ordinarily a difference would exist between this value 
of t and the The size 
of the difference was a measure of how far the arbitrary 
If each of the 
observed points fitted the theoretical curve exactly, the 
difference l'’—1 the for each 
However, statistical fluctuations and errors in 


value of U’ for the observed point. 


origin was from the true origin t=0. 


would have same value 
point 
spectrometer setting cause a variation of the t/—¢ value 
If one assumes random 


of the for 


from one point to the next. 
the average 
each point would indicate the spectrometer setting 
center of the unmodified line. 
Che weight function used was w= by?(A—y), where b 
is an arbitrary constant and A is the amplitude of the 
curve. It 


variation in the f 


variations, weighted t value 


corresponding to the 


main source of 


the 


was derived assuming the 
t values to be statistical un 
certainty in the counts. 

These various steps represent a considerable amount 
The 
effort is justified, however, since the method gives the 
center of a line to better than 1/200 of its half-width 
A typical graph for Bi Lf), run R,, is shown in Fig. 5. 

The centers of the parallel rocking curves were much 


of labor for 48 different antiparallel runs extra 


easier to locate because of their narrowness. Instead of 
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Fic. 5. Typical antiparallel curve (Bi 18,; R,) showing the fit of 
the observed points to the theoretical line profile / (4,2). 
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value of Bragg angle for Bi La 


53.0” 8.6” 
6.3" 
+ io 6.3" 
Mean value of Bragg angle for Bi L8;:¢=9° 1 


iow. OH uMON 


Typical Bragg angle calculations for Bi Laz and Bi Lp, lines 


9 (corrected 
sragg angle 


runs 
58’ 17.9” 
58’ 18.4” 


58’ 18.5” 
58’ 18.0” 


56’ 28.5” ‘ id 10° 
21° 56’ 29.4” : 10 
21° 56’ 28.9” ‘ : 10° 

56! 27.5” P 10 
= 10° 58’ 18.2 


runs 


18 ' 34 1’ 20.2” 

18° 2'’35 1’ 206" 

18 34 ‘ 1’ 2.5” 

18 ‘35 : ee a Fg 
‘20.64+-0.2” 


drawing a smooth curve through the observed points 
the points were 
connected by straight line segments. The midpoints of 
several horizontal lines at different heights drawn from 
one side of the curve to the other were averaged to 
give the angle corresponding to the parallel position. 
The 
antiparallel and parallel positions in the same way as 


for the Mo Ka, 


which were plotted on a large scale, 


calculations for the Bragg angle follow from the 


case except now there is no explicit 
vertical divergence correction. Typical angle calcula- 
are shown in Table II for the Bi Laz and Lp, 
Included in these calculations is the small cor- 
rection, €/2, for crystal diffraction pattern asymmetry. 

The Bragg angles for each of the measured lines are 
given in Table III with their standard deviations. The 
calculated from the Bragg law by 
using the effective first-order grating space, d;= 3029.04 
x units at 18°C. Values of sin were independently 
checked to 8 decimal places by tables and by a power 
The transition energies are given in 
volts with the conversion 

milliangstroms made using Aj/A, 

1.002039, and with R= 109737.309 cm, and FX, 

12372.44 kev x unit.” Shown Table 1V the 
values of the fine structure splitting, Av/R, and their 
relative errors in parts per million. 

A comparison of the present experimental results to 
the tabulated data’ used by Schawlow and Townes 
shows some interesting discrepancies. Figure 6 repre- 
sents graphically the relative difference in parts per 
million between the transition energy values computed 
from the tabulated wavelengths and those listed in 
lable III. Evidently the differences in the Laz values 
for the higher-Z elements are larger than can be ac- 


tions 
lines. 


wavelengths were 


series expansion. 
Rydbergs 
from x units to 


and in necessary 


are 


counted for on the basis of random experimental 


errors, since the Lf, differences are reasonably small. 
The fact that the older v/R 
for Bi, Th, and U are all /arger than the present values 


values for the Lag lines 


® Cohen, DuMond, Layton, and Rollett, Revs. Modern Phys. 


2 363 (1955). 





) 
< 


OF X-] 


TABLE III. Exper 


X Tay 
line 
W Ley 
W LB, 
Pt Lae 
Pt LB; 
Bi Lay 
Bi Lp; 
Th Lae 
Th Lp, 
U Lea 
U Ip, 
Pu Lae 
Pu Lp, 


Wavelength 
x units 


Bragg angle 
calcite 
1484.378+0.008 
1279.1864-0.003 
1321.604+0.005 
1117.611+0.010 
1153.001 40.005 
950.031 40.006 
965.914+4-0.004 
763.655 +0.005 
920.676+0.006 
718.505+0.004 
878.480+4-0.002 
676.321 40.006 


10’ 59.8+0.3” 
11’ 23.9+0.1” 

2° 36’ + 2.6+0.2” 
> 37’ 51.5+0.4” 
° $8’ 18.2+0.2” 
1’ 20.64-0.2” 

° 10’ 28.3+0.1” 
14’ 30.2+0.2” 
44’ 29.0+0.2” 
48’ 41.340.1" 
20’ 16.24-0.1” 

> 24’ 35.44-0.2” 


t 
t 
t 
t 
+ 
t 
t 


® The relative error is the statistical standard de\ 


means that the values of Av/R for these elements as 
used by Schawlow and Townes are smaller by several 
hundred parts per million. It is not too difficult to 
suggest a possible source of the discrepancy. The Lay 
line is just on the long-wavelength side of the intense 
La, line, and unless special precautions were taken it 
would be rather difficult to assign an accurate wave 
length to La, because of the tendency of the nonuniform 
background of the La; line to shift the observed peak 
It is doubtful, 
however, whether this type of systematic error can 
account for all the observed discrepancy 


of La. toward shorter wavelength. 


V. COMPARISON WITH THEORY 


The theoretical expression for the Ly;-Lin energy 

». 

level splitting including the Schawlow-Townes corre 
tion for the nuclear size effect may be written® 


Ap 
( ) (aZ)+ BF? ( 
Th R 
where 


o(aZ) 2(0.0178)atZ® 


Che quantity $¢(aZ)+BZ* is the Christy-Keller® ex 
pression for the splitting assuming a point nucleus, a 


Av 
De'4 6) (13) 


R 


Exp 


2a 


S(aZ) — 20°73 f(aZ (14) 


being the fine structure constant; B is an undetermined 
rasie IV. Fine structure splitting 


Relative 
error® 
ppm 
37 
6A 
42 
34 
33 
1A) 


Element Rydbergs Electr olts 


“WW 
mPt 
3 Bi 
goth 
gl 

owPu 


0.05 
0.11 
t-0.10 
0.12 
0.13 
0.15 


98.275 +0.004 
125.599 +-0.008 
168.511+4-0.007 
249.363 40.009 
277.93440.009 
309.435+0.011 


1337.024 
1708.764 
2292.584 
3392. 564 
3781.274 
4209.83 4 


® The relative error is the relative standard deviation of the experimental 


measurements 


41 See Schawlow and Townes’ paper (reference 6) for a dis 


cussion of this equation. 


iation of the experimental nm 
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imental results 


“Rydbergs 


8335.12+40.05 
9672.1440.02 
9361.71+0.04 
11 070.47+40.10 
10 730.06-+0.04 
13 023.24+-0.08 
12 809.08 +40.05 
16 201.644-0.10 
13 438.47+.0.08 
17 219.74+0.10 

? 

t 


0.003 
0.001 
0.003 
0.008 
0.003 
0.006 
0.004 
0.007 
0.006 
0).007 
0.002 
tO.0O11 


612.6564 
710.9314 
688.113 
813.712 
788.735 
957.246 
941.505 
1190.868 
987.767 
1265.701 
1035.212 


1344.047 


+ 
¢ 


+ 


t 
t 
t 
t t 
t t 
t 
t 
t 
t 


14 083.96 4+0.03 
18 293.79+0.15 


ea 


The last 
may 
b is 
tively on the assumed nuclear charge distribution and 
The Sommerfeld formula S(a@Z) may be 
calculated with arbitrary accuracy, but f(aZ), repre 
order correction for electron interactions, 
table in Christy and 
logf(aZ), when ex 
a’Z*)), is approximately 


quantity D appearing in the term 
be the pa 
a number which depends rather insensi 


constant 


(13 regarded as nuclear radius 


ol 
rameter; 
its radius 
senting a first 
must be interpolated from 
Kellers’ paper 


ssed as a function of 1 


a 
It was found that 
(1 
linear so that Lagrange interpolation is 
accurate. The last (14) 
which Christy and Keller estimated to make up for the 
omission of the 
Hamiltonian used to compute {(aZ) 


pre 
rea onably 


term in is a small correction 


higher order terms in interaction 











v/R 
and 
lines 


of distinguishing 


difference between the 
va 1 tabulated values of > Tab” p! 
those in Table III (“SD”) for both the Lay and Lp 
The lines between the points are for the purpose 
one set from the other. 


showing the relative 
1 


1G. 6, Graph 


lue , (reference 


nased 0 


X-TAay 





SHACKLETT 





~ 
' 


D=0 
B= 4.71648 x10 * 


+ 
} 


IN PPM 


DEVIATION 














-o -_ 
60 65 90 95 


Fic. 7. Relative deviation of theory and experiment without 
the nuclear size or quantum electrodynamic corrections. The 
statistical error for the various points is the relative standard 
deviation of the experimental measurements 


It is necessary to make a correction for the effect of 
the anomalous electron moment which increases the 
calculated fine structure by the factor 1+a/m to first 
order.” ‘To make the comparison between theory and 
experiment one may apply the correction factor to 
either quantity; for convenience we shall modify the 
experimental values of Av/R by the factor (1+-a/m)"". 

In making the comparison of theory and experiment 
we shall proceed in a manner similar to that used by 
Schawlow and Townes. We shall first assume a point 
nucleus (D=0) and evaluate the constant B in (13) by 
a least squares fit of the theoretical to the experimental 
values of Av/R [modified by the factor (1+-a/r)~*]. 
The value of B thus determined is used to calculate the 
relative deviation between theory (for point nucleus) 


and experiment as follows 


(Av) tn — (Av) pxp 


y An 
( 
Av/R 


Th Exp 
Exp (Av) xp 


(15) 


—) 
Av/R . 
correction briefly alluded to 


by Schawlow and Townes. We wish to acknowledge clarification 
of this point for ys by Professor Townes in private correspondence. 


® This is the ‘Bethe-Longmire” 
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Equal weighting is used in the least squares analysis 
because the relative errors in the experimental measure- 
ments are all about the same (see Table III). In Fig. 7 
the results of this first comparison are shown graphically 
with the relative deviations in ppm plotted against Z. 
The statistical error for the various points is the relative 
standard deviation of the experimental measurements. 
It is clear that the improved precision of the x-ray 
measurements has made the systematic deviation be- 
tween the point-nucleus theory and experiment at 
large Z more pronounced than appears in Fig. 5 of 
Schawlow and Townes’ paper. It is to be noted, how 
ever, that the magnitude of the deviation for Z=90, 
92 is significantly smaller in the present comparison. 

When the nuclear size effect is included in the theory, 
two approaches may be followed. We may assume that 
the deviation between the point nucleus values of Av 
and the experimental values is due entirely to a fictitious 
uniformly charged spherical nucleus of unknown radius. 
The values of D and B in (13) may then be adjusted 
by least squares to give best fit to the experimental 
data, with the value of D thus obtained being a measure 
of the nuclear radius. Another approach would be to 
accept the results of other measurements on nuclear 
size and charge distribution'? and recompute the value 
of D and b by extrapolating the Schawlow-Townes 
calculations which were based on a uniformly charged 
nucleus of radius r7¢=1.5X10~"% cm. This calculation 
would then permit a comparison of experiment with 
theory from which the need for further corrections 
might become apparent. 

Ford and Hill’ have shown that a nuclear charge 
distribution with an extended tail has a slightly different 
effect on the x-ray fine structure splitting then that 
due to a uniformly charged nucleus; little error results, 
however, from making the simplifying assumption 
that the charge is uniformly distributed. We shall 
assume further that the nuclear radius constant ro has 
the value ro>= 1.2K 10~" cm and correct the Schawlow- 
Townes results accordingly. We are thus led to the 
expression 


AE/hAv= De®‘2-™ =0.54X 10-4e? 9878(2-©) (16) 


where AE is the change in fine structure splitting due 
to this particular nuclear model. 

If we now regard the value of D in (13) as unknown 
and determine it and B by least squares, using the 
value of b=0.0878, we shall be able to find the radius 
of the fictitious nucleus whose finite extent gives rise 
to the deviation between theory and experiment shown 
in Fig. 7. The results of the comparison yield B 

4.81722K10 and D=0.44X 10 with a root mean 
square deviation of 60 parts per million remaining be- 
tween theory and experiment. This value of D corre- 
sponds to a nuclear radius with ro= 1.08 10-" cm and 
is to be contrasted with ro= 2.1 10~" cm obtained by 
Schawlow and Townes in their comparison using al 
ready existing x-ray data. As was pointed out in IV, 
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a portion of this discrepancy might be attributed to 
uncertainties in the older wavelength measurements of 
some of the Laz lines. 

The value of D obtained above (0.44 10), when 
compared with that in (16), suggests that additional 
correction terms are needed in order to maintain agree- 
ment between theory and experiment when a nuclear 
radius of r9=1.2*10~" cm is assumed. One such cor- 
rection is due to the effect of vacuum polarization. 
Wichmann and Kroll'! have made an accurate deter- 
mination of the contribution of vacuum polarization 
to the Ly-Liy splitting. They have calculated the con- 
tribution in Rydbergs for various values of Z and 
present the results as 6,") in Table I of their paper. It 
was found that the fraction 6,"’/(Av/R) could be 
represented accurately by the formula 


5») /(Av/R) = Ver2-©), (17) 


with V=1.73X 10~ and « 
responding to (15) which includes both nuclear size 


0.0462. The expression cor 


and vacuum polarization corrections is 


Z ) 
(Av/R) 


Th—Exp 


( 


o(aZ) ) 
(Av/R) 


‘ »b(Z—B60) y ,c(Z—W) 
De + Ve 


Exp 
(18) 





2 if 
| | 
D=0.54x10°4 

B= 4.71095 x 10°44 _ 


V2 1.73 X 10-4 
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Fic. 8. Relative deviation of theory and experiment when cor 
rections for vacuum polarization and a nuclear radius of ro= 1.2 
< 10~ cm are included. The statistical error for the various points 
is the relative standard deviation of the experimental measure 
ments. The solid circles show the effect of the addition of the 
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The effect of the correction terms on the fine 


splitting as given by the Christy-Keller point-nucleus 


Ih 1G. 9 
structure 
formula 


Variou 


With D fixed at 0.5410 (r9= 1.2% 10°" cm) and B 
adjusted by least squares, the resulting relative devia 
tions (the points with open circles in Fig. 8) show that 
still further corrections are needed in the theory. 

It is 
dynamic effect commonly referred to as the 


generally known that the quantum electro 
“Lamb 
shift” plays an important role in modifying the calcu 
lated fine structure splitting. Quantitative evaluations 
of the correction for aZ 
not been accomplished as yet 


1 are very difficult and have 
It is therefore of some 
interest to determine from the remaining discrepancy 
between theory and experiment shown in Fig. 8 the 
magnitude and Z dependence of the correction required 
Whether or not the cor 
the 


other 


to minimize the discre pancy 
thus obtained represents 
Lamb shift depends the of the 
quantities entering into the theory. Probably the least 
precise is the electron interaction correction term f(aZ) 


rection term actually 


on aCCuracy 


However, the Z dependence of the quantum electro 
dynamic effects is more than likely strong enough to 
override uncertainties in the magnitude of @(aZ) 

We shall assume that the required correction term is 
exponential in Z, having the form Le*‘4-™) where both 
Land a by least 


doubt other functional forms might be used with similar 


are to be determined quares. No 


Z depende nce, but the one suggested ] probably ade 


quate for the present purpose. The appropriateness of 
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the choice of function can be tested by a comparison of 
the resulting rms deviation between theory and experi 
ment to the size of the experimental errors 


We may therefore write 
Th Exp Ag o(aZ) 
»(—)-(1-——) 
Exp Av/R Av/R 


De’Z &)) { VerZ w& Le* Z *) (19) 

and adjust B, L, and a by least squares. The results are 
J ’ ’ J | 

B=4.76450XK 104, L=10.9K10~*, and a=0.115. When 

(19) and the 


deviation calculated, the result is 33 ppm which is to 


these values are resubstituted in rms 
be compared to the average experimental error of 41 
ppm. The points (solid circles) are plotted in Fig. 8 
so that the effect of the correction term may clearly be 
seen. It may be concluded, therefore, that the assump 
tion of a single correction term of exponential form is 
adequate in view of the present experimental accuracy. 

The three corrections to the fine structure splitting, 


AND J W M Dt 


MOND 


nuclear size, vacuum polarization, and the empirical 
“Lamb shift,” are shown in Fig. 9 with their sum. The 
empirical term is in qualitative agreement with the 
preliminary estimates of Wichmann® who suggests 
that the Lamb shift correction is of opposite sign to 
vacuum polarization and of about the same magnitude. 
When the uncertainties in the theory are eventually 
removed or reduced, this method might prove to be of 
some value in obtaining an accurate value for a, the 
fine structure constant, using the techniques of Christy 
and Keller. 
VI. ACKNOWLEDGMENTS 


The assistance in the early phases of this experiment 
of Phillip Miller and Han-Ying Ku is gratefully ac- 
knowledged. Mr. John J. Merrill’s extensive help both 
in the measurements themselves and also in the reduc- 
tion of data was of utmost value. We are also grateful 
for several profitable discussions with Professor Robert 


Christy. 


#*E. H. Wichmann (private communication). 





PHYSICAL REVIEW VOLUME 106, NUMBER 3 MAY 1 


Submillimeter Wave Spectroscopy : Rotation-Inversion Transitions in ND,t 


GuNNAR ERLANDSSON* AND WALTER GorDY 
Department of Physics, Duke University, Durham, North Carolina 


(Received January 25, 1957) 


The J 


=()—+1 rotational transition of N“D, has been measured at a wavelength of 0.97 mm 


rhis transition 


is split into two components by inversion doubling of the ground vibrational levels. The frequencies of the 


two components were found to be 306 735.0 Mc/sec and 309 909.35 Mc/se« 


rheir separation, 3174.4 Mc/sec, 


is equivalent to the sum of the inversion frequencies of the upper and lower states. The relative intensities of 


the upper and lower frequency components were found to be about 10 to 1, in agreement with theory 


value, 154 162.7 Mc/sec, 
value, Dy =3.4 Mc/sec 


is obtained from the arithmetic mean of the two components 


The B 


vith the infrared 


The By value is consistent with a bond length of 1.0144 A and a bond angle of 107 


Superimposed upon each of the inversion components is a triplet hyperfine structure caused by the N™ 
quadrupole moment. This structure was measured for the higher frequency component, and the value 


eUq = 4.20+0.15 Mc/sec, 


INTRODUCTION 


of NH; and ND, are famil 

lar to microwave spectroscopists. Hybrid isotopic 
species of ammonia, NHD», and NH2D, are asymmetric 
rotors and have transitions occurring in the centimeter 


HE inversion spectra!” 


wave region, many of which have been measured.’ 
Neither NH; nor ND, however, has pure rotational 
transitions occurring in the millimeter or centimeter 
wave regions of the spectrum. ‘Thus not until the exten 
sion of microwave electronic methods into the sub 
millimeter wave region’ were microwave measurements 
on the pure rotational spectra of these symmetric-top 
species possible. The first rotational transition of NDs 
falls only slightly below a wavelength of one millimeter 
This transition (J 
version splitting and its N nuclear hyperfine structure 


Q—1) with its superimposed in 


has been measured, and the results are here 


reported. The lowest rotational frequency of NHg, that 
for J/=0—1, 
0.50 mm, still outside the present coverage of the micro 


now 
is expected to fall at a wavelength of 


wave region which extends to 0.58-mm wavelength.° 
As early as 1929 Badger and Cartwright® measured 
pure rotational transitions of NH, in the infrared region, 
and in 1933 Wright and Randall’ were able to resolve 
the inversion doubling of rotational lines of NH, in the 
In 1935 Barnes® 


infrared region measured pure rota 
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was obtained for the N" coupling 


ND; 


measurement! 


transitions of with an infrared 


His 
lengths as long as 0.12 mm, or to transitions as low as 
the J=8. His value for By, 5.13 cm™', is 
ment with the value we obtained, despite the fact that 


tional yrating 


spectrometer extended to wave 


In vor vl ayree 


he did not resolve the inversion doubling. The rotation 
vibration spectrum of ND, has been carefully measured 
by Migeotte and Barker.’ 


EXPERIMENTAL ASPECTS 


Phe harmonic generator and detector for the sub 
millimeter wave region and experimental techniques 
employed are those already described in papers from 
this laboratory.’ The multiplier 
specially treated silicon crystal prepared by R. S. Ohl 
of the Bell Telephone The 

crystal was commercial 
crystal of Sylvania Electronic All measure 


ments were made in a cell of A-band wave guide, a 


unit employed a 


Laboratories detector 


one made from a ilicon 


Company 


meter in length, with electroformed tapered sections 
connecting to the submillimeter components 
ND; 


Research Foundation with 


Deuterated was obtained from the ‘Texas 
a deuterium concentration 
of 99+97,. Nevertheless, special precautions were found 
necessary to prevent rapid exchange of the deuterium 
with hydrogens of gases adsorbed in the cell walls and 
vacuum system. Several lines of the hybrid asymmetri: 
species (NHD», or NH2D) were found in the general 
vicinity of the NDy transition at different harmonics of 
the klystron frequency. ‘These were used to estimate 
the rate or degree of decay of the ND, component in the 
sample. The ND, lines could be distinguished from those 
of the hybrid species by the fact that their strength 
that of the 


The characteristic 


decreased while lines from the hybrid 


increased hyperfine structure and 
the known inversion doubling of the ND, transition 


were also used to establish the identity of the line 
’'M. V. Migeotte and FE. I 


W. C. King and W. Gordy, Phys. Rev 
rus and W. Gordy, Phys. Rev. 101 


Jarker, Phys. Rev. 50, 41% (1936 
93, 407 (1954); C. A 
599 (1956 
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RESULTS 


‘lable I vive 


rotat 


of the J=0-1 
transition is separated into 
the 
further 


the observed frequencies 
Thi 
the 


ional transition 


two component by Inversion doubling ol 


vibrational levels. kach of these components | 
split by the N'* nuclear quadrupole coupling into three 
Only the 


measured for the weaker of the inversion 


closely spaced component unresolved 
structure was 
components. The stronger component of the inversion 
doublet was observed at low pressures and its hyperfine 
structure resolved on the cathode-ray oscilloscope, as is 


The N" 


derived 


hown in Fig. 1 quadrupole coupling and other 


from the observed frequencies are 
given in Table If. The N 
with that NH 
Although a slight 


the 


constant 


‘ quadrupole coupling agrees 
within the 


1Or experimental 


the two 1} 


error 


difference i expected, 


difference is too small for detection in these 


measurements 


The theory of the rotational spectrum of a symmetric 


top molecule with inversion doubling and nuclear 


n and need not be 
the 


quadrupole coupling'? is well knov 
elaborated here. ‘The simplest possible transition | 
J=()-—1, 
and only three nuclear quadrupole components occur 
The the 
two inversion Components ol the 
is the sum of the two inversion frequenci 
to J=0, K=0, and to J=1, K=0 


2 while h 


{tran 


for which only one A component (K =0-0 


for each inversion Component separation ol 
| 


rotational transition 
corre pond 


rh 


diagrammatically rotation 


made 


ing 
clear by lig hows 
To obtain the value for By and 
the moment of inertia listed in Table IT, 
a hypothetical vp value 308 322.1 M« 


the 


inversion tion 
we employed 
sec obtained from 
an average ol two inversion components of the 


J=0- 1 2 Phi 


would correspond to a transition between the hypo 


transition, or v (Vit Ve average 


thetical unsplit rotational levels, indicated in Fig. 2 by 


ric. 1. Cathode-ray display of the upper frequency component 
of the inversion doublet in the J=0-+1 
N“D, at O0.97-mm_ wavelength (309 
structure is due to N™ 
of the 
«(97 


rotational transition of 
kMc/sec Phe 
nuclear quadrupole interaction, Separation 


the triplet is 3.1 Mec/se 


triplet 


two outer components ol 


mm 


AND W GORDY 
dotted lines. We also employed the stretching constant 
D,=3.4 Mc/sec from infrared measurements of high-/ 
transitions by Barnes.* 

Interestingly, if we had observed the J=0-1 
transition of NH, rather than that of ND;, we would 
not have detected an inversion splitting. The presence 
of an inversion splitting of K=0 levels in ND, and not 
in NH; arises from the difference in the nuclear spins 
of H and D. The spin of H is 4, and NH; obeys the 
Fermi-Dirac statistics with respect to exchange of its 
H nuclei. When K 
integer, the nuclear statistical weights of the lower 
and upper (+ and ) inversion levels of NH, are 
4(27+-1)(274+-3)(1+1) and 4(2/+1)(2/—1)/, respec 


tively. When K is zero but J is odd, these weights are 


is zero and J is zero or an even 


reversed, with the upper level (antisymmetric level) 
having the latter weight and the lower level (symmetric 
level) having the former weight. With /=4, as for H, 
the quantity 4(27+-1)(27/—1)/ the value 
Hence, the + level in the /=0 state and the level in 
the /=1, K=O state of NH; do not occur. For NDs; 
(Bose-Einstein the 
above expressions for the weights of the + and levels 
With /=1, as‘for D, 
the relative weights of the — and + levels are 1 and 10 
for J=0, K=0 and 10 and 1 for /=1, AK=0. Thus for 
ND, both and + levels occur, and there is an in 
version splitting of the J=0-1, K=0 
transition, with the higher frequency component having 


has ZeTO 


statistics for its identical nuclei) 


are reversed, and neither is zero 


A) rotational 


ten times the intensity of the lower frequency compo 
nent. This intensity difference was found to agree with 
our observation within the limits of error. Although 
the corresponding J =0—1 transition in NH, would not 
be split, it would be displaced by the inversion 
Nuckolls, Rueger, and Lyons 
ments on direct transitions between the inversion levels 
of ND; with no change in the rotational quantum 
numbers. Because the inversion splitting differs slightly 
for different 
version spectrum rather than 


have made measure 


structure or in 
fre 


rotational states, a fine 


a single inversion 


quency is observed. This inversion spectrum occurs at 


TABLE I K=0->0.* 


, 


Frequencies of ND;. J=0-1 


Observed frequency 
in Mc/sec 


Jpper component of inversion doublet 


309 908.24 
309 909.54 } 
309 911.41) 


v= 309 909.35 


Lower component of inversion dou 


306 735.0 vo= 306 735.0 


nts the frequen 


is the freque 


" Nuckolls, Rueger, and Lyons, Phys. Rev. 89, 1101 (1953). 





ROTATION-INVERSION 


PaBve II. Derived constants of ND3;.* 

v ) 3174.4 Mc/sec 

4 (vio 308 322.2 Mc/sec 

154 162.7 Mc/sec 
4.20+0.15 Mc/sec 

1.01444 DND=107 


with , , assumed 


a wavelength of about 19 cm for NDs; and at about 
1.2 cm for NH. It is interesting to compare the results 
obtained by Nuckolls, 
inversion splitting of 
measured. They did not measure the inversion splitting 
for the J=0 level nor for the /=1, K=O level; but 
from the formula, 


Rueger, and Lyons with the 


the rotational line whi h we 


y(Me 1595.69—7.155/(J+1)+10.03K?, 


SCC ) 


which they empirically derive from measurements on 
be 


respectively. The 


other lines, these frequencies are calculated to 
1595.7 Mc 1581.4 Mc/se 
sum of these two frequencies, 3177.1 Mc/sec, 
to be close to 3174.4 M« 


inversion splitting of the J/=0 


sec and 
Is seen 
sec, our measurement for the 
>] rotational line. This 
agreement tends to confirm the above formula and the 
frequency assignments of Nuckolls, Rueger, and Lyons 

Jecause there are two structural parameters and 
only one rotational constant available, we cannot cal 
culate the molecular structure from our data alone. We 
could get a solution by combining our By value for ND, 
with the By value for NH, from infrared spectroscopy, 
but this would not lead to values more accurate than 
those already derived. Dennison” combined the infrared 
constants for ND, NH, to the 
1.014 A and 107.3° for the bond length and bond angle 


and obtain values 


27). M. Dennison, Revs. Modern Phys. 12, 175 (1940 


TRANSITIONS IN ND, 














| 
| 
adie 
| 


1 states of 
quadrupole 
rotation 
level 


QO and J 
nuclear 
the 


indicate 


Fic, 2 
ND, 


structure 


Energy level diagram for the J 


inversion doubling and N*'* 
The bold-faced arrows indicate 
insitions and the dotted line 


hypothetical unperturl 


showing 
actual 
the 


inversion tr and 


transitions of the ved rotator 


1.014 A and 


to be 


obtained the value 


ND and NH 


Herzberg" similarly 
106°47’. By assuming 
Weiss and Strandberg’ obtained from their microwave 
measurements values of 1.008 A and 107°3’ 
NH.2D and 1.016 A and 107° from NHDz». If we assume 
the value of 107° for the angle, our Bo leads 
of 1.0144 A for the ND distance 
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Collision Matrix for Rotational Excitation in the Adiabatic Approximation* 


Davip M 


CHASET 


Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received December 26, 1956) 


An expression is given for the collision matrix for rotational excitation of an axially symmetric scatterer 
in terms of the collision matrix for the related elastic scattering problem in the adiabatic approximation 


ECENTLY an adiabatic approximation for treating 

scattering processes has been discussed and ex- 
plicitly formulated for the problem of rotational exci 
tation of strongly deformed nuclei by scattering of 
nucleons or similar nuclear particles.’~* One can obtain 
very simply from the adiabatic approximation an ex- 
pression for the collision matrix {Sypyv.r,7} for this 
problem, defined in the usual way,*® in terms of the 
collision matrix {six. 4%) for the related elastic scattering 
problem described in paper A. The S matrix can be 
determined by straightforward analysis with a suitable 
incoming wave® or may be identified directly from the 
work of A, in particular Eq. (20). The following simple 
and transparent result emerges 

i 


Sree * % 


, l 


(JI', K~—k, RIK) sve u 


K (Jl, K—-k,R\TK), (1) 
where the added index on S indicates its dependence on 
K for the rotational band in question.® The sy. 4 are 
precisely defined below. Spin of the incident particle 
has been omitted in (1): spins J and J’ of initial and 
final states of the target nucleus are also the channel 
spins; a similar expression could be written for the case 
of non-zero projecticle spin and spin-dependent poten 
tial. In view of (1), the statement in A concerning the 
use in the adiabatic approximation of a representation 
in which total angular momentum (J) is diagonal is 
incorrect; the conventional scheme for obtaining cross 
sections® may be used, and employment of the adiabatic 
method entails no disadvantage in this regard. ‘The 
simplicity of the method lies in its reduction of the 
dynamics of the collision to involve only the scattered 
particle; the role of the target in Eq. (1) is purely geo 
metrical, In this approximation the cross section for 


excitation of a nucleus of spin J to a rotational level of 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission, 

t Now at Technical Research Group, 17 Union Square West 
New York, New York 

11). M. Chase, Phys. Rev. 104, 838 (1956), hereafter referred 
to as A; Princeton University thesis, 1955 (unpublished 

7S. I. Drozdov, J. Exptl. Theoret. Phys. U.S.S.R. 28, 734, 736 
(1955) [translation: Soviet Phys. JETP 1, 588, 591 (1955) ]; J 
Exptl. Theoret. Phys. U.S.S.R. 30, 786 (1956) [translation 
Soviet Physics JETP 3, 759 (1956) ] 

+]. S. Blair and F. G. Major, Bull. Am 
$36 (1956 
‘J. A. Wheeler, Phys. Rev. 52, 1107 (1937) 
‘7. M. Blatt and L. C. Biedenharn 
258 (1952) 

* Symbols not explained here are employed as in A 


Phys. Soc. Ser. II, 1 


Modern Phys. 24, 


Revs 


spin I’ depends solely on J, I’ (and on its deformation 
and other potential well parameters), but not on the 


energy spacing of these levels, this energy having been 
neglected. 

The sy; of Eq. (1) is that element of the collision 
matrix for elastic scattering by the assumed axially 
symmetric potential corresponding to an incoming 
partial wave of angular momentum / with projection k 
along the nuclear symmetry axis and outgoing wave I’ 
with the same projection k.’? Explicitly, the sys; are 
defined by the following asymptotic form for the wave 
function y(n) =p ure! (r)Vin(0,¢’), say, with in 
coming wave in channel / only®: 

y, (r’) lr /2) |V u(0',¢') 
: 
> Sue:u(kr) expli(kr 


— 
Lk 


»(kr)! exp —ilkr 


Vr /2) \Vin(0',¢’). (2) 


As suggested in A, one may calculate the syx;% as 
follows. Let the spheroidal potential be expanded in the 
form V(r,0’)=>0y m(r)Vx0(0’). The Schrédinger equa- 
tion then determines the u,;,!(r) to be solutions of the 
coupled set of differential equations 

h? dad? h*l'('+1) 
{ & Iruy,!(r) 
2mr* 


+> dS a(n) UR|AO LM’ k)yruyy'(r)=0, (3) 


2m dr’ 


Q l 


where 


V’R|dO|LR) f anv rut ¥r0 Wk 


{ (2+-1) (21/’+1) /4ar(21'+-1) ]! 
x (AL’00 | 10) (ALOR | UR) 


and & is the energy of the incident particle. Each k 
corresponds to a single coupled set of equations, and for 
fixed k each J specifies that independent solution with 
Solution of iqs (3) 


with the boundary conditions (2) yields the syx; 4%. In 


incoming wave in channel / only 


certain approximations elastic scattering amplitudes for 
this problem have already been calculated.” * 

The author wishes to thank Dr. L. Wilets for helpful 
discussion, It is planned to carry out calculations for 
neutron scattering based on the adiabatic approxima- 
tion (1) via numerical integration of the equations (3). 

’ This projection & should not be confused with the incident 
wave number k 

®In terms of the syx:m, the 
A peg! = (21) My (By — Strut) 


A;,' of paper A are given by 
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Noninvariance under space reflection and charge conjugation 


has now been established for beta decay processes. Invariance 
under time reversal remains an open question, however. We discuss 
here several possible tests for the validity of this symmetry 
operation. General expressions are given for the distribution func 

tion in three experimental situations, which have the possibility of 
detecting terms in allowed beta decay that are not invariant under 
time reversal: (a) experiments in which the nuclei are oriented and 
electron and neutrino momenta are measured; (b) experiments in 
which the nuclei are not oriented, but the recoil momentum and 
electron momentum and polarization are observed; (c) experi 
ments in which the nuclei are oriented and the electron momentum 


and polarization are measured. The distribution functions obtained 


I. INTRODUCTION 


7 HE question has been raised recently whether 
weak interactions, e.g., beta decay, are invariant 
under space inversion, charge conjugation, and time 
reversal,'-* Lee and Yang! have proposed a number of 
experiments to test the possibility that parity con- 
servation is violated in weak interactions. In particular, 
they have pointed out that in beta decay from oriented 
nuclei, an asymmetry in electron intensity with respect 
to the nuclear polarization direction would immediately 
imply parity nonconservation. Experiments along these 
lines have now been carried out. Wu, Ambler, Hayward, 
Hoppes, and Hudson‘ in fact find a large asymmetry 
effect in the beta decay of Co”. In addition to this, 
Garwin, Lederman, and Weinrich® and Friedman and 
Telegdi® find that parity is not conserved in w- and 
w-meson dec ay 
It is an immediate consequence of a theorem of 
Liiders and Pauli® that noninvariance under any one of 
the operations space inversion, charge conjugation, and 
time reversal implies, at least for a theory invariant 
under the proper Lorentz group, noninvariance under at 
least one of the other operations. It is thus of con 
siderable interest to find whether charge conjugation 
invariance or time reversal invariance or both are 
violated together with parity conservation. The ex 
periment of Wu et ai.‘ indicates that charge conjugation 
invariance is violated, but it is not yet clear from this 
experiment whether time reversal invariance must also 
absence from 


* Visiting Guggenheim Fellow, on leave of 


McGill University, Montreal, Canada 

1T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956 

2 Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957) 

3 T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957) 

‘Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 
1413 (1957). 

® Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 (1957) ; 
J. I. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681(L) (1957 

*G. Ltiders, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 
28, No. 5 (1954); W. Pauli, Niels Bohr and the Development of 
Physics (Pergamon Press, London, 1955). See also reference 2 


omit Coulomb distortion effects and relativistic corrections for the 


nucleons, but are otherwise complete. Such experiments should 


permit, in addition to the detection of terms which are not in 


variant under time reversal, the beginnings of a determination of 
the ten complex coupling constants which now characterize beta 
decay. An additional, somewhat surprising, result is found. If the 
two-component neutrino theory of Lee and Yang is correct, and if 
certain perhaps reasonable assumptions concerning the relative 
magnitudes of the various coupling constants are valid, then the 
longitudinal polarization of electrons in allowed beta decay even 
from unoriented nuclei should be almost complete (specifically, 


equal to 0/¢ 


be abandoned. The situation is essentially this. If one 
does not measure either the nuclear recoil or the polariza 
tion of the electrons, the only terms which can appear in 
the electron distribution function, which unambiguously 
indicate noninvariance with respect to time reversal, 
come about because of Coulomb distortion of the 
electron wave function, In principle these terms can be 
separated experimentally from those which do not 
depend on Coulomb distortion, because the two ty pes ol 
terms have different momentum dependences, However, 
137 and for 


this and other reasons they may be difficult to detect 


these terms are reduced by a factor of Z 


experimentally 

Effects which indicate noninvariance with respect to 
time reversal and which do not depend on Coulomb 
distortion can, however, appear in experiments in which 
either the nuclear recoil or the electron polarization are 
measured, There are four vector quantities which con 
ceivably could be measured in a beta-decay experiment 
J), the polarization of the decaying nucleus; @, the 
polarization direction of the elec tron; Pe, the electron 
momentum; and p,, the neutrino momentum. Since all 
four of these vectors change sign under time reversal, 
the scalar triple product of any three of them gives a 
term invariant under rotations but noninvariant unde 
time reversal. Hence the detection of such a term ina 
beta-decay experiment would indicate noninvariance 
under time reversal.™ 

We consider in this paper three types of experiments 
appear. In Sec. IIL the 


distribution function is given for the allowed beta decay 


in which such terms might 
which both the electron and recoil 
In Sec 


tion function for the allowed beta decay of nonoriented 


of oriented nuclei in 


momenta are observed III we give the distribu 


nuclei in which the polarization of the electrons is 


6a ()f similar in form, though with different 
can appear even if time reversal invari 
ance 1s when Coulomb effects are taken 


See the note added in proof at the end of the paper 


course terms 


momentum dependence, 
valid 


into account 
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observed, as well as the electron and recoil momenta. 
Section IV contains the distribution function for the 
allowed beta decay of oriented nuclei in which the 
electron momentum and polarization are detected, but the 
recoil is not observed 

The calculations are based on the interaction Hamil 
tonian density 


Hinc= (Van) (Cth t+C s'bew,) 
+ (Varn) (Crber he t+Cv' verry) 
th (Ppa Wn) (CrPearnwet Cr beau») 
(Prrirn) (Caveruwrs + Ca ber) 
+ (Wyn) (Cobar t+Cr'ba,) (1) 


+-Hermitian conjugate, 


as given by Yang and Lee.’ The terms with primed 
coethcients are the parity-nonconserving interactions 
introduced by these authors. Time reversal invariance 
would require that all ten coefficients C, C’ be real. If 
this invariance does not hold, then beta decay is 
characterized by ten complex coupling constants, 1.€., 
twenty parameters. Aside from testing whether or not 
time reversal invariance is preserved in beta decay one 
to determine the values of all 


will ultimately want 


coupling constants. In the following sections, we give 
general expressions for the electron distribution func- 
tions for arbitrary allowed beta decay. The Coulomb 
distortions are neglected, however, since the terms in 
which we are interested already appear in lowest order 
Also, since the nucleons are treated nonrelativistically, 
the pseudoscalar couplings are omitted. 

Since parity is not conserved in beta decay, there can 
exist a polarization of the electrons along their line of 
flight, which polarization is uncorrelated with the 
nuclear recoil or orientation of the initial nucleus. Such 
effects arise from terms of the form @-p,, which violate 
parity conservation. This effect is discussed in Sec. V. 
It is found, surprisingly, that under certain conditions 
which may well be met, this polarization is nearly 


complete 


Il. RECOIL EXPERIMENTS WITH ORIENTED NUCLEI 


We give here the distribution in electron and neutrino 
directions and electron energy for an allowed transition 
(J—J' 
oriented nucleus. If (J) is the expectation value of the 


J, J+1, no nuclear parity change) from an 


vector angular momentum of the original nucleus, j a 
unit vector in the direction of (J) and m the electron 
mass, we find 

w(( J) 


/ 


E,.Q..Q,dE AQ ag, 
1 PoP» 
peli. iD PME AA. 1+-a +b 

(2) | E, 


1 p.-p, 
+ ¢ 


(p.-j) (Pp, “|= 1) 
3 EE, 


E.E, 


3((J-j)’ | 
}(2J —1) 


pPeX | 
+D | 
E.E, 


rREIMAN, 


AND WYLD 
The coefficients £, a, b, c, A, B, D, which depend on 
eight of the complex coupling constants C, C’, are given 
in the appendix, Eqs. (A3)-(A9). We have used natural 
units such that c=h=1. 

The first three terms in Eq. (2) are the usual ones for 
beta decay from unpolarized nuclei. The fourth term 
arises when the initial nucleus is oriented [for a non- 
oriented nucleus 3((J-j)?)=J(J+1) |. This term has no 
implications for parity conservation, charge conjugation 
invariance, or time reversal invariance. The terms con- 
taining (J)-p, and (J)-p, can arise only if parity is not 
conserved.’ The last term, which involves (J)- (p.Xp,), 
can occur only if invariance with respect to time reversal 
is violated. 

This (J)-(p.Xp,) term can readily be distinguished 
experimentally from the other two terms. For example, 
suppose the nuclei are polarized along the z axis. The 
coincidence counting rate for recoil nuclei traveling in 
the x direction and electrons in the y direction should 
differ from the rate for recoil nuclei in the x direction 
and electrons in the (—y) direction only if the term 
(J)-(p.Xp,) is present (notice that p, P-— pw, where 
py is the recoil momentum). One can imagine other 
geometrical arrangements which could be used to dis- 
tinguish separately the various terms in Eq. (2). The 
feasibility of experiments along these lines is being 
studied at Princeton University by G. E. Schrank and 
r. R. Carver, who suggest that “optical pumping” 
could be used to align the nuclei in a dilute gas. 

Another possibility is to study the beta dec ay of free 
polarized neutrons.* In this case the following simplifi- 


cations obtain in the expressions of the preceding 
section. The term containing the factor c in Eq. (2) 
J(J+1). 
1 so that 


vanishes, since for a spin 4 system 3((J-j)*) 
Furthermore, here |Mgr\?=3 and |My? 
one has (since AJ =0) 

Ays|Mar 4=72, 


JI! 
( ) |ate| [ator 1. 
J+ 


These values are to be used in Eqs. (A3)-(A9) in the 
appendix. 

It is to be noted that D, the coefficient of the term 
(J)-(peXp,), involves the imaginary part of cross- 
product terms between the scalar and tensor coupling 
constants. It is known that Cr \? are large. 
If the imaginary parts of Cs and C7 are also large, this 
term should be easy to detect. 


iC'g|? and 


III. ELECTRON POLARIZATION IN RECOIL 
EXPERIMENT 


In this section we give the distribution function in 
electron and neutrino directions, electron energy, and 
electron polarization for allowed beta decay from a non- 


7It is easy to show that if the neutrino direction is integrated 
out, the terms in Eq. (2) proportional to a, c, B, and D vanish. For 
AJ = +1 the remaining expression is equivalent to Eq. (A6) of the 
appendix of Lee and Yang,' when one omits terms of order Z/137. 


* J. M. Robson, Phys. Rev. 100, 933 (1955). 
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oriented nucleus, 


w(a| E,,2,,.2,)dE dQ dQ, 


1 
a Sraaaed ~ FE dQdo, 
Qn 


Pp. P» m Pe Pp, 
X44 1+a——+b)—+0e-|G—+H 
fake Ek, Es E, 


pPeXPp, 
; (3) 
ELE, 


] ’ 
~e4vy 


_ pe Pe Py 
yam ae 
E.+mN ELE, 


The coefficients G, H, K, L are given in the Appendix, 
Eqs. (A10)-(A13). If one uses for @ in Eq. (3) the 2X2 
Pauli spin matrix, the expression (3) gives the density 
matrix for spin states referred to the rest system of the 
moving electron. On the other hand, if one sets @ equal 
to a unit vector n, w(n| /,,0,,2,) and w(—n| £,,Q,,2,) 
give the probabilities of emission of electrons whose 
spins are in the directions n and — nin the rest system of 
the electron. The polarization in the direction n is then 
defined by® 
w(n )—w(—n 
P(n) (4) 
w(n}---)+w(—n 


The terms in Eq. (3) proportional to @-p,, o-p,, and 
(o-p.)(pe'p») violate parity conservation. The term 
proportional to @-(p,Xp,) violates time reversal in- 
variance. 

Polarized electrons can be detected experimentally by 
atomic scattering experiments, where the spin-orbit 
coupling term gives rise to angular asymmetries. Tolhoek 
and de Groot!’ show that the most direct experiment is a 
measurement of a polarization transverse to the direc 
tion of motion of the electron by observing the left-right 
asymmetry. If we take the unit vector n in the z dire 
tion and p, in the x direction, coincidence counting of 
electrons with recoils moving in the y direction will give 
a polarization 


(peX Py). p.' DP, m 
i /(: + a + b ), (5) 
Els Biles Be 


according to Eqs. (3) and (4). If the electrons are 
subsequently scattered by atoms and detected to the 
left and to the right in the x-y plane (“‘left” is the 
direction defined by nX p,), the polarization is given by 


l (" - -) 
a R+L 
where & and £ are the counting rates to the right and 


left, and a is the asymmetry parameter defined by Eq. 
(30) and Fig. 5 of the paper by Tolhoek and de Groot." 


Pea 


* The polarization as defined by Eq. (4) is equivalent to the 
“orientation coefficient” of Tolhoek (see reference 10) 
” H. A. Tolhoek and S. R. de Groot, Physica 17, 1 (1951) 
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As is seen from Eq. (A13), L depends on the imagi 
nary part of cross products of the scalar and vector 
coupling constants and the tensor and axial vector 


8,11 


and |Cy|? are small 


to detect 


coupling constants. If 'Cy 
this term may be 
analogous term discussed in Sec. II 


more difficult than the 


IV. ELECTRON POLARIZATION IN DECAY OF 
ORIENTED NUCLEI 


We give here the distribution function in electron 
energy and angle and electron polarization for allowed 
beta decay from oriented nuclei. The neutrino angle has 
been integrated out. One finds 


l 


pl. (b’— b.)*dk AQ, 


(A16). @ has the 


N, V, and R are given by Eqs. (Al4 
ais 


The terms involving A and G in Eq. (6) have already 


same significance as in Sec, 


appeared in Secs. II and III. The terms involving NV and 
QO violate neither parity conservation nor time reversal 
invariance and are of no particular interest to us here.” 
The term, involving @-((J)Xp,) violates both 
parity conservation and time reversal invariance 


last 


This term could be detected by orienting the nuclei in 
the y direction and observing electrons moving in the 4 
direction. These electrons will have a polarization in the 


z direction given by 


(J) p. m 
p K( x ) / (1+ ), 
] E, / KE, 


according to Eqs. (4) and (6). This polarization could be 
detected by the right-left asymmetry in a sub equent 
in Sec. IT] 
Che expression for R given by Eq. (A16) shows that 


atomic scattering in the (x,y) plane, just a 
the transverse polarization will be small if |C4\* and 
Cy |? are For AJ=+1, R 
combination of coupling constants as the (7/137) term 
in the coefficient of (J)-p, of Lee and Yang.' If R is 
and |Cy|/?, the 
Coulomb distortion term in the Wu experiment will be 


small involves the same 


small because of the smallness of |C,4 


correspondingly small, and it may be difficult to make a 
binding conclusion about time reversal invariance or 


noninvariance 


1! B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 (1955) 

aN and Q, as well as ¢ in Eq. (2), are special cases of results 
already obtained by H. A. Tolhoek and S. K. de Groot, Physica 17, 
81 (1951) ire real and all ¢ 


when the coupling constant vanish 
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V. POLARIZATION OF ELECTRONS IN BETA DECAY 


If one integrates over the neutrino directions in Eq. 
(3) or averages over nuclear orientation directions in 
iq. (6), one is led to the distribution function 


] 
wlo| L,Y, dE AL, pli ( idk AQ, 
(2r)‘ 

mi Oo p. | 


xe 146 +-G 
rie? £3 


[he term o-p, gives rise to polarization of the electron 


along its line of flight. According to Eq. (4), the 


polarization of the electron in a direction n parallel to p, 


Pe m 
P=G /(: +b ) 9) 
E, E, 


According to the work of Sherr and Miller,’ b<1, at 
least for (AJ = +1, no) transitions. If Eq. (A10) for G is 


IS piven by 


specialized to the two-component theory of the neutrino® 


-and |C',|* are neglected relative 
, respectively, then the longitudinal 


(Cc Cc’), and if |Cy 
to iC’ s 
polarization is 


2 and |¢ 1 


P +-v,/C, (10 


irrespective of the type of allowed transition, Thus, if 
these assumptions should turn out to be valid, rela 
tivistic beta-decay electrons would be almost completely 
polarized. Alternatively, a measurement of the polariza 
tion of electrons emitted in beta decay provides a check 


on these assumptions, 


rREIMAN 


AND WYLD 
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Note added in proof.—After the above report was 
written we recalculated all the expressions for allowed 
beta decay taking Coulomb effects fully into account. 
This work will be published at a later time. The essential 
results involving time reversal invariance may, how- 
ever, be summarized as follows: The coefficients £a, &c, 
fA, and &G all receive Coulomb corrections proportional 
to (Z/137p,) times beta-decay coupling constants in 
combinations which can occur only if time reversal 
invariance is violated. But all of these terms would be 
small if |C,!, !C.’|, |Cal, |Ca’| are small. On the 
other hand, the coefficients &D, &L, and ER receive 
corrections proportional to (Z/137p,) times beta-decay 
constants in combinations which can occur even if time 
reversal invariance is valid. The important point, how- 
ever, is that for £D these Coulomb corrections would 
be small if |C,], [C.’|, |Ca!| and |C,4’| are small. 
From the smallness of the Fierz interference terms in 
allowed beta decay we can conclude either that the 
vector and axial vector coupling constants are small or 
else that time reversal invariance is violated. In either 
case, the detection of an appreciable (J)-p.p, term 
in Eq. (2) would therefore constitute a proof that time 


reversal invariance is violated. 


APPENDIX 


In the following formulas the upper signs refer to electron decay and the lower signs to positron decay. 
is the conventional Fermi nuclear matrix element with selection rules AJ 
is the Gamow-Teller matrix element with selection rule AJ =0, 
J and J’ are the angular momenta of the original and final nuclei, 6y-y is the Kronecker delta symbol, and 


bidden 


Ayes ) (2J 


J (2J —1)/L(J +1) (2J+3)], 


We find 


| M r|?(|Cs|?+ [Cv |?+[Cs’|?4+-|Cv’|?)+ | Mer|?2(|Cr|?+|Ca 
|Mer|? 


*+1Cy|*—|Cs’|?+|Cy’|*)4 
t2 Rel | Mr|*(CsCy*+Cs'Cy'*)+ | Mer|?( 


c&= | Mer|*Ayg(|Cr|?— |Cal?+|Cr’ |?— IC, 
H. Miller, Phys. Rev. 93, 1076 (1954). 


412% 
| ), 


% R. Sherr and R 


M p|? 


(), no nuclear parity change ; and | Mgr? 


+1, no nuclear parity change, J/=0—J=0 for 


(Al) 


J—J'=J+1 
+ |Cr’|*+|Ca’|?), 


-1Ca‘l?), 


CrC4*+Cr’'Ca”) |, 
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At=2 Re| t| Mer Aya (CrCr™ -CHa”) 
J , 


+8y-4|M || Morl( ) (CgCr'*+Cs'Cr* CyrC," Creu"), (A7) 
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m ] ' 
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J+1 
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The angular distributions of gamma radiation from Coulomb excitation with respect to the incident 


proton beam on thick targets have been measured in the even-even nuclei Ru, Pd, Pd, Cd! Cdt2, 


Cd, Cd"*, Os! and Pt, The particle parameters 


on Ru, Pd™, Cd"*, and Pt™ agree to within the accuracy of the experiments (+2 to 5% for az 


1, for a thick target deduced from the measurements 


with 


the numerical] results from the quantum-mechanical treatment of the Coulomb excitation process 


I, INTRODUCTION 


HE angular distribution of gamma radiation from 
Coulomb excitation with respect to the incident 
particles is given by 


W (6)=14 >, A,4,P,(cos8) (1) 


The coefficients A, are the gamma-gamma directional 
correlation coefficients tabulated by Biedenharn and 
Rose! for the spin sequence 7,(1,)7(L2)j2 and the 7’s 
are the spins of the target nucleus, the Coulomb excited 
state, and the final state after gamma-ray emission, 
respectively. ‘The particle parameters a, depend on the 
excitation process and it is the comparison of these 
coefficients, calculated from theory and measured by 
experiment, which is of interest. ‘These coefficients were 
numerical methods for electric 
quadrupole excitation, using classical trajectories, by 


Alder and Winther.? 


first evaluated by 


400 500 60¢ 
PULSE HEIGHT 


hic. 1. Differential pulse height spectrum of the gamma radiation 
for proton bombardment of Ru 


'L. C. Biedenharn and M. E 
729 (1953) 
7K. Alder and A. Winther, Phys. Rev 


Rose, Revs. Modern Phys 25, 


91, 1578 (1953) 
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To test their numerical results, the angular dis 
tribution of gamma rays from Coulomb-excited states 
of spin 2 were examined and the results from these 
measurements have been discussed in previous papers.** 
The spin sequence 0(/2)2(£2)0 is particularly suitable 
because the coefficients A, are large. In addition the 
reduced transition probabilities are large and no 
observable influence 
angular distribution is expected. This point is important 
for proton-gamma angular distribution measurements 
where a target in the solid state is necessary. These 
measurements of the parameters 
deviated considerably from the semiclassical results 
given by Alder and Winther. This disagreement of the 
particle parameters with experiment pointed to the 


of extra nuclear fields on the 


original particle 


need for a quantum-mechanical treatment of the 
process. Recently, numerical results from the exact 
treatment 
workers.*-? Both Breit and Biedenharn found an error 


have been given by several groups of 


Alder and 
Winther. As a result, a correct semiclassical calculation 
of the particle parameters improves the agreement with 
experiment regarding the slope of the a, vs Ey curve. 
We wish to report additional measurements of the 
particle parameters deduced from angular distribution 
measurements of gamma rays in even-even nuclei.’ ‘To 
within the accuracy of the experiments, the experi- 
mental particle parameters a, agree with the numerical 
results from a quantum-mechanical treatment. 


of sign in the original calculations by 


II. APPARATUS AND METHOD 


Protons of variable energy were obtained from the 
5.5-million-volt ORNL Van de Graaff accelerator. 


*P. H. Stelson and F. K. McGowan, Phys. Rev. 98, 249(A) 

1955). 

*F. K. McGowan and P. H. Stelson, Phys. Rev. 99, 127 (1955) 

’ Goldstein, McHale, Thaler, and Biedenharn, Phys. Rev. 100, 
436 (1955); Biedenharn, Goldstein, McHale, and Thaler, Phys 
Rev. 101, 662 (1956 

® Breit, Ebel, and Benedict, Phys. Rev. 100, 429 (1955); F. D 
Benedict and G. Tice, Phys. Rev. 100, 1545 (1955); F. D 
Benedict, Phys. Rev. 101, 178 (1956). 

7K. Alder and A. Winther, Kgl. Danske Videnskab. Selskab 
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* A brief account of these measurements was presented at the 
1956 Washington Meeting of the American Physical Society 
McGowan, Stelson, and Bretscher, Bull. Am. Phys. Soc. Ser. IT, 
1, 164 (1956) 
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TABLE I. Isotopic analysis of the enriched targets along with the energy 


Target 
Rul 95.1% 
358 kev 


91.42% 
374 


Pdi 


Cqus 94 24, 
555 
65.05% pus 


330 


Pt™ 


® The enriched isot 


Jance is atomic percent 


Targets were mounted on the target support at 45 
the beam, ‘The target 
with 0.005-in, wall 


with respect to incident ion 


Support was a stainless steel tube 
thickness. Metallic 
electrodeposition onto 0.005-in. nickel or by sintering 
metallic powders into thin foils 0.5 inch in diameter by 
75 to 150 mg/cm* thick. When using enriched Isotopes, 
approximately 75 to 150 mg of the enriched metal was 
Targets of the normal element 


targets were prepared either by 


required for each target 
of Sn and Bi were electrodeposited from a sodium 
stannate and a bismuth perchlorate bath, respectively 
enriched in Cd! was electro 


The cadmium target 


deposited from a cadmium cyanide bath to 95% 


depletion with a platinum anode. ‘Targets enriched in 
Ru, Pd", and Pt! were prepared from the metallic 


powders sintered at room temperature under a pressure 
of 25 tons/sq in. These foils were spot-welded onto 


0.005 in. nic kel In ‘Table I the ISOLOpL analy s1S of eat h 


) Dillerentia 14 radiatior 


RIBUT 


ION OF 


in kev) of the 24- level in the even-even nuclei 


0.42 


403 


enriched target 1 the energy in kev 


of the 24 
The 
Nal crystal, 3 in 
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Tape I. Proton-gamma angular distribution coefficients of the terms in the expansion of the correlation function in Legendre 


polynomials for a thick target. The column headed FE, gives the incident proton energy in Mev. For the spin sequence 0(£2)2(£2)0, 
A,=0.3571 and A,y= 1.143 


4sA4)osp (G4)exp 
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0).3464-0.009 
0.2944-0.006 
0.309 4-0.004 
0.2734-0.004 
0.2854-0.010 
0.2374-0.009 


0.35640.015 
0.348 +-0.006 
0.3194-0.005 
0.3224-0.005 
0.287 4-0.005 
0.285 40.004 
0.271+40.006 
0.244+4-0.004 
0.225+0.004 


0.41140.010 
0.352 4-0.008 
0.395+-0.007 
0.348+4-0.006 
0.357+0.005 
0.3264-0.005 
0.3204-0.005 
0.3144-0.005 
0).28640.007 
0.2964-0.004 
0.2944-0.004 
0.2894-0.004 


0.3464-0.007 
0.3014-0.012 
0.2924-0.004 
0.272 4-0.004 
0.253+4-0.005 
0.2264-0.004 
0.2064-0.005 
0.192 4-0.006 
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0.8244-0.016 
0.865+-0.011 
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0.6634-0.025 
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0.630+0.010 


1.151+4-0.027 
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1.108+-0.018 
0.974+4-0.01% 
0).999+-0.014 
0.91340.015 
0.895+-0.015 
0.879+0.013 
0.801 4-0.020 
0.829+-0.012 
0.822+6.011 
0.809+4-0.012 


0.968 40.018 
0.842+0.032 
0.817+0.011 
0.762+0.011 
0.70140.013 
0.634+0.011 
0.578+0.013 
0.538+0.016 


~0.117+0.012 
~0,058+0.006 
-0.092+0.003 

0.059+0.004 
~0.057 40.013 
+-0.001+0.011 


~0.1614-0.019 
0.1294-0.007 
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0.095 4+-0.005 
0.069 4+0.005 
0.063 +0.003 
0.0344-0.008 
0.038+0.003 
0.020+0.003 


0.2084-0.012 
0.117+4-0.010 
0.158+-0.008 
~(0.129+0.008 
0.135+0.005 
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0.102 4-0.006 
0.0894-0.005 
0.070+0.009 
0.0904-0.004 
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0.071+0.004 


0.123+-0.008 
~0.0524-0.015 
0.077 40.003 
0.050+-0.004 
0.019+0.005 
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0.004+-0.005 
0.006+-0.006 


~0.102+0.010 
-0.051+0.006 
~0.081+0,.003 
~0.051+0.004 

0.050+0.011 
+-0.001 4-0.010 


-0.140+0.017 
0.113+0.006 
0.086+0.005 
0.083+-0.005 
0.061 4-0.005 
~0.055+0.003 
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0.034+0.003 
0.018+0.003 


0.182+0.011 
0.102+-0.009 
0.138+0.007 
0.112+0.007 
0.1184-0.005 
0.083+0.006 
0.089 4-0.006 
0.078+0.004 
0.061+0.009 
0.078+-0.004 
0.053+-0.004 
0.062 4-0.004 


0.107 40.007 
0.046+4-0.013 
0.068+0.003 
0.044+4.0.003 
0.017 40.005 
0.019+-0.003 
0.003 4-0.005 
0.005 +0.006 


source. The important error in the alignment is the 
determination of the position at which the proton beam 
strikes the target. It is believed that the position was 
determined to within 0,05 cm. The use of large crystals 


10° increments where 6, is measured with respect to 
the forward direction of the incident ion beam. 
Because the counting rates are reasonably high and 
the background quite low, it is found, in practice, that 
the limitation to the accuracy with which the angular 
distributions may be determined is set by uncertainties 
in the alignment of the detector with respect to the 


at correspondingly large distances has helped to reduce 
the contribution of this error. When the point at which 
the proton beam hit the target had been located, a 


lasxie III. Angular distribution coefficients obtained from gamma-ray distribution measurements for a few other even-even nuclei. 
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0.277 40.004 
0.288 +-0.005 
0.251+0.010 


0.2814-0.010 
0.30340.010 
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0.36440.010 
0.3534-0.010 
0.3004-0,02 
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0.340+0.02 


0.3304+-0.015 
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0.0784-0.015 
0.101+0.015 


0,085 40.015 
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source of Cs'8? of the same area as the beam was placed 
on the target at this position. Then, the axis of rotation 
of the detector was adjusted until the counting rates 
showed that the variation in the solid angle subtended 
by the detector at 7.5 cm from the target as a function 
of angular position was less than 0.5°), (giving 0.1% 
at 20 cm from the target). 

For a typical measurement the pulse-height spectrum 
of the full energy peak was displayed in 20 channels and 
~50 000 counts were collected at each of the 10 angles. 
A sum of the counts in an appropriate number of 
channels was taken as a measure of the intensity. In all 
cases the intensities been corrected for the 
bremmstrahlung continuum and local background by 
measuring the intensity of the bremsstrahlung as a 
function of 6; with the same beam current. For angular 
distribution measurements with Z=78 a Bi target was 
used, and for measurements with Z of 44 to 48 a Sn 


have 


target was used. These targets are well suited for this 
purpose because of the negligible yield of nuclear 
gamma rays from Coulomb excitation at the energies 
which these measurements were done. We believe the 
extrapolation to neighboring Z will give little error 
since our investigations of the bremsstrahlung process 
show relatively little change in character with a small 
change in Z.'° In general for the measurements to be 
discussed below, the intensity of the bremsstrahlung in 
the angular distributions was never more than a few 


percent of the gamma-ray intensity from Coulomb 


excitation. Finally, a correction for the attenuation of 
the gamma rays in the target and target backing as a 
function of 6; was applied to the observed intensities. 
For example, this correction, which is largest at 0 
and 90°, was 0.62% for the 374-kev gamma ray from 
Pd!9, 


(with the appropriate weight factors) in terms of a 


A least-squares fit of the corrected intensities 


series of Legendre polynomials 


W (0) = Qo’+ G2’ P2(cosd)+ G4 P4(cosd) (2) 


was carried out on an I.B.M. calculator. The standard 
deviations have been obtained from Eq. (30) in a paper 
by Rose." The values of & defined by Eq. (27) of 
reference 11 clustered about unity indicating that 
nonstatistical errors were not large. A least-squares fit 
of each set of data in terms of a series of cos?"@ was 
carried out to serve as a check on the I.B.M. calcu- 
lations. 


III. GAMMA RAY SPECTRA AND MEASUREMENTS 


Figures 1 to 3 show the differential pulse-height 
spectrum of the gamma radiation observed when thick 
targets of Ru, Pd!, and Cd! were bombarded by 
protons. The spectrum of the accompanying proton 
bremsstrahlung continuum and local background is also 
shown. The shape of the pulse-height spectrum for each 


 P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955) 
MM. E. Rose, Phys. Rev. 91, 610 (1953) 
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lic. 4. The effective attenuation coefficient [G, ], for multiple 
Rutherford scattering as a function of & for a few representative 
cases, 


gamma ray of discrete energy is indicated in each 
figure 

The pulse-height spectrum of the gamma radiation 
from normal platinum has been shown in a previous 


paper.'® The spectrum from the target enriched in Pt'™ 


TABLE IV. Thick-target particle parameters [a, |, and attenu 
ation coefficients [G, }; for multiple Rutherford scattering as given 
by Eqs. (3) and (5), respectively 


AR 
Nucleus ke 


~ 
-~ 


ti dele dali Gals Crate 


0.9950 
0.99341 
0.9923 
0.9911 
0.9887 
0.9877 
0). 9858 


wRul™ 358 0.834 
0.673 
0.558 
0.472 
0.379 
0.313 
0.265 


0.122 

0.101 

0.0827 
0.0671 
0.0479 
0.0323 
0.0203 


0.9846 
0.9804 
0.9726 
0.9667 
0.9566 
0.9438 
0.9239 


1.016 
0.968 
0.917 
0.869 
0.804 
0.743 
0.689 


WwrhND Dd — 
Nf On 


0.924 
0.757 
0 616 
0.521 
0.417 
0),344 
0.289 
0.252 


0.132 

0.111 

0.0917 
0.0750 
0.0551 
0.0393 
0.0264 
0.0166 


«Pd 1.036 
0.989 
0.939 
0.893 
0.429 
0.770 
0.716 
0.667 


on 


Ww wh hh 
2ona— 


0.151 
0.132 
0.10% 
0.087% 
0.0712 
0.0567 


<= 


1.062 
0.877 
0.695 
0.567 
0.476 
0.406 


0.9973 
0.9959 
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0.9931 
0.9918 
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().834 


0.9871 
0.9846 
0.9770 
0.9722 
0.966% 
0.9604 


wWWwrHR— 
2Oonr— 


().824 
0.612 
0.575 
0.508 
().428 
0.336 
().272 
0).227 
0,192 


0.104 
0.0769 
0.0692 
0.0587 
().0458 
0.0276 
0.0152 
0.0050 
+-0.0027 


0.9910 
0). 9R6O# 


0.971 
0.496 
0.873 
0.839 
0.794 
0.718 
0.654 
0.594 
0.541 


0.9739 
0.9568 


1Pt'™ 440 
0.9813 0.928% 
0.9731 08515 


0.9661 





Kia. 5. The etlective attenuation coetflicient 
Rutherford 


CASS 


cattering as 4 function of &§ tor 


° 1 ee ° 
imilar with the exception that the intensities of the 


$58- and 404-kev 


gamma ray are reduced by factors of 9 and 39, respec 


gamma rays relative to the 330-kev 


tively, 
In Table IL we 


corrected for finite angular resolution," 


tabulate (a,A,)exp, Which have been 
and are defined 


as 


OAvlexi »/ a 


‘| he errors ¢ uoted in ‘Table I] will be disc ussed in Sec 
| 


IV. Since the A, are 


le parameters (d,)ex, for 


case ol even-even 
a thi k 
are listed under columns 


known in the 
nuclei, the partic target 
are determined and these Sand 
7 of ‘Table I 

In ‘Table IIT we list result 


measurements of other even-even nuclei which have not 


Table 


from angular distribution 
been studied as extensively as the four nuclei in 


ric 6 The ang 
function of Phe 


is assumed to be 


distribution oethoent 
| f Cf a vhe 


lines represent the 


olid line is the value ¢ 
centered and the dashed 

to be expected from the finite 
number of count rhe points repre 
sent the values of the (t,'/ (to’ for a displacement of the 
ingle vith the fi 


limits of error (standard deviation 

collected in the experiment 
target 
rward 


along a direction making an respect to 


direction of the ion beam 


| Gg \t for multiple 
a lew representative 


r,s &. STELSON 


IV. INTERPRETATION AND DISCUSSION 


In order to compare the particle parameters for a 
thick target as measured by experiment with those 
calculated from theory, we must evaluate the expected 
thick-target particle parameters. For an incident proton 
energy /, in the laboratory system these particle 
parameters | a, |, for a thick target are given by‘ 


vt a(hjadk ; 
[ a,(F: dig { / 
. dE /dpx/ + 


where a(#) is the total excitation cross section for 


a(h)dE 
(3) 


dE/dpx 


electric quadrupole excitation and d//dpx is the rate 


of energy loss.” have been 


The integrals in Eq. (3) 


evaluated numerically using for a, the numerical 
results’? obtained from a quantum-mechanical treat- 
ment of the Coulomb excitation process. ‘These results 


are tabulated in Table [V under columns 5 and 6. 


y (deq) 


Fic. 7. The angular distribution coefficient (@,4’/@o’ as a 
function of y. The solid line is the value of (t4’/ @o’ when target 
is assumed to be centered and the dashed lines represent the 
limits of error (standard deviation) to be expected from the finite 
number of counts collected in the experiment. The points represent 
the values of the (t4’/ Qo’ for a displacement of the target along a 
direction making an angle 7 with respect to the forward direction 
of the ion beam 


The slight attenuation of the angular distribution of 
the gamma rays by the multiple scattering of the 
protons by Rutherford scattering as they traverse a 
thick target has been discussed in a previous paper.‘ 
The form of the correlation function is unchanged and 
each coefficient a,4, becomes multiplied by an attenua 
tion factor G,. Following the notation of Goudsmit and 
Saunderson,"® who have expressed the multiple scat 
tering function as a series in Legendre polynomials, the 
G, are given by 

G,=c"*, (4) 


Ww here 


(141 ] 


v,= 2K? Ntv(v+-1)[ logs s+4at+:--1/yv) |. 


Ihe reader is referred to their treatment for a discussion 


of the assumptions inherent in Eq. (4). In our previous 


2 We will send to those who are interested the values we have 
taken for dE /dpx for protons 


'8S. Goudsmit and J. L. Saunderson, Phys. Rev. 57, 24 (1940) 





ANGULAR DISTRIBUTION OF 


paper* we chose for the effect of screening by the 

atomic electrons a cutoff in the Rutherford scattering 

law which was not appropriate for the scattering of 

protons." The effect of the cutoff comes into the attenu- 

ation coefficient through the factor log8. According to 

Williams'® the Born approximation is not valid for 

ni=Ze’/hv;>>1 but instead one must use the classical 

method of orbits in the treatment of multiple scattering 

with shielding. For our experiments we have 4<n,;< 11 

and we have chosen a cutoff which Williams found 

appropriate to fit some data from multiple scattering 

of a particles. In addition the values of dE/dpx have 

been revised upward by 8 to 10%. The net result of Fic. 9. Particle parameter a, as a function of the 

these changes is to reduce the x, about 40%. The incident proton energy for Rul 

effective attenuation coefficients [G,], for a thick 

target have been evaluated for a few cases, where expected from the uncertainty in the alignment of the 

[G, |, is defined by axis of rotation (decentering error), The decentering 
error was estimated as follows. Breitenberger has given 


Ei 1, Hi . . 
(G | a(l ——/ | a(L)adt relations'® to calculate the total first-order counting 
I, \t ’ } 


1F./dpx LE /dpa error asa function of source di placement for any given 
correlation function. For example, the total first-order 
counting errors were calculated for a source displace 
ment d=0.05/20=0.0025 which is likely to arise in 
our apparatus, ‘These counting rate errors were applied 
to data obtained from Ru! for /,= 2.4 Mev. For each 
displacement a least-squares fit to the modified counting 
rates or intensities was made to determine the coef 
ficients @,’/Q@o’. The results are given in Figs. 6 and 7 
The solid line in each figure is the value of @,’/@o’ for 
the case when the source or target is assumed to be 
centered and the dashed lines represent the limits of 
error (standard deviation) to be expected from the 
finite number of counts collected in the experiment In 
this experiment 5X10* counts were collected at each 


of the 10 angles. ‘The points represent the values of the 


Fic. 8. Particle parameter a» as a function of the 


incident proton energy for Ru coefficients (@,’/@o’ as a function of the di placement of 

the target along a direction making an angle y with 

and G, is given by Eq. (4). These results are listed in respect to the forward direction of the ion beam. For 
Table IV under columns 7 and 8. Since the effect of | this particular example the error introduced in (y'/@ 


multiple Rutherford scattering on the angular dis 


/ 


tribution coefficients is relatively small, we have not 
computed the [G, |, for every entry in ‘Table IV. For 
neighboring nuclei we find that [G, ], fall on a smooth 
where 


curve as a function of &;, 


—=/ ] l 
h vy 1 


The curves in Figs. 4 and 5 were used to obtain [G, ]¢ 
for the other entries in ‘Table IV. 
The errors quoted in Table II include both the 


‘ 


standard deviation to be expected on purely statistical 
grounds from the finite number of counts collected 
in the experiments and the standard deviation to be 


4 We are indebted to Dr. T. Huus (private communication) for Fic. 10. Particle 
pointing out that the attenuation appeared to be too large in our 
previous paper 

16 E. J. Williams, Phys. Rev. 58, 292 (1940) ‘6. Breitenberger, Phil. Mag. 45, 497 (1954) 
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Fic. 11. Particle parameter a, as a function of the 
incident proton energy for Pd!” 


from target displacement can be as large as the statis 
tical error while the error introduced in @4’/@o' is 
considerably smaller for all displacements. Unfor 
tunately the displacement at y=135° or 315° is the 
one most likely to occur in our apparatus. As a result 
we have combined a decentering error of 0.003 and 
0,001 for (a2A a)exp and (a4A4)exp, respectively, with the 
statistical error by taking the square root of the sum 
of the squares of these two standard deviations, 

A comparison between experiment and theory using 
the particle parameters obtained from the quantum- 
mechanical treatment is shown in Figs. 8 to 15. The 
solid curve (not labeled) is a, as a function of E,, the 
incident energy of the proton. The thick-target particle 
parameter as a function of £; is labeled [.a, |;. Finally, 
the curve labeled [a,],(G, |; is the expected thick 


target particle parameter including a correction for 


multiple scattering of the protons as they traverse the 
target. It is this latter curve that is to be compared 
with the experimental points. For example, in the case 
of Cd'* the yield changes by a factor of 200 in going 
from 1.9 to 3.3 Mev. We conclude to within the ac- 
curacy of the experiments (+2 to 5% for az) that there 
is agreement between experiment and the numerical 


results from the exact treatment of the process. In the 


555 kev 


&, (Mev) 


Particle parameter a; as a function of the 
incident proton energy for Cd" 
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range of interest (4<n,<11), the semiclassical results 
are 10 to 20% smaller than the quantum-mechanical 
results for de. 

In the discussion thus far we have neglected the 
effect of any possible Coulomb excitation of other 
states in these even-even nuclei. For example, a spin 
2 is consistent with the directional angular correlation 
measurements’ for the second excited state (622 kev) 
in Pt™, In principle this state could be excited by 
Coulomb excitation either by direct excitation 0-2 or 
by double £2 excitation 0-+2—+2. The cross section for 
double £2 excitation is given approximately by 


00-+242= 90-020 2-02/ a", 


where d is the distance of closest approach. If we 
assume B(#2), for the 292-kev cascade transition to be 
equal to 0.39 10~* cm‘, the B(£2)4 for the 330-kev 
transition,” then o942+2i8 1.12 ub at Ep=5.0 Mev. For 
direct excitation of the 2+ level at 622 kev, the cross 
section is 50ub on the assumption that the B(E2), 

B(E2),»= 6.67 X 10-" cm‘, The observed cross section 
for excitation of the 330 kev state is 5.2 mb. These 
estimates are sufficient to exclude any significant 
excitation of other states in these even-even nuclei. As 
a result the angular distribution measurements should 
not contain any contributions from cascade transitions. 
We have, however, made a few preliminary measure- 
ments in an attempt to observe excitation of other 2+ 
and 4+ levels either by double £2 excitation or by 
direct excitation in the case of 2+ levels. The results 
verify the conclusion that the angular distribution 
measurements are free of any effect from cascade 
transitions. The number of excitations for the 622-kev 
state in Pt! does, however, have some significance 
with regard to the reduced transition probabilities 
from the second excited 2+ state to the first 2+ state 
and to the ground state. We observed excitation of the 
622-kev state by detecting the 292-kev gamma ray in 
coincidence with the 330-kev gamma ray. From the coin- 
cidence spectrum we find (4.96+0.75)X10* excitations 


ca'4 | 
£ = 555 kev 


- 4 i 4 , 
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Fic. 13. Particle parameter a, as a function of the 
incident proton energy for Cd", 


17 Mandeville, Varma, and Saraf, Phys. Rev. 98, 94 (1955). 
‘8A. Winther (private communication); Alder, Bohr, Huus, 
and Winther, Revs. Modern Phys. 28, 432 (1956). 
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per microcoulomb for the 622-kev state by 5-Mev 
protons on a thick target with abundance of Pt™ of 
65%. The B(E2)q4 for the 622-kev transition is (1.74 
t 0.35) 10-" cm‘, which is } of the B(E2),». Using 
the branching ratio” 3.3 for cascade transitions to 
crossover transitions and assuming the 292-kev transi- 
tion is predominantly £2, which is in accord with ob- 
servations?’ for the analogous transition in Pt'**, we 
we find the B(£2), for the 292-kev transition is 2.31 
x10-" cm‘. This result is 35 times B(#2),,, while 
B(E2)a/B(E2),, is 58 for the 330-kev transition. In 
these results the yield has been attributed to direct 
excitation of the 622-kev state because the cross section 
for double £2 excitation is much smaller. This result, 
viz., that the B(/2)4 for the 2—2 transition is smaller 
than the B(#2)4 for the 2-0 transition, is of some 
interest. It is in contradiction to the predictions of both 
the ‘‘shape unstable” model*! and the “free vibration” 
model” which predict that the B(#2)a for the 2-2 
transition should be larger than the B(#2)4 for the 


’ 


2—0 transition of 330 kev. 

We have found it useful to plot [a,],X(G,], as a 
function of £, for interpolation purposes rather than 
compute the thick-target particle parameters for every 
case when they are needed. These curves will appear 


in a subsequent paper along with a few additional 


thick-target parameters which have been computed for 
several cases to interpret angular distribution measure- 
ments from odd-mass nuclei. 

The results given in Table III for measurements from 
other even-even nuclei indicate that, as expected, the 
spin of the Coulomb excited state is 2. The errors 
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Fic. 14. Particle parameter a, as a function of the 
incident proton energy for Pt™ 
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* R. M. Steffen, Phys. Rev. 89, 665 (1953). 

1 ., Wilets and M. Jean, Phys. Rev. 102, 788 (1956). 

%G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
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Fic. 15. Particle parameter a, as a function of the 


incident proton energy for Pt™ 


assigned to these results are larger than those in Table 
II. The Pd'™ target contained a small amount Na” as 
an impurity which gave rise to a gamma ray at 440 key 
with an intensity of about 4% relative to the 433-kev 
gamma ray from Pd'°*. The isotopic abundance of the 
enriched cadmium targets was not too large. As a 
result the contribution of the other isotopes in the 
targets to angular distributions had to be removed from 
the composite data, 


V. CONCLUSIONS 


The particle parameters a, for a thick target which 
appear in the distribution function for the directional 
correlation of gamma rays following Coulomb excitation 
have been measured in the even-even Rut 
Pd, Cd!) and Pt™ and no significant deviation from 
the numerical results given by quantum-mechanical 
treatment is found. The good agreement between theory 


nuclei 


and experiment is encouraging for the use of Coulomb 
excitation as a valuable tool in nuclear spectroscopy 

For mixed £2+ M1 transitions, such as are generally 
observed in odd-mass nuclei, a measurement of the 
angular correlation affords a sensitive means of deter 
mining the ratio (442/M1)!, in addition to inferring the 
spins of the excited states. This information combined 
with the cross section for excitation yields the reduced 
transition probability for the magnetic dipole transi 
tion. Measurements of this type combined with the 
polarization-direction correlation to eliminate ambi 
guities will be discussed in a subsequent paper on odd 
mass nuclei. 
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In this paper, we extend the sum-rule calculations of Levinger and Bethe to include two-body Heisenberg 
and tensor forces. We apply these sum rules to calculate for the alpha particle the bremsstrahlung-weighted 
cross section (o,) and the integrated cross section (a in4) using Irving’s wave function for tensor force. We 
compare our results with values found from experiments integrated to 150 Mev. The experimental values 


are op=2.7 mb and oi,4=124 Mev-mb, while the theoretical values are found to be o,=1.23 mb and aint 


60.1 +-0.70(x+- hy) +-0.18(a'+4y’)] Mev-mb. Here x and x’ 


are the fractions of central and tensor 


potentials, respectively, that have Majorana exchange character; y and y’ represent fractions of the central 
and tensor potentials that have Heisenberg exchange character. The low theoretical values for o, may be 
related to the small root-mean-square radius of the alpha particle given by Irving’s wave function. The 
photodisintegration experiments seem to support Hofstadter’s value for the size of the alpha particle, 


when one takes account of the proton size in his electron-scattering experiments 


I, INTRODUCTION 


HE cross section and angular distribution of the 
protons produced in the photodisintegration of 
the deuteron,'*? when compared with the experiments, 
serve to test the basic theory of photonuclear reactions. 
An over-all check of these calculations can be made by 
sum-rule calculations on the photodisintegration of the 
deuteron.’ Calculations on the photodisintegration of 
the He* nucleus have been made by Flowers and Mandl‘ 
and by Gunn and Irving.® Very little is known of the 
wave function for the ground state of the helium 
nucleus and much less is known of the wave function 
for the excited states. Further, use of a plane wave to 
describe the motion of the emitted particle in the final 
state, though justified for the deuteron at moderate 
energies, seems to be quite dubious for He*. In sum-rule 
calculations, we sum over all excited states and use 
closure for the matrix elements, so that the results 
depend only on the wave function assumed for the 
ground state. 
Flowers and Mandl‘ have calculated the (y,p) cross 
wave 
describe the ground state of the a particle while Gunn 


section using S-state Gaussian functions to 


and Irving® have made similar calculations using both 
Gaussian and exponential-type wave functions. A com 
parison of these calculations with experiment indicates 
that the experimentally measured® (y,p) cross section 
is in better agreement with the calculations made by 
Gunn and Irving, using the exponential-type wave 
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function. In the region above 26 Mev a discrepancy is 
indicated between the energy dependence given by 
Gunn and Irving and that given by the experimental 
curve of Fuller. This discrepancy may be due to the 
crudeness of the experiment; but may be possibly 
attributed to the omission of ‘“D” terms in the wave 
function or to the assumption of a free final state. 
Irving’ has pointed out the need for the inclusion of a 
tensor force in the nuclear interaction in order to 
obtain the correct binding for the helium nucleus. It 
therefore seems necessary to include a tensor force in 
the photodisintegration calculations also. 

For the following calculations, we have chosen 
Irving’s’ later wave function, in which Irving has taken 
tensor two-body forces into consideration and has 
assumed the ground state wave function to be a 
mixture of the ‘So and the principal *Do state. (The 
possible terms in the Het wave functions are S, P, and 
D, and have been listed by Gerjuoy and Schwinger.*) 

In Sec. II we calculate the rms radius of the particle 
using Irving’s wave function and compare it with the 
size of the a particle measured by Blankenbecler and 
Hofstadter® by electron scattering experiments. In Sec. 
III we calculate the dipole bremsstrahlung-weighted 
cross section (o,= f{(¢/W)dW), and in Sec. IV the 
integrated over the photon energy 
(cine= fodW). In Sec. V we compare the results for 
a» and ojin¢ With experiments, and we discuss the dis- 
crepancy between theory and experiments in Sec. VI. 


cross section 


II. SIZE OF THE ALPHA PARTICLE 


The complete wave function for the ground state 
of an alpha particle representing a mixture of the ‘So and 
the principal *Dpy states may be written in the form’: 


v . ~~) 
(1+C)! 
’ J. Irving, Proc. Phys. Soc. (London) A66, 17 (1953). 
* E. Gerjuoy and J. Schwinger, Phys. Rev. 61, 138 (1942) 
*R. Hofstadter, Revs. Modern Phys. 28, 214 (1956) 


(Wst+Cyp), (1) 
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where 
Vs=Nsg exp - 2a(u?+v?+ w?)!], 


¥p= Np exp[ —28(u?+-0?+-w*)! ][6(e1 - v) (o3-w) 
+6(0,-w)(03-V)—4(01-03)(V-w) |, 


v=(r.—r)/2!; w=(% -4r3)/2}, 


u=4$(r+4r:—fr—N), 
R=}(r+ret+ratr), 


N s?= 2°08 / (394); Np?= 278'8/ (523424), 


and 


ne tristrigtres tree tre =4(1?+0?+w"). (6) 
Here rj, f2, fs, and rg denote the position vectors of the 
particles; 1 and 2 denote the neutron and 3, 4 the proton 
coordinates. R stands for the center of gravity of the 
He* nucleus. C? determines the amount of D state in 
the mixtures assuming that the “S” and “D” parts 
of the wave function have been separately normalized 
to unity. a, 8, and C are variation parameters and have 
been chosen to minimize the energy. The results fit the 
binding energy of He‘ reasonably well. It is found? that 

a=1.19XK10"% cm; B=1.792 10" cm“, (7) 
and 

0.162. 


In order to calculate the rms size of the charge dis 
tribution (b) of the alpha particle, we shall have to 
evaluate 

b {3[ (r; R)?4 (i, R)? loo}! 
From Eq. (4), it is evident that 

r;—R=}u—w/v2 and m—R 

Therefore 


= (4 u? + sw? Joo 


1 
| f vse + 4w*)Wsdudvdw 
1+c%)| 


Hof vote { ju") vodudvaw} (10) 


Carrying out the integrations by Irving’s method,’ we 
obtain 

1 45 91C? 

1 45 91C% 


(2) 13202? 32g | 


1 
{0.9864 0.023} 
(1 026) 


0.98 K 10~** cm? 
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Therefore 


b= (( 412+ 4w? Joo)! =0.99X 10-8 cm, 12) 
which 
X10~-" cm found from electron-scattering 
Ravenhall’ have recently computed an rms radius from 
the wave function of Clark'® who also used a variation 
method to fit the binding energy of the alpha particle 
I'he resulting radius is found to be 4 of the required 
size. Since Clark has included two D states in his wave 
function while Irving has used only one, we conclude 
that the additional D states have little effect on the 


is about § of the experimental’ value b= 1.61 
Dalitz and 


rms radius of the alpha particle. Also note in Eq. (11) 
that the principal “D” state contributes only 2.5% to 
the mean square radius. There are several possibilities 
for this serious disagreement between theory and 
experiment 

(1) This application of Irving and Clark’s wave 
functions to electron-scattering does not consider the 
finite size of the proton’ (0.77 107" cm). An inclusion 
of this finite size of the proton with treatment of the 
neutron as a point particle increases the rms radius of 
the a@ particle to about 1.30% 10°" cm, which is still 
0.30% 10~" below the experimental value. McIntyre’s 
use!! of this procedure vives agreement with his meas 
urements of electron-deuteron scattering; but it violates 
the assumption of charge symmetry in nuclear physics 

(2) Recently Yamada et al.’* have calculated the 
effect of a hard core in the nucleon-nucleon potential 
on the binding energy of H He’ and they find 


that the hard core reduces the binding energy of H*, and 


and 


with prope rly chosen parameter ; decreases the Coulomb 
with the 
3-body 
therefore 


energy of He® by 25% to give agreement 


experimental value. The radius of the 


25%. We 


an inclusion of 


rms 
system is increased by roughly 
believe that in addition to all D states, 
a hard core might possibly lead to the right binding 
energy and rms radius of the @ particle. (Other changes 
in the shape of the two-body potential, or the inclusion 
of many-body forces could have similar effects to those 
of a two-body repulsive core.) 

(3) A third alternative suggested by McIntyre" is 
to assume that the charge density found from scat 
tering experiments at high energies (400 Mev) cannot 
related to p the nuclear 
Schrédinger equation.' 


be directly the solution of 


Ill. BREMSSTRAHLUNG-WEIGHTED 
CROSS SECTION 


In this section we shall evaluate the electric dipole 
bremsstrahlung-weighted cross section o, using Irving’s 


wave function 
A. C. Clark, Proc. Phys. Soc. (London) A67, 323 (1953 
J. A. McIntyre, Phys. Rev. 103, 1464 (1956 
2 Kikuta, Morita, and Yamada, Progr. Theoret. Phys 
15, 222 (1956) 
1s nnie, Lévy 


(Japan 


and Kavenhall, Revs. Modern Phys. 29, 144 
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Levinger and Bethe’ evaluate the electric dipole 4x? 7 l Ys*u’pgdudvd 
bremsstrahlung-weighted cross section as , a a Wyaeucrew 
se ‘ ' 3 \hcJ (14+C?*) 


Ob J (a/W ‘dV +C* [ votwvodudvaw | 
— 4r’* /e* 1 iS 2c 
(azn Chiat) 
( yu 2 (rs ; 3 hc/ (14 C*) 8a? 83? 


3 \ hk 
1.23 mb, (15) 


gut from kq. (9) 
where the values of a, 6, and C have been substituted 
(ts—R)+ (r4—R) from Eq. (7). The value of a» with Irving’s central wave 
Therefore function!®:'® is only 0.8 mb. 


IV. CROSS SECTION INTEGRATED OVER PHOTON ENERGY 


Levinger and Bethe’ have calculated an expression for the photodisintegration cross section of a nucleus 
integrated over the photon energy for a central potential with Majorana exchange. They find that 


7 int foan 


= NZ Mx 


Mc \A_ 4h? 


[ex bs V (743) P i5™, (Di a — 205 2) ], (Di u-Zs1)| . (16) 
00 


Here x is the fraction of the neutron-proton force that has a Majorana exchange character; i denotes proton and 
j neutron, the double sum being over all pairs of neutrons and protons; r,; is the distance between proton ‘i’”’and 
“7”; V(r.) is the neutron-proton potential; and P,;“ is the Majorana exchange operator. 
Using the property that 


neutron 


(Los des Pis™ 


iti), Dee J= Ci Ds (2-2) Pig, Di 2) 


} Lo ilz; sy Po", 
Levinger and Bethe obtain 
2r’e’h;NZ Mx St) | 
a | = [ve Ess Vera rsAPuMbalr (17) 
¥ 


Mc A 


where Wo is the complete nuclear wave function. 

In their paper, Levinger and Bethe have not considered tensor forces, or Bartlett and Heisenberg exchange 
operators. Since the tensor operator commutes with the space coordinate, Eq. (17) still holds, with V now includ- 
ing the tensor operator S;;. The Bartlett operator exchanges the spin directions of the two particles, leaving their 
positions unaffected, Bartlett forces therefore will not contribute anything to ain, because the Bartlett operator 
commutes with the space coordinates 
The Heisenberg operator P# inter hanges both position and spin coordinates, and for central forces of the form 
V(r [1 +aPij"+yP.;" |, we find that 


Mi 


2r’eh| NZ Mx My 
| [ver Di doy Vira riPP yWodr : foe > 65 Virgie ZPP if bed }. (18) 
A 3h. 3h? 
Here x and y denote the fractions of Majorana and Heisenberg type forces. For most even-even nuclei, including 
the alpha particle, any pair of neutrons and protons will have a probability of } for being in a spin triplet state 
and } for being in the spin singlet state. Since the Bartlett operator gives +1 when it acts on a spin triplet state 
and —1 acting on a spin singlet state, and since Pj;” = P;"P,,*, 


[Wo*P Ao | A Po* PMY | (19 
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where the factor } comes out of averaging over the nucleon spins. (See reference 16 for further discussion.) Thus, 
for an even-even nucleus, Eq. (18) reduces to 


2r' eh | NZ M(x+}4y) 
Mc | A 3h? 


Tint 


forxis, Vira riPPiypodr (20) 


For the present calculation, we shall use a general Yukawa potential including tensor interaction written as 


V (93) = — Vol { (1—x—4y—4g+4¢(04-0;)) +4P ij! +yP i i4 I (1,5) 
ty{ (1—2’—4}y'—4e+4e(e;-0;)) +2 Pi" +P AY K(rij)Si,), (21) 
where the tensor operator 
ri *(3(e;4- 84) (0;-48,;) | 
and 


enriilr, 


- K(9;;) 


(7 5;/Te) r:;/T1) 


I (¢5;) 


Vo, £8, Y, Ye, and #; are parameters and have been chosen to fit the binding energy of the triton by Pease and Fesh 
bach.'” They find 


r-=1.184X10—"% cm, r:=1.67K10—™% cm, Vo=46.1 Mev, y=0.54, and g (0),.004 
For an alpha particle, 


2r*e*h | MV, 
1 


Tint * 


| (Ws*+Cpn*) (Si Ds riPl(at dy) (rigs) + (2! +4y/)yK (ris) Sis (Us +Chn)dr 
Mc | (14+C%3h?« 


From the orthogonality of the S and D states, it follows that 


2r'eh | MV, 
1 


Tint 


(x+4y) | ws* 34 305 J (ris) ri Pbsdr+2C(x'+4y 7 | vs* Hi K (ri) SinifPbodr 
Mc | (14+C%)3#? 


+C?(x-+ b9) f vo" a Li J (rij)rifbodr +C?( ¥ { 4 yy f vo" na Ye K (rig Sip ifbndr |. (24) 


All the spin matrix elements needed are given by Irving’ and are worked out in detail in reference 16 
Carrying out the spatial integrations by Irving’s method, we obtain 


Ei(a,) 


1+ 


i atch | MV, i by) Ng?(1—g)2%44(9!) 
odW 
Mc | (14+C2)3h? 


(v2/r,)" 


(a'+3y')NsN p2°>x*yC (12!) (a+ 39) N p?C?2%r4(20) (13 !) (x +- hy’) N p?C?249ry (13 !) 
+ . D(ae)4 F (aq) F (a4) : 
(v2/r,)'3 (V2/r.)'5 (v2/r,)'5 
where 
a,;=2V2ar., d2=V2(a4 B)ri, a3=2V2Br., a4=2v2/ (26) 


E, D, and F are the integrals listed in the Appendix. (Though two of these integrals are listed by Irving,’ we shall 


list them again for completeness.) 
Evaluating (25), we obtain 


gine = 6O[ 1+-0.6710(%-+-4y) +-0.1815 (x’ +4’) 4-0.0240(x+- 4) —0.0001 (x’+4y’) | 
60[1+-0.695 (x+-4y) +-0.181 (x’+4y’)] Mev-mb, (27) 


while for Irving’s central force wave function!® 
O int* 60 1+-0.97 (x4 hy) Mev-mb (28) 


Levinger'* has made a sum-rule calculation of the electric-dipole transitions in the nuclear photoeffect using 
a simple harmonic oscillator independent-particle model with nuclear radius parameter ro=1.2K10~" cm. For 

17 R. L. Pease and H. Feshbach, Phys. Rev. 88, 945 (1952) 

8 J. S. Levinger, Phys. Rev. 97, 122 (1955 
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the particular case of He‘, he finds that o,=2.3 mb, or about twice our value using Irving’s wave function for a 
smaller alpha particle. For a quasi- Yukawa central potential, Levinger finds that ¢ ine = 60(1+-0.842), in surprisingly 


good agreement with our Eq. (27) if we put y 


V. EXPERIMENTAL DATA 


In this section, we shall make a comparison with 
various experiments on the photodisintegration of the 
He* nucleus. Experiments on the photodisintegration 
of alpha particles have been performed by Benedict 
and Woodward,"* Halpern et al.,”° Fuller,® de Saussure 
and Osborne,”' and Smith and Barton.” 

Benedict and Woodward measured the cross sections 
for the production of protons of energies from 45 to 
120 Mev produced from Het by a bremsstrahlung beam, 
and have expressed their results in terms of differential 
cross sections. We calculate the total cross section from 
their graph by assuming an angular distribution of 
(a+b sin*é). Fuller® helium 
29-, and 40-Mev bremsstrahlung and meas- 


the form irradiated yas 
with 26-, 
ured the 


protons produced by the photodisintegration of Het 


energy and angular distributions of the 


using nuclear emulsion techniques. The results of his 
measurements were read from a curve for o vs photon 
energy. Both Woodward and Fuller obtain photon 
energies by using the assumption that the dominant 
reaction giving protons is He*(y,p)He*®. Fuller has 
checked this assumption in his energy range by use of 
different betatron energies 

Halpern et al.” measured the cross section for the 
photodisintegration of He* by direct detection of the 


HALPERN 
FULLER 
OSBORNE 
WOODWARD 
SMITH 





hy 


140 
wiMev) 

Mic. 1. Experimental measurements of the total cross section 
in millibarns, for photodisintegration of the alpha particle os 
photon energy W. The show measurements by Halpern 
et al.™; the solid triangles, Fuller*®; the open circles, Osborne et al. ; 
the solid squares, Woodward et al.; and the solid circle, Smith 
numerical calculation of o» and 


crosses 


et al. The curve is used for the 


Tint 
»T. S. Benedict and W. M. Woodward, Phys. Rev. 83, 1269 
1951) 
*” Ferguson, Halpern, Nathan, and 
776 (1954). 
2! (|. de Saussure and L. S. Osborne, Phys. Rev. 99, 843 (1955) 
2]. H. Smith and M. Q. Barton, Phys. Rev. 100, 1265(A 
(1955) and J. H. Smith (private communications). 


Yergin, Phys. Rev. 95, 


y’=0 and x’ =x. 


outgoing neutrons, and analyzed their yield curve by 
the photon difference method. We have read their 
cross sections also from their curve of photoneutron 
cross section for He‘. de Saussure and Osborne have 
investigated the photodisintegration reaction y+Het—~ 
He’ +n by measuring the energy and angular distribu- 
tion of the He’ recoil nuclei for photon energies 
between 40 and 120 Mev. 

Smith and Barton®” have measured proton yield 
and neutron-proton coincidences from alpha particles 
irradiated by 285-Mev bremsstrahlung. Analysis of the 
neutron-proton coincidences for 65-Mev protons on the 
quasi-deuteron model of Levinger gives an alpha- 
particle cross section of 0.2 mb at a photon energy of 
about 180 Mev. Since some protons were not in coin- 
cidence with neutrons, Smith suggests using a total 
cross section about 50% larger, i.e., 0.3 mb. 

In the following, we shall assume that o(y,n) =a(y,p) 
for the photodisintegration of He*. Thus we double the 
proton cross sections of Woodward and of Fuller® and 
the neutron cross sections of Halpern and of Osborne 
to find the total cross sections of photodisintegration 
of the alpha particle 

Combining all the measurements, we have the total 
cross section from threshold to 150 Mev, with a 
standard error of about 10% for the better measure- 
ments. As shown in Fig. 1, the measurements are not 
completely consistent. More experimental measure- 
ments are in progress.4 We have calculated experi- 
mental values of oy and ojn, by numerical integration 
to 150 Mev using the preliminary curve shown in Fig. 1. 
Table I shows a comparison between theory and 
experiments. Three standard central-force mixtures 
are: 

Rosenfeld”: 0.93 P™ 


0.13—0.26P4+-0.46P4, 


giving x+4y=0.80; 


rasie I. Integrated cross sections for photodisintegration of the 
helium nucleus 


gin = fodW 
124 Mev-mb, 


ab f(a/W)dW 
Experiment* 2.7 mb 
Calculation: 
Central forces 
Central plus tensor 


0.8 mb 60[1+-0.97 (x+-4y) ] 
1.23 mb! 60[.1+-0.695 (x+-4y) 
+0.182 (x’+4y’) ]° 


* See Fig. 1 

b See Sec, IIT 

© See Sec. IV are the fractions 
respectively, that have Majorana exchange 
similar quantities for Heisenberg forces 


f central and tensor potentials, 
character; y and y’ denote 


x and x’ 


*Fuller’s published cross sections have been increased by 
roughly 20% due to recalibration of the photon monitor (private 
communication 

“4 FE. L. Goldwasser (private communication) 

#1. Rosenfeld, Nuclear Forces (North-Holland Publishing 


Company, Amsterdam, 1948) 
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Inglis**: 0.8P"+0.2P%, giving x+4y=0.80; 
and Serber?’: 0.5+0.5P™, giving x+4$y=0.50. 


For central forces and Irving’s central wave function 
7 int 1s 89 Mev-mb for a Serber mixture and 106 Mev-mb 
for a Rosenfeld or Inglis mixture. If we use the same 
mixture parameter for central and tensor forces in the 

, / . 
=x’ and y=y’), a Serber 
mixture gives 86 Mev-mb, while a Rosenfeld or Inglis 
mixture gives 102 Mev-mb 


Pease-Feshbach potential (x 


VI. DISCUSSION 


A comparison between theory and experiment shows 
a serious discrepancy between theory and experiment 
for o, though there is a fairly good agreement between 
the two for ojnt for Inglis or Rosenfeld mixtures. The 
large disagreement between theory and experiment for 
a, may be due to the small rms value of the alpha par- 
ticle given by Irving’s wave functions. (Calculations of 
a, usually provide a good check on the ground-state 
wave function used 

As discussed above, the interpretation of the alpha 
particle’s rms radius is not completely clear at present. 
McIntyre" has recently analyzed the electron-deuteron 
scattering successfully by treating the proton as a 


spread-out charge distribution and the neutron as a 


point charge. If we start from Hofstadter’s measured 
1.61 10~" cm for the alpha particle, 
and, following McIntyre, subtract the contribution due 


rms radius of } 


to the proton’s radius, we obtain an alpha rms radius 
of about b=[ (1.61)?— (0.77)? |4= 1.40 10-" cm. (The 
subtraction of mean square radius is justified for 
Gaussian charge distributions, which are not in dis 
agreement with Hofstadter’s measurements. ) 


267). R. Inglis, Revs. Modern Phys. 25, 390 (1953) 
27 R. Serber, Phys. Rev. 72, 1114 (1947 


For central forces, 


br’ fe? \ 4 
( 
3 he 3 


and (15) 


(29) 


[ See qs (11) 
approximation for tensor forces. [ Note added in proof 


equation (29) is a yood 


We are grateful to L. L. Foldy (private communication 
and preprint, ‘“Photodisintegration of the Lightest 
Nuclei,’”’) for the following: 
of the two charge distributions is needed to justify our 


subtraction of the proton’s mean square radius; (2) 


(1) only the independence 


Equation (29) can be generalized for A <4, using only 
the assumption of a space-symmetric wave function 
Using the experimental value o,= 2.7 mb in this equa 
tion, we find 6= 1.44 107" cm which supports Hofstad 
ter’s value of 1.40 10-8 cm obtained by taking account 
of the proton size. 
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APPENDIX 


In Sec. LV, the following integrals are used 


f (1 q’)*«pPdq 
° (a+q)'° 


0 


f (1—g")*g*dq 
. (a+ q)"” 


f (1 q’)*q°dq 
0 (a+q)" 


3003a* +-9630a' 4-47 10a? +- 350a+ 35 


21a*°+- 19a’?+-7a+1 
K(a) 
504a°(a+1)? 


2314’ + 159a?+-45a+-5 
D(a) 
13860a°(a+-1)° 


F(a) 


3603604" (a+-1)'° 
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The polarization of the protons in the H?(d,p)H®* reaction has been measured at a deuteron energy of 


0.64 Mev in the laboratory sy 
target was approximately 70 kev thick 


tem, and a proton angle 45° in the center-of-mass system. The deuterium gas 
Scattering in helium gas was used to measure the polarization 


Corrections for geometrical asymmetries were determined by comparing the scattering in helium with 


scattering in xenon gas. Measurements made at three different proton energies yield an average value of 
(174+7)% for the polarization. The negative sign signifies a direction opposite the vector [VaXV,], 
where V4 and V, are the deuteron and proton velocities, respectively 


INTRODUCTION 


HE angular distributions in the important re- 
actions; 


3.25 Mev 
4.04 Mev 


H(dn)He, Q 
H?(d,p)H?, @) 


have been analyzed by Konopinski and ‘Teller and 
others' in terms of a large amount of spin-orbit coupling. 
More recently the angular distributions have been 
treated according to stripping theory.’ 

The presence of spin-orbit coupling in the reaction 
leads to polarization of the reaction products. Several 
experimenters’ * have now measured this polarization 
as summarized in ‘Table I, which also includes the 
results of the present work, The agreement among the 
various measurements is generally good. As yet, the 
range of deuteron energies covered is not great and the 
measurements have been made by using a thick or 
semithick D,O ice target. 

The present investigation was undertaken with a 
thin target to provide a measurement of the proton 
polarization, which has not been so extensively studied 
as the neutron polarization. Scattering of the protons in 
helium provided the polarization analysis. [In the 
course of the investigation the proton energy was varied 
(by means of absorbing foils) and a rough confirmation 


* Assisted by a contract with the U. S. Atomic Energy 
Commission 

t Now with the Aeronautical Research Laboratory, Wright Air 
Development Center; at Brookhaven National Laboratory, 
Upton, New York 

t Now at Argonne National Laboratory, Lemont, Illinois 

1. J. Konopinski and E. Teller, Phys. Rev. 73, 822 (1948); 
Y. Nakano, Phys. Rev. 76, 981 (1949); Beiduk, Pruett, and 
Konopinski, Phys. Rev. 77, 622 and 628 (1950). 

2W. M. Fairbairn, Proc. Phys. Soc. (London) A67, 990 (1954); 
P. R. Chagnon and G. E. Owen, Phys. Rev. 101, 1798 (1956). 

*R. Ricamo, Nuovo cimento 10, 1607 (1953). 

‘P. Huber and E. Baumgartner, Helv. Phys. Acta 26, 545 
(1953) 

® Meier, Scherrer, and Trumpy, Helv. Phys. Acta 27, 577 (1954). 

*Levintov, Miller, and Shamshev, Doklady Akad. Nauk 
(S.S.S.R.) 103, 803 (1955) 

™McCormac, Steuer, Bond, and Hereford, Phys. Rev. 104, 718 
(1956) 

* Bishop, Preston, Westhead, and Halban, Nature 170, 113 
(1952). 

* B. Maglié (private communication). 


was obtained of the predicted trend in the polarization 
of the p-a scattering. | 


EXPERIMENTAL PROCEDURE 


A diagram of the apparatus is shown in Fig. 1. The 
deuteron beam of energy 0.90 Mev entered the gas 
target chamber through a nickel window 0.05 10~ in. 
thick. Beam currents of approximately 1.5 ya were 
used. The chamber was filled to one atmosphere of 
deuterium, producing a target about 70 kev thick and 
a deuteron energy approximately 0.64 Mev at the 
center of the target. The protons emerged at an angle 
of 39° (45°, cm.) through a thin aluminum window 
which could be varied in thickness to change the energy 
of the protons. Wolfenstein'® has shown that polarized 
charged particles should not become depolarized in 
passing through matter. The 45° angle was chosen 
because the polarization in this energy region is expected 
to vary approximately according to the formula: 


sin@ cosé 
Pr 


(da, dw) 


where da/dw represents the differential cross section for 
an unpolarized beam." 

The protons entered the helium scattering chamber 
through a 1.0X10-*-in. aluminum foil. The helium 
chamber was lined with carbon in order to eliminate 


TABLE I. Polarization measurements in the H?(d,n)He® and 
H?(d,p)H? reactions. The direction of polarization is taken positive 
along the (Vax V,,) axis, where Vy and V,, are the velocities of the 
deuteron and neutron (proton), respectively 


Reac- Refer Fa 
tion ence Mev 
(dn) 
(dn) 
(d.n) 
(d.m) 
(d.n) 0,60-0.70 
(d.p) 0.30 

(dp) 1.20 

(d.p) This work 0.65 


6: (lab Ana P; 
Target deg lyzer percent 
0.61 
0.60 
0.60 
0.80 


Thick 45 
Thick ice 45 
Thick ice 50 
Thick ? 49 
Thick ice 46 
Thick ice 120 
Thick ic 135 
Thin gas 39 


Carbon 206 
Carbon —11 +5» 
Carbon —10.8 41,2 
Helium —17,542.0 
Carbon -10.641.0 
Helium +30 46 
Helium +24 +10 


Helium —17 +7 
Lan 


* Only | P:| measured. 
‘ > This is the result of Huber and Baumgartner* as computed by Meier 
Scherrer, and Trumpy® using the carbon analysis of the latter authors 


 L.. Wolfenstein, Phys. Rev. 75, 1664 (1949). 
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neutron-induced charged from 
aluminum. Helium pressures from 40 to 100 psi (gauge) 
were used. The mean scattering angle was 72° (90°, 
c.m.), with a total angular spread of about 60°. The 
protons were detected with thallium-activated sodium 
in. thick and $ in. square. 
The crystals were cleaved and polished in a dry atmos 


particle background 


iodide crystals, about 10 


phere and then quickly mounted in the chamber. They 
were backed with nickel foil 0.05 10~ in. thick which 
stopped the recoil alpha particles from n-a scattering 
and also acted as a light reflector. The scintillations 
were viewed by 5819 photomultiplier tubes through 
glass light pipes. Great care was taken to avoid all 


hydrogenous material which would produce n-p recoils 


in the vicinity of the detectors. The pulses from the 
photomultipliers were amplified and each spectrum was 
displayed on a 10-channel analyzer 


c = 


TARGET 


CCATTERI! 


CHAMBER 


™ 


Fic. 1 


Schematic diagram of the target and scattering chamber 


The procedure was to observe for equal periods with 
the chamber filled with helium and with the chamber 
evacuated. The runs were monitored with a stilbene 
scintillation detector which counted the d-D neutrons 
Typical spectra obtained with the chamber filled with 
helium are shown in Fig. 2. The background in the for 
ward counter was considerably higher since the back 
ground was due mainly to the d-D neutrons which have 


The 


same spectra after subtraction of background are also 


a strong component in the forward direction. 
shown in Fig. 2. 

The small size of the scintillators combined with the 
care and speed with which they had to be handled 
precluded accurate matching of their areas. In order to 
measure directly this artificial asymmetry, as well as 
other unavoidable asymmetries, xenon was substituted 
for helium in the scattering chamber. The high Coulomb 
barrier of the xenon nucleus virtually insures pure 
Coulomb scattering, which is known to be insensitive to 


polarization at these energies.’° With the scattering 


1¢ 
10 


rHE 


H*(d,p)H* REACTION 


BACKWARD 


B. HELIUM M 


ic. 2 spectra for one proton-helium 
scattering run. The abscissa represents the pulse height in volts 


and the ordinate the number of coun per five-volt channel 


Observed pulse height 


filled with xenon, asymmetries from 0 20%, 


obser ved 


chamber 


were However, vhen the ( hambet Was 


inverted, this asymmetry was in the opposite direction 


and of the same magnitude, within the statistical 
fluctuations which were a few percent. Furthermore, the 
ratio of the asymmetry obtained with helium in the 
chamber to that obtained with xenon was the same in 
both 


indicate that the 


positions, again within statistic ‘These result 
asymmetries observed in the helium 
scattering, when normalized to the xenon data, were due 
purious geometric effects 


3, When 


it can be seen that the 


to polarization and not to 
Spectra from a xenon run are shown in Fig 
$.with Fig. 2 


from 


one compare | ly 


protons scattered xenon enter the scintillating 


crystals with higher energy than those scattered from 


helium. This result is to be expected as the protons lose 
about x0", 


YO” (c.m 


of their energy in scattering from helium at 


RESULTS 


Kleven runs were made with helium, and an equal 


number with xenon. The crystals were changed three 


three used 
¢ d about 12 


with ga 


times and different foil thicknesses were 


between the two chamber Rach run la 


hours and consisted of about 12 cycle in and 
The statistical accuracy of the 
that of the 


helium data because (1) the scattering yield from xenon 


gas out of the chamber 


xenon data was con iderably better than 


is higher, (2) the proton lose abo it 40 7, Ol their energy 


in the helium scattering at 90” (c.m.) and are therefore 


in a region of higher background, and (3) the wide 


angular acceptance introduces a spread in laboratory 


energy in the helium scattering. ‘The statistical accuracy 
of the data is therefore limited almost entirely by the 


statistics in the helium data. A summary of the measure 





SEGEL 


FORWARD BACK WARD 


6. XENON MINUS BACKOF 


hic. 3. Observed pulse-height spectra for one 
proton-xenon scattering run 


ments is given in ‘Table I]. In order to handle the data 


in an objective fashion, the yield for each run was 
obtained by adding up all channels above channel 2 
(channel 3 is centered at 22.5 volts in Figs. 2 and 3). 
The result is not changed significantly when the less 
objective procedure is used of selecting only those 
channels which appear to contain the proton groups. 
The helium data have been corrected for the asymmetry 
obtained with xenon as scatterer, as explained above. 
The errors given in Table II include statistical un 
certainties only. The uncertainty in the data using the 
2.010 in. aluminum foil is large since the protons 
were in a region of high background because of their 
lower energy 

The measured forward-backward ratio is related to 
the polarization by the well-known formula 


R (1 + P,P») (1 P,P»), 


where R=forward-backward ratio (forward and back 
ward being defined relative to the direction of the 
incident deuteron beam), ?;= polarization before scat 
tering, and /,=polarization efficiency of analyzer. 
The quantity ?; can therefore be determined from 


1/1-—R 
P,\1+R 


P, was calculated as a function of energy for the 
p-a scattering, according to the formula of Wolfenstein,"° 
using the phase shifts of Critchfield and Dodder."" The 


phase shifts corresponding to an inverted doublet in Li? 


“C.L. Critchfield and D. C. Dodder, Phys. Rev. 76, 602 (1949 
It should be noted that these authors, as well as those in reference 
12, define the vector along which the polarization is measured 
antiparallel to the reference vector used in the present work 


AnD S&S. $.: 


HANNA 
TABLE II. Analysis of the data 


Foil Ratio 
thickness Number Number forward/ y I P, 
10°* in forward backward backward : 


1.0 1533 1412 
1.5 810 700 
20 729 530 


\verage 


1.09+0.07 
1.16+-0.10 
1.38+0.25 


-(15+11) 
(1649) 
(21414) 
(1747) 


were demonstrated to be the correct set by the double 
scattering experiment of Heusinkveld and Freier.” The 
quantitative correctness of the polarization in p-a 
scattering as calculated from the phase shifts has been 
demonstrated by Juveland and Jentschke,” and by 
Scott and Segel." 

The agreement among the three values of P; at the 
different proton energies may be taken as further 
evidence for the correctness of the energy dependence 
of P, as computed from the phase shifts. The value of 
the polarization P; obtained by averaging the data in 
Tabie II is —(1747)% 
previous authors, we measure the polarization with 
respect to the [V4 V, | axis, where Vy and V, are the 
deuteron and proton velocities, respectively. The nega- 
tive sign signifies that the polarization is antiparallel to 
this axis. The agreement in sign with the work of 
Bishop et al.* and Magli¢® is easily demonstrated since 
these authors, working in the backward quadrant of the 
H?*(d,p)H? reaction, obtained just the opposite right-left 
asymmetry from the present result. The identity of the 
two incident deuterons in the center-of-mass system 


Following the convention of 


insures that the polarization must be antisymmetrical 
about 90° (c.m.). The agreement of the various neutron 
measurements with the proton result of Bishop et al.* is 
discussed by Meier ef al.° 


CONCLUSIONS 


The observed polarization is in good agreement with 
other experiments, both as to magnitude and sign. The 
agreement within experimental error of the measure- 
ment of Bishop ef al.* at 0.30 Mev, the present measure- 
ment at 0.64 Mev, and Magli¢’s® 1.20 Mev 
indicates that the polarization does not change rapidly 
with energy. This is emphasized by the fact that the 
polarization is not altered significantly when a thin 


result at 


target is used. This result is quite reasonable in view of 
the nonresonant character of the d-D reaction. There 
also appears to be fairly good agreement between the 
neutron and the proton polarization measurements, as 
expected from the general symmetry between the two 


reactions 


2M. Heusinkveld and G. Freier, Phys. Rev. 85, 80 (1952). 

4 A.C. Juveland and W. Jentschke, Z. Physik 144, 521 (1956) 

4M. J. Scott and R. E. Segel, Phys. Rev. 100, 1244(A) (1955). 
The uncertainties in the calculated p-a polarizations noted by 
these authors are small compared to the experimental errors in the 
present work 





POLARIZATION rH I 
Blin-Stoyle’® has calculated a theoretical maximum 
polarization of 7% at 300 kev bombarding energy using 
the matrix elements of Beiduk, Pruett, and Konopinski! 
and assuming that only the tensor force contributes to 
the spin-orbit coupling. However, he shows that by a 
plausible alteration of the parameters of Beiduk ef al. 
one can remain within the experimental error on the 
angular distribution data and yet greatly increase the 
polarization. Cini,'® using the same assumption, has 


16 R. J. Blin-Stoyle, Proc. Phys. Soc. (London) A65, 949 (1952) 
16M. Cini, Nuovo cimento 8, 1007 (1951 


UM I 


VO! 


H?(d,p) ; ACTION 539 
calculated a maximum polarization of 9°97, at a bombard 
ing energy of 500 kev and an angle of 51° (c.m.). Al 
all 


higher than these theoretically predicted maxima, the 


though the measured polarizations are in cases 
crudeness of the theory renders the signifi ance of these 


discrepancies doubtful 
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Neutron-Proton Scattering at 90 Mev* 
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An investigation of 90-Mev neutrons scattered by protor 
with hydrogen or with a mixture of methane and hydrogen in a magnetic field of 22 000 gau 
energy spectrum has a full width at half-maximum of about 30 Mev 
from 8° to 180° in the center-of-mass system. The differential scattering cross 


symmetry about 90° in the center-of-mass system 


1. INTRODUCTION 


EUTRON~proton scattering experiments at 90 
4 Mev have been performed in the past few years 
by a number of observers, both with counters and with 
cloud chambers. The small neutron angles have been 


of particular interest because of their bearing on nuclear 
force theory. It is necessary to use entirely different 
backward 


experimental procedures for forward- and 


scattered neutrons when counters are employed, and 
therefore it was felt that any questions about proper 


normalization could be checked by a thorough cloud 


chamber experiment, where the corrections are few and 
of an entirely different nature. This experiment differed 
from that by Brueckner ef al.’ in the use of a higher 
magnetic field and a larger number of tracks at extreme 
angles, so as to increase the accuracy. 

A summary of work of all types of experiments is 
given in the recent paper by Stahl and Ramsey.! 


2. RESULTS AND CONCLUSIONS 


rhe experiment here reported extended over a period 


of 3 years. Three runs were made. Altogether, 5019 


* This work was done under the auspices of the U. S. Atomic 


Energy Commission. 

t Now at Middlebury College 

1 Hadley, Kelly, Leith, Segre, Wieg and York, Phy 
75, 351 (1949); Brueckner, Hartsough, Hayward, and Po 
Phys. Rev. 75, 555 (1949); Robert H University of 
fornia Radiation Laboratory Report ,-867, August 
(unpublished); R. Wallace, Phys. Rev 495 (1951); O 
berlain and S. W. Easley, Phys. Rev 208 (1954 
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ecely 


has been conducted with a cloud chamber filled 
The neutron 


neutron scattering angles range 


he 


section is found to have a 


hows 


lable I 
the operating conditions for the three run 
Phe of the first run (1951) wa 
neutron angles lying between & 1() 
140° and 180°, in the center 
A total of 1738 actual tracks wa 
angular distribution of the differential n-p 
shown in 
180 


actual tracks were carefully measured 


analysis devoted to 


and and between 
ystem 
the 
scattering 


Table 11 


reyion were 


-ma (c.m 


’ 


mea ured and 


cross section obtained in this run 1 
The data of the first run in the 140 


third run in the same region 


normalized to those of the 


This same normalizing factor was used for the small 


angle region 


The neutron energy spectra, obtained from forward 


proton tra ks (neutron angles from 140° to 180° in the 
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trauch 


tahl and N. F. Ramsey 


Pitu 
Ph 


‘ ( 


and 
724 j <.H 


9? 
1310 


he 
96 





,o Yo. CHIH 





ON NUMBER 








WEL 





ENERGY, Mew 


ric. 1. Neutron energy spectra 

c.m. system) and from sidewise proton tracks (neutron 
angles from 8° to 40° in the c.m. system) are separately 
shown in Fig. 1. The theoretical curve predicted by 
Serber’ is also shown in the figure. It is noted that the 
two experimental neutron energy spectra agree re 
markably well with the theoretical curve except for the 
positions of the peaks. The full width at half-maximum 
is about 30 Mev in both experimental curves, as was 
predicted by the theory. Because the energy deter 
mination was comparatively difficult for wide-angle 
proton tracks, the neutron-energy spectrum from wide 
angle proton tracks is broader than that obtained from 
the forward group. The excellent agreement of the two 


experimental energy spectra with each other and with 


the theoretical curve is regarded as most satisfactory. 
This agreement in the neutron energy spectra insures 
that no significant number of tracks was overlooked or 
incorrectly measured 

Two more runs were made: 1122 actual tracks (as 
measured 


distinguished from weighted tracks) were 


from pictures of the second (1952) run, which was 
separately investigated by Kellogg’ for carbon stars; 
and 2159 actual tracks were measured from pictures of 


the third (1953) run. The measurements of both the 


Differential cross sections from the first line 


TABLE II 


nerg 40 Mev, 0 a 340 
Weighted 


Number 
track 
8 18 
10-2 117 
20 195 
1) ¢ 213 
140-150 390 
150-160 396 
160-170 311 
170-180 OR 


* Robert Serber, Phys. Rev. 72, 1008 (1947) 
*D. A. Kellogg, | University of California Radiation 
Laboratory Report UCRL-1899, July, 1952 (unpublished) } 


thesis 


AND 


W. M. POWELL 


and third runs covered all neutron scatter 
angles, except those in which the tracks of the scattered 
protons were too short to be observed and measured. 
This lower limit of the neutron angles, which is deter- 
mined by the stopping power of the gas in the chamber, 
was 10° 20’ for the second run and 8° for the third run. 
The data from both the second and the third runs were 
separately normalized to the total cross section of 76.0 
millibarns.*:® 

Out of the third run, two energy groups were studied 
separately. The first group consisted of neutrons of 
energies from 40 Mev to 70 Mev, and the second 


SE( ond 


group consisted of neutrons of energies from 90 Mev to 
130 Mev. While the differential cross section showed 
symmetry about 90° in the center-of-mass system for 
the first group, a slight asymmetry was noted for the 
second group, favoring the scattering of neutrons in the 
backward direction in the center-of-mass system. Only 
in this run was any such asymmetry noted 

In obtaining the combined results of the differential 
scattering cross section for the three runs, the average 
was taken, weighted proportionally to the actual num- 
ber of tracks measured. Table LII and Fig. 2 shows the 
combined results of the three runs. 

In Fig. 2 the results of Hadley et al., Wallace, Fox, 
and Stahl ef al.,! and recent counter work at Berkeley 
and Oxford® are also plotted for the purpose of compari- 
son. The neutron energy of the Oxford experiment was 
105+3 Mev. The results of the present experiment lie 
between those of Hadley et al. and those of Fox in the 
region of large neutron angles, and agree very well with 
those of Chamberlain and Easley and of Wilson in the 
region of small neutron angles. These results mani- 
fested two general features: (a) the small value (~3) 
of the observed isotropy ratio [=o(m)/or/2; (b) a 
symmetry of the differential n-p scattering cross sec- 
tion about 90° in the center-of-mass system 


3. EXPERIMENTAL PROCEDURES 
3.1. Neutron Beam 


The 90-Mev neutrons used in this experiment were 
produced by bombarding a half-inch beryllium target 
with 190-Mev deuterons. 

The neutron energy spectra obtained in this experi 
ment agree very well with theory. Their full widths at 
half-maximum were found to be approximately 30 
Mev, as was predicted. 


3.2. Collimation System 


rhe collimation system in this experiment consisted 
of three collimators. The first collimator was located 
between the cyclotron tank and the concrete shielding. 


‘Hildebrand, Hicks, and Harker, University of California 
Radiation Laboratory Report UCRL-1305, May, 1951 (un 
published) 

6 J. DeJuren and N. Knable, Phys. Rev. 77, 606 (1950). 

* Richard Wilson (private communication), 
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was built in the neutron port 
in the concrete shielding. The third 
the and the 
Table IV gives the dimensions of the collimators. 


rhe second collimator 
collimator was 
between neutron port cloud chamber 

The angular spread of the neutron beam was deter 
mined by the dimensions of the third collimator. Since 
the end of the collimation system was about 65 feet 
from the beryllium target, the maximum angular devia 
tion in the from the 


central line 


neutron beam was about 0.1 


3.3. Cloud Chamber 


Emerging from the collimator, the neutron beam 


was directed into a 22-inch pantograph cloud chamber’ 


through a 3-by-1-inch aluminum window 5 mils thick 


The beam was then allowed to pass out through a 
similar window at the far end of the chamber in order 
to reduce secondary neutrons scattered back from the 
rear wall 


3.4. Operation 


The chamber was operated in a pulsed magnetic field 
of 22000 gauss. The field took about 2.5 seconds to 


TABLE III ilts of the three runs 


build up to its maximum value, where it remained 


steady for about 0.15 second before being turned off 
During this interval (0.15 sec) of steady 
field, the operation of the chamber took place. The 


maximum 


clearing field was shorted first, followed by sudden ex 
pansion of the chamber. The neutron beam was sent 
in immediately after the expansion. The beam consisted 
of three pulse s, 0.016 sec apart. The lights 
(0),030 sec after the beam pulse 

A pair of Leica Summitar 50-mm lenses at {6.3 were 


relation of the 


were flashed 


used in the camera. Figure 3 shows the 
chamber, the camera, and the lights. The pictures were 
taken on Eastman Linograph Ortho film in 100-foot 
strips 1.8 in. wide 


4. MEASUREMENTS AND REDUCTION OF DATA 


4.1. Reprojection Apparatus 


Life-size reproje tion of the photographs was effected 


by means of a double projector. Figure 4 shows the 


™W. M. Powell, Rev. Sci. Instr. 20, 403 (1949) 
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hic. 2, Combined result f the three runs 


schematic drawing of this apparatus. The transparent 


screen of this projector has three translational degrees 
of freedom to locate the position of starting point ol 
each track. The screen has also two rotationa! degrees 
of freedom to determine the 


the track at the starting point 


direction of the tangent to 


4.2. Details of Measurement 


rhe following five quantities were measured for each 


trac k by means of the above-mentioned projet tor 


(a) The slant radius of curvature p’, or the range RK 


if the track 
chamber 


ends in the illuminated region of the 


(b Dip anvle a -the angle between the tanyvent to 
the track at the starting point and the horizontal plane 
the angle between the projection 


and the 


(< fJeam angle p 
of this 
direction of the incident neutron beam 

(d) The height # of the center of the track from the 
bottom of the chamber 

(e The d between the 


and the central a chamber 


tanyvent upon the horizontal plane 


distance center of the track 


KIS Ol the 


The slant radius of curvature was determined by 


comparing the track with a ruled 


series of circular arcs 


on Lucite te mplate s 


4.3. Acceptance Criteria 


(a) Events were accepted from a region 12 in. long, 


1 in. high, and 3 in. wide corresponding to the neutron 


beam passing through the chamber and allowing 3 in 


PaBLe IV. Dimensions of the collims 


72 Circular 
34 Rectangular 
1) Rec tangular 





CHIH AND W M 


CAMERA LIGHTS 
207775 


HEAT SHIELD 


309135 


hic. 3. Locatior 
at either end of the accepted region for measurements 
on the tracks 
(b) Protons produced by neutrons with energies les: 
than 40 Mev were 
(c) ‘Track 


rejected and a 


rejected 
with dip angles greater than 40° were 
the 


azimuthal symmetry, was applied to 


weighting factor f, derived on 
assumption ol 


each track where 


for 
sin” '(sinao/sing) 
1 tor @<ap, 
where 6 is the angle between the track and the neutron 


be am 
4.4. Calculations 


a) The energy of the protons was determined by 
Bp for high energies and range R where the proton 
stopped in the illuminated region of the chamber 
See Sec. 4.5.) 

(b) The 


was obtained from the expression 


laboratory scatter angle @ of the proton 


COSU = COSa COSp 


ol camera 


POWELI 


NUMBER COUNTER 


CAMERA MOUNT 
307625 


STEREOSCOPIC 
3C 1805 


CAMERA 


MAGNET YOKE 
307944 


22° CLOUD CHAMBER 


AC T Col 
—" om 307154 


2C2275 


VACUUM TANK 
& POP VALVE 
302825 


MAGNET COIL 
202275 


lights, and chamber 
(c) The neutron energy £, is related to the proton 
energy E, by the equation 


Ey= En cos’ 


(d) The azimuthal angle ¢ is given by the expression 
tand= tana cosp. 


4.5. Range-Energy Relation 


In order to determine the energy of a proton from 
its range for low energies, a range-energy curve was 
constructed by using Bethe’s estimates* of the range 
energy relation for protons in air under standard con 


ditions and Crenshaw’s values? 


of stopping powers of 
hydrogen relative to air as a function of incident proton 
energies 


5. DISCUSSION OF ERRORS 
5.1. Errors in Energy Determination 


In the previous papers! from the Cloud Chamber 
Group at the University of California Radiation Lab- 
oratory, it was shown that the approximate expression 


for the probable fractional error in neutron energy can 


*H. A. Bethe, Revs. Modern Phys 22, 213 
°C. M. Crenshaw, Phys. Rev. 62, 54 (1942 


1950 
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FRAME 


PLATE GLASS 


ORAF TING 
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REFLECTING MIRROR 
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FILM 


CONDENSER LENS 


POINT SOURCE LIGHT 


4. Reprojection apparatu 


be written 


AB 
20.67 T (2 tanaAa)? 
0.08)’ 
+ (tanBAp)*+ 
be pr 


where L is the length of chord of a track measured and 
p. is the radius of curvature due to turbulence, other 
symbols having been defined previously. In deriving 
this expression, we assumed a resolving power of 0.01 
cm in comparing the sagittas of the curves. The error 
originated from the 


given in the above expression 


following sources 


AB/B was about 
This included the radial variation of the field 


(a) Magnetic field measurement 
+ 1.5% 
and small errors in reading the ammeter 

Ihe estimate of the 
error in angle measurement was based on the repro- 


(b) Dip angle measurement. 


ducibility of the measurements. For dip angles less 


than 40°, it was found that Aa= +: 1 
(c) Beam-angle measurement 


t+-0.026 radian, 


Beam-anyle measure 


ment was reproducible to 0.5". The angle ranged from 


Q” to 86 


d) Turbulence Phe temperature-control system in 


this experiment was improved to give minimum turbu 
lence. One picture in ten was taken without the may 
netic field. The track 


have radu greater than 36 meters, ¢ 


were found to 
Kcept t 


in these pictures 
vo tracl 
Po ILive 


with 


which had p,;=25 meters and neyative sign 


were tound to occur equal trequency 


Pr 46000 om 


one get 


p'/pe= +0.012 


t 1° 
Using these values of fractional error 


‘ 07 
about +5% 


or about 
one obtains 


as the fractional error in neutron-energy 


determination for smal! beam anyles. For large beam 


angles, the error became large, as can be seen from the 


third term of the 


error expression. This resulted in the 


broader spread of the neutron-ene rgy spectrum Irom the 


wide-angle proton group 
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5.2. Errors in Cross-Section Determination 
Ihe main sources of error in cross-section determina 
tion were the following 
1738 
(1951 


Was aS follows. 


tracks 
run. The 


track A total of 
of the first 
process of measurement and checking 
The track 
observers. In comparing the two sets of measurements, 
it was noted that 9% tracks 


Mi 


measured from pictures 


(a ing was 


were first measured independently by two 


were overlooked by the first 
observer and 75 tracks were missed by the second ob- 
All the pictures 
Six new tracks were discovered 


server were checked again (a third 
time) in the projector 
and measured. On the fourth check of the pictures no 
estimated that the 


not 


new tracks were discovered. It wa 
ing tracks the 
Phis conclusion was further justified 


error due to mi in first run was 
yreater than 1% 
by the fact that the neutron energy spectra obtained 
from the two scatter-angle groups agreed remarkably 
with with the theoretical picture, 


Cx ept for 


each other and 
a Slightly different spread in energies ex 
plained by errors in measured large beam angles. 

Phe pictures of the second and third runs were much 
clearer than those of the first run. Pictures of the second 
and third runs containing 200 tracks were randomly 
picked and were measured by an independent observer 
No new tracks were discovered. The error due to missing 
tracks 


(b) Background neutrons 


was estimated to be not greater than 1% 

Proton recoils caused by 
background or secondary neutrons could be estimated 
by counting the number of protons with scatter angle 
in the laboratory system, since these 
by background 


greater than 90 


protons were necessarily scattered 


neutrons. A group of pictures containing 180 tracks 
was found to contain 2 proton recoils with scatter angle 
than 90 


The error due to this source was therefore 


yreate! within the acceptable region in the 
chamber 


estimated to be about 1%. 
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(c) Oxygen stars.—Two-prong oxygen stars consist- 
ing of a proton track associated with a very short 
recoil nucleus might be confused with protons scattered 
by neutrons. A separate investigation was previously 
carried out of a set of pictures taken with a cloud 
chamber filled with helium and oxygen. Two proton 
tracks were found among 500 stars in these pictures 
It was estimated that about 1% of oxygen stars were 
2-prong stars consisting of a proton track and a very 
short recoil nucleus. In this experiment the chamber 
contained about 2% of water vapor. Since the neutron 
cross section for oxygen was about ten times that for 
hydrogen, there were about 20 oxygen stars in 100 
scattered protons. Only 1% of these stars might be 
confused with proton tracks. In other words, in every 
100 scattered protons, only 0.2 star consisted of a 
proton and a very short recoil nucleus. The error due to 
this source was definitely less than 0.2%, and therefore 
negligible. 

The error due to the three sources was therefore 
estimated to be not greater than 2%. In addition to 
this there were the statistical errors, which are indicated 
in the results 
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An attempt has been made fit the experimental values of the ground-state splittings for and O! 


by using the same nucleon-nucleon spin-orbit force for both cas« It is found that the spin-orbit force 
constants for the N“ case must be made about twice as large as those for the O" case gnitudes of 
the spin-orbit force parameters required to account satisfactorily for the N and O" ground te splitting 
have been found to be from 5 to 10 times larger than those necessary to obtain agreemen tween the 


calculated and the experimental values of the ground state splitting in Li 
rhe exchange-integral contributions to the splittings have been found 


integral contribution therefore, the concept of a one-body 


in the cases of the N° and O" ground state splittings 

Gaussian error potentials and wave functions have been used. The wave-functi 
been adjusted by means of experimental Coulomb energies and examined by ns of binding « 
Etlects of excited configurations have not been included and no claim of an exhau ve consideration of all 


possible adjustments of wave function and potential parameters is made 


I. INTRODUCTION ground-state splitting of Li’ by means of a tensor force 


al » He takes the ‘wpolnt that cl fine st { 
. alone ( iKeS 1? Viewpoln Wat nuciear ine ructure 
ANY calculations have been made of the level 


; : ; may be due to just a tensor force; however, he does not 
structure of light nuclei, using mixtures of 


‘ exclude the po ibilitv that the effect may be due to a 
central, tensor, and spin-orbit types of interactions. 
' combination of tensor and spin-orbit forces. ‘The words 


One especially interesting problem of level structure is 


¢ ae pin-orbit forces” are here used in the sense of force 
that of nuclear fine structure. It was observed by Breit , 
° . . arising Irom potentials containing particle spins only in 
in 1936 that the experimentally observed p; and 
+ scalar products with vectors expressible in terms of di 
states of Li’ appeared to be members of an inverted | ! 
placements (distance ind gradient operator 
doublet, analogous to that of atomic spectra, except 
' The present investigation will be limited to a con 
that the level order would be normal if one used the ee 
P se ideration of pin orbit forces. Partial justihication for 
usual spin-orbit interaction. Inglis’ pointed out that 
seu this restriction comes from the fact that spin-orbit 
by using just the Thomas-type spin-orbit term the ,; 
ape! ye : splitting is a first order effect of spin-orbit forees and 
required inverted order could be obtained. Breit and 


Stehn‘’ in 1938 were able to account for the 479-key 
energy difference of the Li’ *P states, using the approxi 


doe not necessarily require consideration of excited 
configurations, while tensor-force plitting 1s ¢ sentially 
.. a second order effect and requires consideration of 
mately relativistic spin-orbit interactions of Breit,° p 
‘ excited configurations,® at least to obtain agreement 


“pi: ; with the sign of the #7? splitting of Li! 
(to order v?/¢ , in the nucleon velocities) of the n-nucleon | 
Vict 


which were obtained by requiring relativistic invariance 


nce for the existence of a nucleon-nucleon spin 
wave equation 
R ly 6 bI lai orbit force comes from several sources. Meson. field 
xecently eingold” has been abie to explain the 
- © theories, as is well known, point to it, even though the 
7 " ; exact form is left in doubt. A phenomenological spin 
t Part of a dissertation submitted in partial fulfillment of ; : 
requirements for the degree of Doctor of Philosophy at Yale Orbit interaction has been introduced by Case and Pais! 


University in their interpretation of high-energy nucleon-nucleon 


* This research was supp d by th S ir Force through 
the Air Force Office of enti ¢ I i¢ Air Research 
and Development Comm ontri Vo. AF18(600)771 indicate that it 1s not po ible to account for both the 

t Now at Nucleonic cei Naval Research Laboratory, p p differential cro ection and pol irization, at high 
Washington, D. ¢ 

Pie: Winath: Piva: Bev CN. Scllten F Wate energies, if one assumes only tensor and central forces 
forsch. 8a, 759 (1953 c. Roy. Soc. (London to be present. From the above it may be inferred that 
A218, 345 (1953); D. R. Inglis vs. Modern Phys. 25, 390 
(1953); W. J. Robinson, fev. 93, 1296 (1954); G. E : 
Tauber and Ta You Wu, Phy dey, 93. 295 (1954 a L po ible form ot interaction 

2G sreit, Summer ymposiu of Theoretical Phy ics, Ann A one body pin orbit interaction } i LISO played an 
Arbor, Michigan, 1936 iblishec 

‘TD. R. Inglis, Phys. Rev. 50, 783 (1936) 

'G. Breit and J. R. Stehn y : 53, 45 tering problems as well | ell theory. Sack, 


cattering data. A more recent investigation® seems to 


a nucleon-nucleon spin-orbit force may not be ruled out 


important role in recent years In nucleon-nucleus scat 


°G. Breit, Phys. Rev 51, 248 94), 99, 58) 5s | siedenharn, and Breit’ have able to account for 
i. = ysenfeld, Nuclear Fi an I 
pany, Amsterdam, 1948 ( 5.22 ™K. ind ai "hy < 204, 138(A) (1950 
6A. M. Feingold and +o 
1950); A. M. Fe | 


Phy Soc. Ser. Il 
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the py and p, phase shift os energy relationships, required 
by low-energy p—a scattering data, by means of a 
phenomenological one-body spin-orbit force arriving at 
a factor of ~25 that must be applied to the simple 
‘Thomas term in order to secure agreement with experi 
ment. Recently, van der Spuy,” in a similar calculation, 
has obtained reasonable agreement with n—a phase 
shift vs energy data. Massey et al." have considered 
the 5-nucleon system and nucleon-nucleon central and 
pin-orbit forces in explaining the low-energy n—a and 


p—a phase shift relationships and have 


] 
nucleon-nucleon 


energy 


determined the relevant pin-orbit 


force constant 


Fermi? found that a one-body spin-orbit force 15-20 


times larger than that of a Thomas-type term was 


adequate to account for the experimentally measured 


polarization of 340-Mev protons scattered by carbon. 


Similar considerations have been used, by several other 
i 


tuthors,” in predicting nucleon polarization in scatter 


ing produced by several other nuclei 
Phe possibility of representing a one-body spin-orbit 


force as the collective interactions of a nucleon with the 
nucleons of a core has been investigated by Hughes and 
4 If the Case and Pai 
pin-orbit force is assumed, they have shown by aver 


that 


’ 


Le Couteu nucleon-nucleon 


aying over all core nucleon about the correct 


order of magnitude of splitting, as is required by shell 


theory, results. In taking an average over the core 


nucleons, exchange integral effects are not taken into 


account by them. Because these terms cannot be 


represented in terms of an equivalent central potential 
it will be of interest in the present investigation to 
compare the magnitude of exchange integral contribu- 


tions with direct integral contributions, since the latter 


t 


can be represented by an equivalent one-body spin 
orbit interaction 


In Sec. IT the 


ground state splittings of two ¢ pecially simple con 


as follow 


‘The plan of this papel is 


that of a single or 


shells and that of a 


figurations will be considered; 
valence nucleon outside of closed 
‘hole’ in a closed shell with a closed shell 


will be 


relativistic 


The splitting 


evaluated by considering the approximately 


spin-orbit interactions of Breit‘ to be a 


perturbation of the otherwise Cegenerate ground state 
configurations. The splitting evaluations are given in 


terms of arbitrary orbital quantum numbers of the 


shell and the valence nucleon, arbitrary radial wave 


functions and central nucleon-nucleon potentials 


” I. van der Spuy, Nuclear Phys. 1, No. 6 (1956 

" Hochberg Massey, and Underhill, Proc. Phys. Soc. (Londor 
A67, 957 (1954); Hochberg, Massey, Robertson, and Underhill, 
Proc. Phys. Soc. (London) A68, 746 (1955 

2}. Fermi, Nuovo cimento I1, 407 (1954 

9B. J. Malenka, Phys. Rev. 95, 522 (1954); Fernbach, Hecl 
rotte, and Lepore Phys. Rev 97, 1059 (1955 Rk. M. Sternheimer 
Phys. Rev. 100, 886 (1955); T. Eriksson, Nuovo cimento 2, 907 
1955); S. Kohler, Nuclear Phys. 2, 911 (1955); 1, 433 (1956 
“J. Hughes and K. J. Le Couteur, Proc. Phys. Soc. (London 
A63, 1219 (1950 , 
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Similar calculations to these have been performed using 
the various forms of the phenomenological spin-orbit 
interactions given by Wigner and Eisenbud.'® 

In Sec. III the splitting expressions relevant to the 
configurations (s°s*p*p®) or (1p) and (s*s*p*p*d) or 
(1d), assumed to represent the N’ and O"” ground states 
respectively, are evaluated using Gaussian wave func- 
tions and a Gaussian potential. 

Section IV contains the expressions of the binding 
energy difference (taken to be due to Coulomb forces 
only) of N'°—O"* and O'’—F"’ and the binding energy 
of the “last” neutron of O'7 and of the “hole” in N". 
These quantities are then compared with experimental 
values to obtain a set of wave function parameters to 
be used in evaluating splittings. The strength and range 
of the Gaussian potential to be used is also discussed 
here. 

In Sec. V_ the spin-orbit constants 
obtained by comparison with the experimental splitting 
of N'® and O'7 are given for the different sets of wave 
IV. A comparison is made 


interaction 


function parameters of Sec. 
of the relative contributions of direct and exchange 
integrals to the splittings. 

Section VI is a discussion of the present results, and 
a comparison is made of the interaction constants 
obtained with those required in the Li’ calculation of 
Breit and Stehn.* Also a comparison is made, insofar 
as is possible, with the fine structure calculations of 
other authors'® relevant to N!®, O'7, and Li’. The work 
reported below differs from many other papers quoted 
above in that the whole interaction is formally covari- 


ant to order v*/c? in the nucleon velocities.® 


Notation 


AF y* signifies the difference in energy between two 
doublet levels. X may be M, W, 


whether the nucleon-nucleon potential is of Majorana, 


or H depending on 


Wigner, or Heisenberg type. Y may be dir or ex, indi- 
cating whether the splitting arises from direct or 


exchange integral contributions. 


a | 


tm a (1)=R;, L™(0,¢) wave function of 


6, | 


individual nucleon, 


when the latter is in a closed shell; here L, m, a denote 


the orbital, azimuthal and spin quantum numbers of 


the nucleon state 


Ry (r 


Vir" exp| 
16 [,. Eisenbud and E. P Acad. Sci. 27, 281 
1941 

16C, H. Blanchard and R. Avery, Phys. Rev. 81, 35 (1951 
I. Talmi, Helv. Phys. Acta 25, 185 (1952); J. P. Elliot and A. M 
Lane, Phys. Rev. 96, 1160 (1954); G. Abraham, Nuclear Phys. 1, 
No. 6 (1956 


Wigner, Proc 
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1 for P even. Let the perturbation term ol 


, p, or d shell nu 


an »# nucleon system be given by 


H'=3, /Hi 
where H;;=H,,; and the prime on }> means 1# 7. Then, 
for a “closed shell plus one nucleon” system, one 
obtains for the diagonal matrix element of H’ 


y Il'y } S (7S 1)u 


— 


sing )24“eim¢ , 
in )°"¢ vol u,.(1) ! . ; 6) 
d(cos@) : 
, where >_, is a summation over the nucleon states making 
ai, 8:=spin functions for nucleon 7 corresponding to 
; : : ° , up the closed shell and the letter ¢ designates the 
spin being up or down, re pectively. tya* eigentunction , 
: te : valence nucleon state. In what follows, the first term 
of a valence nucleon. &, A=range and strength param 
: ce of Eq. (6) will be referred to as the direct integral and 
eters, respectively, ol a Gaussian potential. d= f/a@; . : : 
s Les teagt : b the second as the exchange integral. By an application 
b=0/a; c=F7/a. Pr (u)=dP_,(u)/du, where P,(u 


Legendre polynomial. A=h/Mc; M=mass_ of 


of the well-known diagonal sum rule, it may be shown! 
: ; that the doublet splitting can be given by 
nucleon ; c= velocity of light. @=@X7A. D,, v+y | 


.F,=xyt+a+y. NE pa= (Woh, HW") (2A+1)/p, 


Il. EVALUATIONS OF SPLITTINGS FOR A SINGLE where Zand A designate the orbital quantum numbers 
NUCLEON AND A SINGLE HOLE of the closed shell and valence nucleons respectively 


; ; : j ,.} . . — WAN ctie \ 
[he approximately relativistic spin-orbit interac and Wo" denotes the zero order wave function which 


tions, to be used, are as follows for Wigner, Heisenberg, ©0Mtains the valence nucleon’s wave function of higher 


and Majorana nucleon-nucleon potentials j value , # and the spin have the same sign 


=>) in B t+ (a l)o a) Majorana Potential 


lor the splitting due to the direct term of H/’'™ of 


H#=T 4 By-[a%oj4 on Py, 


hq ) with adn i one has 
Ara aie™!= (2K+1)(y', H’™ (a™ =1)o")ain/m 


1 
where 


1M7-C 


V (r;,)=ordinary scalar potential energy of interaction where >> m4 indicates a sum on m from to +L and 
tates, and M1 indicates that a™ l 


of nucleon 7 with nucleon k, Pj,“ = Majorana exchange — on a over both spin 


4 = Heisenberg exchange operator. Applying the spin operators and summing over both 


operator, and / 
Each of these interactions can be seen to have two pin states give 

types of terms. One type (obtained by setting a”, 

a” or a’=1) gives an interaction between the spin @ 

and momentum p; of the 7th nucleon, while the other 

, a", or a4@=0) yields an interaction between (2)v,(1)dride 

4} 


the jth nucleon’s spin @; and the k&th nucleon’s mo 


: vw 
(setting a 


mentum px. Since | » show independent of the 
value of w, one can multiply it by vw? and then summing 
A. Single Nucleon Outside of a Closed Shell on «from ~<A to A yields 
‘The zero-order wave function of a single nucleon 
outside of a closed shell will be taken to be a Slater 
determinant: 
y val ; uy(2)---u,(n), (4 


— . u 
where >> is a summation over all permutations P of Vi Jatln 


the m nucleons with ( 1 1 for P odd and ! srei ’} tev. 35, 1447 (1930 





548 


with 


h*/M*¢?. 


Making use of the addition theorem for spherical 


harmonics, one find 
(2L4-1)(2A+-1) 
1) 


xP; (cos# 


R,(1) d | 
1) cos, P(cosa)| ( 
r, dt i: 


l 


d Rs | ) 


re 


dy 


Kquation (11) may be found in the 
given again here for completeness. 
Lhe for the 


may 


remaininy 


be 


plitting 


evaluated in a imilar 


1ollow 


xR 


_M A PY ad 


(b) uN 


igner Potential 


The single parti le splittings for the Wigner potential 


in a straightforw 


fv Ry (A)R,(2) 


Ra(1) Rg(2) 
) 


manner 


1)R, ‘ | )R,? 2) co Oy odridr c 


PEARSE 


are as follows: 


(2L+1)(2A+1)% 
Wi 


Arak air *(1) 


S| Vor'R, 
327’ 

0° — 112 COSA 15 
* Rx?(2) 


ard manner that 


[irate 


Lote 


AE gi,” (): 


* P1(1,2)Pa"(1,2)Ra(2){ Jdridre 


V 10" 
} f R,(1)Rx/(2)r, sin’6yoP(1,2) 
Y\2 
* P4'(1,2)Ra(1)Ra(2)dridr 
Vie’ Rr (1) R,(2) 
| use 
"12 r\ Yr 


* Rx(1)Ra(2)I Irjdr ; 


(11) 


) 


{ Jdridro, 


(2L+1)(2A+-1)X? Vio’ Rr (1) Rx, (2) 


1\2 T» Ts 


R,(2) 


sin’0 19 


(17) 


sin’O;o |Ra(1) 


sin’6oRa’(1 )} 


2ro”) +r" 


rir 


)rv 1 2)Ps"(1,2) 
are as 1 COSA jo 
: ye LP y'tt.2) 1: 


(18) 


literature’ and } cosh, 


Majorana potential 


and 


(12) (¢ Heisenberg Potential 
The 


potential can be expressed in terms of those for the 


single-particle splittings for the Heisenberg 


Wigner potential as follows: 


AEF air" AFair™', (19) 


A Fajr” AEFair”® (20) 


’ 


AF ex! = —AEair™! 


Ak”! AEF air” ra) 


B. System Consisting of a ‘‘Hole’”’ in a Closed Shell 


and Another Closed Shell 


As is well known, the splitting (with opposite sign) 
of this system can be obtained in terms of single 


particle splittings by assuming both shells to be filled 
and identifying the “hole” state with that of a valence 
nucleon. So, for example, to determine the (1p™) state 
splitting of N! 
outside of closed s and p shells, and to apply the corre 


II-A, with the signs reversed. 


it suffices to assume a p; nucleon state 


sponding formulas of Sec. 





GROUND STATES OF N** AND O?#’? 


III. SPLITTING EXPRESSIONS ASSUMING GAUSSIAN where F,, CYL and 
WAVE FUNCTIONS AND GAUSSIAN POTENTIALS 
The Gaussian wave functions to be used in evaluating 


the formulas of Sec. II, A are as follows: 
d d,,.)O'" Splittings for 


o(r)= No exp(—4ar’); Ri(r)= Nir exp(— ir’); the Wigner Potential 
R2(r) = Near’ exp(—}7r’) ; 

where 

Ni=4i3/\/n; Nv= (8/3) (0//m); 
N#?= (16/15) (F7/?/\/ 2m). 


The Gaussian potential to be used is 
V (ry2) A exp(—4ni2"). 


To calculate, say, the direct Majorana (a“=1) contri 


bution to the (d;—d,) splitting of O'’, one has ad+e-+0) 


AEqir™!(O'") 2 Ao air™ | A, Fair # a 10(a+e+ 2 
and for the (dj—d,) splitting of N'® one has 
AE ais™ ( ) 2[ A fs Tate t AnkEair™ |, 


the 2 arising from the fact that both neutrons and 
protons contribute to direct integral contributions, if 


one assumes charge independence of nuclear forces. By 


p pi JN" Splittings for 


making use of integrals in Appendix A and Eas. (11) . 
PI : the Majorana Potential 


(18), the O'7 and N’® splitting expressions may be 


evaluated and the results are given in Secs. A~D below i a bet 3h/4 
| D 


A. (ds/.—d,,.)O"" Splittings for the 
Majorana Potential 
(c*(ac)! c(3c+4a+1) 


AF yi, (O') 10@ 1 


(2.3) 


where a=fi/a, / Gi, i, HA7A, and D,, 
L(at+y)/2P+x+y; 
p pij2)N'® Splittings for 
AFgi,(O") the Wigner Potential 


f 


ab ! h®( 
N15) = 64 | | } 
LP, 


() 


lp ab y b*th 
N'*)=3@ | | | 


| Da Dy?” 


10 


| ae M1 /(( yi7) 


(25) 


\/ Wi 
4 


IV. DETERMINATION OF WAVE FUNCTIONS AND POTENTIAL PARAMETERS 


To obtain an estimate of the wave function parameters a, b, and ¢ the binding energy differences (assumed to 
be due to Coulomb forces only) of F!7—O" and O''—N!® have been evaluated using Gaussian wave functions. If 
the ground state wave functions of O'” and IF!’ are assumed to be identical, then the Coulomb energy difference 
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©? can easily be shown to be given by 


; (2L+1) R7?(1)R?(2) 
>. ; of drjdre 
Le! (47)? T\9 


PEARSE 


R,(1)Rz(2)R2(2)R2(1) 
P (cosa) Ps(coxbs)dedr 


/2) +-10(a Cc) 4(a’ “od 


, 


Ca 


15 | ac(a+c)! 


1 /s[(15 


tT ¢ bo 
bc(b+-c)5| 


where ¢ 


ference of O N!* is given by 


(1) R,?(2) 


Al (O N?5) dridt» 


é a 4 
bh ab)! 
abla t b)i ab 


again using Appendix B 


m3 a+b)? 


(ad- b)? 


(39) 


2)+10(b/c)4 4(b?/c*) | 15 8b | 31 | 
b+<¢ b | (b+-c)""/? |’ 


| 


charge on an electron and use has been made of the integrals in Appendix B. The Coulomb energy dif 


x (1)Ro(2)P 2) a(t, 2) RA) Rs(2)drades| 


R*(1)R;7(2) P? (cos 2) 
{ lof ( Jar] (40) 
T\9 Zz 
43 
| (2b)3 . 
) 16 | 


‘To afford an independent estimate of the wave function parameters, the binding energy of the ‘‘last’’? neutron 


ol 0) 
V (ry2) 1 exp 
and making the ass umption that the s 
A straightforward calculation gives 
28h'a | 1)(a+-1)? 
| 


17M | 


Similarly, assuming that a and + are the same for N 


NN’? 3 


given by 
Tha | b(a+1)(ab)! 
h 1/(5¢ 1) 


OM Pat 


Phe potential constants shall be taken to be 


&= 22(Mmc*/h*) (1/a= 1.92XK 10 


and A=91 mc* 


parame ters of 


These constants are based upon the 
Hatcher, Arfken, Breit,’* 


were obtained by securing agreement tor the low-ene ryy 


and which 


p-p scattering cross section. The depth of 91 me? is the 
weighted mean of the triplet and singlet depths with 
the latter being taken to be 51 mc By way ol com 
parison, the potential constants used by Massey ef al." 
are A=88.2 me and 1/a&'= 1.9110 


the correct binding energy of Het 


S$ om, which give 


16 Hatcher, Arfken, and Breit, Phys. Rev. 75, 1389 (1949). 


ar) 


has been calculated using a potential energy of the form 


et i1—g) Pw] (41) 


and p shell wave function parameters (a and b) of O'€ and O" are the same 


‘and O'*, one finds that the binding energy of the hole in 


3h) t 6b'4 5h% b(ab)! 
| + (4 so t 
Day} 


b?+-2b8+4 =| 


D,,' 2 


Equating the experimental binding energy difference 
of O8—N" of 3.547 Mev’ to AE.(O—N!) of Eq. 
(40) and setting a=), one obtains approximately 1.2 
b. AE.(O” 


sitive to variations of either a or 6 about 


for a N!®) is found to be relatively insen- 


Lie 


b will be assumed” in what follows. 


so for 
simplicity a 


Equating the 3.549-Mev binding energy difference of 


All experimental quantities have been taken from F. Ajzen 
berg and T. Lauritsen, Revs. Modern Phys. 27, 77 (1955 

” The variational binding energy calculations of E. Feenberg 
and M. Phillips, Phys. Rev. 51, 597 (1937), show that the con 
dition a=b results for light-nuclei binding 
energies. The same may be seen from related earlier calculations 
of E. Feenberg and E. Wigner, Phys. Rev. 51, 95 (1937). 


gives reasonable 
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1.25 
1.375 


Fic. 1. Graphs of contributions to ground-level splitting of O'7 
plotted against range parameter ¢ for fixed values of range param 
eters a=b=1.0 


FY—O" to AE,(F" 
previously found value of a=6 
p-shell constants, one obtains c=1.37 


O') of Eq. (39), and using the 
1.2 for the N!® s 


for the 


and 
Or 
d-shell constant. 

Alternatively, estimates of a, b, and c may be obtained 
by consideration of Eqs. (42) and (43). If one assumes 
g=0.2, Eq. (43) with a=b=1.2 42.7 
the binding energy of the hole in N!®, which is seen to 
be about 40% greater than the experimental value of 

30.6 mc*. If again one uses g=0.2, Eq. (42) with 
a=b=1.2, c=1.37 gives +12.0 mc (no binding) for 
the binding energy of the “last” neutron of O" and 


gives mc for 


the latter value is to be compared with the experi 
mental value of —8.11 me’. 

Upon examining the dependence of Eq. (42) (g=0.2) 
upon a, b, and ¢ (assuming a=6), from 0.1 to 3.0, it 
found that “binding” of the “last” 
neutron of O' occurs when a=b~0.7 and c~0.9 and 
is +2.4 It is found also that Eq. (43) (a=), 
g=0.2) gives the experimental value ( ’) for 
the “hole” binding energy of N'® when a= 60.75. It 


was maximum 
mc’, 
30.6 me 


thus appears that the potential given by Eq. (41) is 


not adequate to account simultaneously for the binding 


energy of the “last” neutron of O'” and of the hole of 
N', provided the s- and p-shell paramaters of N!®, O!8, 
and O" are assumed to be approximately equal. 


Using a=b=0.75 and c=0.9, which give the experi 
mental “hole” binding and maximum “last” neutron 
binding, it is found that AF,(O'—N!*) = 2.97 Mev and 
AE, (F!?—O"") = 2.94 Mev, which are seen to be about 
0.6 Mev lower than the respective experimental! binding 
energy differences. 

If the rms radii of N 
Gaussian functions and are set equal to the radii as 
from r 1.2x10-" the 
and s-shell parameters are found to be 
35. 


>and O" are calculated using 


determined roAt (7 cm), 


resulting p 
b=1.04 and c=1 


These values are seen to be in 


Pas e [. Values of spin-orbit interaction parameter 


ol wave function range parameters a, 6, an 


OF N*& AND O!?? 








dele vel splitti rol @* 


3 Ol range param 


Fic. 2 ntributions to groun 
plotted against range parameter ¢ for fixed valu 


b= 1,5 


Graphs of ce 


eters a 


rough agreement with those determined by the Coulomb 
energy difference method. 

the 
0.9 


determined by 
0.9 


As a compromise of the value 
the 


shall be used in obtaining splitting estimates in Sec. \ 


foregoing methods, values a=b and « 


V. DETERMINATION AND COMPARISON OF 


SPIN-ORBIT INTERACTION CONSTANTS 
VM, W or //), from the 


and (3) 1 terms 


The total splitting AE* (Xx 


two parts ol iq Gi ae &- viven in 


of Eqs. (23) through (38) and may be written 


YI 


lor the 


(lor a 


The dependence of Al and ¢, 
(dy dy Q' and (Pp; p N'? plittings 
trarily taken to be 10) is shown in Figs. 1 


that these 


upon d, b 
arbi 


2, 3. It may 


quantities are quite sensitive to 


that 


be seen 


variations in a, 6, and ¢ and also the exchange 


contributions are relatively large 
experimental the (py— py)N 
+-12.4 dy 8 plitting 


compared with the calculated splitting 


integra! 
If the 


splitting 


value ol 


mc’) and the (dy 
(—10 me*) are 
tant a’, which are needed to vive ayreement, 
are lable I 

It may be noted that the Heisenberg interaction of 
Eq. (2) has 
inverted ordering of levels from that 


in the N'® and ©} 


the con 


as 1n 


not been considered since it gives an 


which is required 


splitting 











CABELL 


seen that a“@(N'*) or a”(N") must be about 
a™ (('") or a” (O'"), Elliot and Lane," 


It j 
twice as large a 
using a phenomenological 
type 

iY len Jielard t/ (45) 
® 12°, 7 Ox)" pi )) 


Po) X (ny 


functions, have found that 
’) must be about 1.8 times larger than Vo’ (O"") 


and using Gau 


V/(N! 


to give agreement with the experimental data. There 


lath Wave 


does not seem to be a direct connection between their 


resuit and the present one because their spin-orbit 


force is purely phenomenological while the one used in 

the present calculation 1s not. 

and Stehn* 

splitting | their Eqs. (8 
H 


Breit have given an expression for the 
of Li’. The constants 
and a needed to vive the 479-key splitting 
were found by them to be between 2 and 4, depending 
Then 
upon Vir 1’ exp(— a'r, 


160M me*/h 
has obtained the 


constants 
ys A’=72 
1.6 @’. Abraham!'® 


function parameters 


upon the potential mixture assumed 
were based 
mc and &’ and b 

(;aussian wave 
for Li’ from a consideration of Be’— Li’ binding energy 
difference and also from calculating the binding energy 
of Li! Phe equiv which he 
these methods are, respectively, f= 7=1 


1.164 t 22 (M m h 


to either a 


finds by 
$968 


alent constants 
and 
Considering the 
Wigner 
(8) of the paper of Breit 
1.47 and a” (Li’) = 2.3 


or 3.06 using the above criteria of the binding energy 


MM } 
plitting to be due Majorana or 
Irom Ky 


and Stehn that a” (Li! 


potential, one finds 


4.46 or 


difference or binding energy, re spective ly 

Assuming a Gaussian spin-orbit force of the type 
given by Eq. (44) and Gaussian wave functions 
obtain A/(Li’) | Abraham,'® first term of 
hig (l6a) or Lob | AE(N and AE(O!"") 
Palmi'®; Secs. 10B and 10D; making allowance for 
ol , in the The 
found, which are required to give the experimental 
follows: Vo(Li’ 0.75 Mev (an 
average of Abraham’s two values) ; Ve(N' 3.4 Mev 
and Vo(O" 1.34 Mev Talmi’s 
p=0.9%K22(M me?) h 


These interaction constants are 


one 
may easily 
and 
used). constants 


factor interaction 


plittings, are a 


’ 


(found by setting 


seen to be in the 


ipproximate ratio 


V o(Li7): Vo(N"): Vo(O"”) =0.56: 2.54: 1. 


Phe approximate ratios of the presently determined 


interaction constants are 


a (Li’) 0.264:1.56:1 


and 
a™ (Li? 0.31 


1.76 a 


using in the Li’ calculation the Be’— Li’ binding energy 


radius. There is thus an approximate correspondence 


spin-orbit potential of the 


PEARSE 


in the ratios of effective interaction constants for these 
nuclei even though the approaches used are quite 
different. The considerations of Abraham and Talmi 
are in a sense more phenomenological than those 
employed in the present work since the latter makes use 
Breit’s invariant 


of relativistic invariance through 


2 


forms of order v?/c? 


CONCLUSIONS 


rhe present investigation seems to indicate that it 
is not possible to account for both the N’® and the O' 
splittings, using the same value of spin-orbit interaction 
constant in Eqs. (1) and (2). By comparing the con- 
Nand OF 


splitting with those needed to account for the Li’ 


stants, a*, needed to account for the 
splitting,’ it is seen that they are in the approximate 
a* (Li’): a* (N") «a*(O'")=4:3:1. This lack of 
agreement does not seem to be attributable to the form 


and (3), for a 
16 


ratio 


of interaction given by Eqs. (1), (2), 
using 


a Yukawa spin-orbit force given by Eq. (45). Also the 


similar result was obtained by Elliot and Lane 
calculations of Abraham!® and Talmi'® enable one to 
conclude that a Gaussian spin-orbit force of the type 
given by Eq. (45) is inadequate to account for the Li’, 
N'®, and O" splittings with the same strength of spin 
orbit interaction. 

It may be mentioned that the existence of excited 
configurations has not been considered here, which may 
effect the above conclusions. 

The approximation of representing two body spin 
orbit forces in terms of an equivalent one-body force 
does not appear to be valid in the cases of N'® and O” 
as is evidenced by the relatively large exchange-integral 
contributions to the total splittings. 
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APPENDIX A. COULOMB INTEGRALS 


TL J fet (ar;?+-bro?))[ |drydre/riv, (A-1) 


a+b 


(Sr5/4)a~*b-* (2a? +-7ab+26*)F-7?, 
(A-2) 
+-7ab+2b?)F-3, 
(A-3) 


(A-4) 


I ry'r2* Cosby, | 
(93/2)a*b? (2a? 


/ Tro" ( 08°09 | 


I [ rire’sin’6, | (2r')a 2b 2h - 





GROUND STATES 


r)°ro° COSB}2 $in’O jo 
f ev! —a(r;’?+r,*) drjdr 
J r) 


16mr3(2a)-" i.9) 
These integrals (and other simpler ones) were evalu 
ated by differentiating 


+ bro*+-cri2 )} 


drjdr. 


xp{— (ar; 


T192 


M | 


VOLI 


OF N'*§ AND QO 


with respect to the parameters a and b, and by iterations 


\=1(0/da4+-0/db—0/dAc) which is seen 


of the operator ¢ 5} 
to be equivalent to multiplication of an integrand by 


rife COSD; The use of the operator © was suggested to 
the author by 


Many Gaussian integrals of the form 


Professor (y Breit 


. 


| exp{ — (ar? +-bre +o 


were evaluated in a similar manner 
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I'm? 


heir formation, as well 


INTRODUCTION 


Na previous paper from this laboratory! the pro 

duction of some einsteinium isotopes by alpha 
bombardment of Bk? was described. 
Bk?" decays with a half-life of 280 days by beta emission 
to the 5X 10?-year alpha-emitting Cf?®. ‘This paper will 
describe some studies of reactions of the type (a,«n 
brought about by bombarding Cf?” with helium ions in 
the energy region 20 to 40 Mev. The experimental 
technique, which was fully described earlier,’ involved 


a target of 


cate hing the reaction produc ts recoiling from the thin 
target in a separate gold foil. Thus, it is possible to use 
the same target for several bombardments. The target 
used in the present experiments was the same one as 
used in the irradiations of Bk?” although it now con 
tained about 10% atoms of Cf*”* grown in from the 
original 3X10" atoms of Bk’. In fact, this target has 
been subjected to about 100 bombardments or a tota! 
of roughly 1000 ya-hr. 

The chemical purification and separation of the 
products involved mainly ion exchange techniques and 
electroplating as described before 

ft Work done under th spices of tl \tomic Energy 

* On leave from ion, Weiz 
mann Institute of Sci 

t Present ade 


ssion 


Oak Ridge 


lennesse 


Tallal isse¢ 

On leave fro tockholm 50 
veaen 

1 Harvey, ( hetham-Strode 

Phys 104, 1305 (1956 


ind Thompson 


Rey 


GHIORSO, 


and Department of Chemistry, 


km?! and Fm** were produced by 


as some of their nuclear properties, were 


Harvey, L. W. Hot 
j 


Berkeley, Cal 


B. G 
Universit f California 
22, 1957 


alpha bombardment of Cf. TI 


measured 


RESULTS 


tudied in these 
()j 


The fermium isotopes produced and 
experiments were Fm, I'm?®!, 
produced earlier at Stockholm and later at 


and I'm? these, 


I'm? was 


serkeley by oxygen bombardment of uranium,? and 


I'm?5? was produc ed at Berkeley by several of the above 


authors by alpha bombardment of targets containing 
the isotopes ( oe? Cre? Cr! and Ci However 


the ba is ol 


the 


mass assignments are not certain on thi 
work. 

‘The element identification was established by mean 
eparation using alpha 
* Mass a 
‘The propertie 
are summarized in ‘Table I. The half 


10°, and the alpha 


of a cation exchange column 


isobutyric acid as eluant ignment 


ydroxy 
based on the excitation function 

‘se nuclide 
viven are good to about 
particle energies to +0.05 Mev 
‘The amounts of I'm*”’ produced corre pond to about 


1) ilpha count minute at the end of the bombard 


per 


Nuclear Chem. 2 





AMIEL, 


ao“ 
threshold 
‘ 


ra 
threshold 
bd 


£9 24 26 52 ; u 4 44 48 
He M ION ENERGY (LAB SYSTEM) Mev 


hic. 1.1 


«citation functions for the formation of fermium isotopes 


ment in the best experiment 


long time (2 to 2 


After the comparatively 
» hr) required to make a complete 
chemical separalion from fission products and other 
activities, no electron-capture activity with a 30-minute 
half-life was found. ‘Thus, the branching ratio (E.C./a) 
for 'm*” is probably less than 10, in agreement with 


predictions.‘ 


4Gla Thompson, and 5 
$19 


eaborg, J. Inorg. Nuclear Chem. 1, 


et al. 


Figure 1 shows the excitation functions for the forma- 
tion of Fm?, Fm*!, and Fm*®? through (a,n), (a,2n), 
and (a,3n) reactions. The curve for the (a,3n) reaction 
is a lower limit since it was calculated as if Fm*” were 
B-stable, which certainly is not true. The similarity 
both qualitatively and quantitatively between these 
curves and the corresponding ones for the einsteinium 
isotopes! is striking. They show the same long “tails” 
interaction 
mechanisms. The difference in shape between the 
excitation function for formation of Fm*” and that for 
E* is due mainly to the fact that the former is formed 
only through an (a,3n) reaction whereas other processes, 
mainly (a,t), contribute to the yield of E*®, 

The fact that no Fm*™® was observed does not con- 
tradict the prediction of its properties (t, 5 min; 
E.C./a=})* if one assumes the cross section for the 
(a,4n) reaction to be not greater than that for the 


towards high energies, suggesting direct 


i] 


(a,3n) reaction. 
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A new experime ntal approa h has been studied for measuring the sidereal time variation of the hig! 


energy cosmic radiation 
tubes and an “extensive” tray 
} 


against showers with 


be about 90% and has been verified experimentally 
used to measure the zenith angle dependence of air shower 


counters to detect only vertical showers of high energy 


Ihe apparatus consists of an “air-shower tele scope’ 
of GM tubes. The apparatus is sensitive to vertical showers and discrit 
projected) zenith angle greater than 10°; this 


In subsidiary expe 


’ , ' 
using on ix small counte 


inate 
lirectional efficiency is calculated to 


iments, the apparatus ha 


We can therefore set up an arrange 


Preliminary results show a counting rate 


3 hours per recording station for vertical extensive air showers of energy > 10" ev, The barom 
has been determined as (9+4)% per cm Hg; however, no statistically significant time variation ha 


been detected 


of recording setups 


I. INTRODUCTION 


F an anisotropy of the high-energy cosmic radiation 

exists, it is to be expected that any apparatus 
rotating with the earth will show a sidereal time varia 
tion of cosmic-ray intensity. Although several experi 
ments! have already been carried out in this direction, 
it seems that more experimental evidence is needed to 
obtain general agreement on the existence of this vari 
ation.’ Since low-energy cosmic rays are easily affected 
by the weak fields in the galaxy, their sidereal time 
variation will be small. Thus, any experiment designed 
to detect a sidereal time variation of cosmic rays will be 
expected to depend on: (1) the energy of cosmic rays 
to which the experimental apparatus responds; (2) the 
angular definition or the directivity of the apparatus, 
particularly so, if sources of cosmic rays exist. (3) 
Finally, the geographic location of the apparatus will 
be important since it determines the region of sky 
swept out. We 
telescope” with very narrow receiving angle which is 


have now designed an ‘air shower 
simple enough to be easily set up at various latitudes 
and which is sensitive to only high-energy cosmic rays. 
In the following sections we give a description of our 
apparatus together with the experimental results con 
cerning its directivity and energy range, and concerning 
the anisotropy and barometric coefficient of extensive 
air showers 

II. DIRECTIVITY 


From a short discussion on Hilberry’s* experiments 


Singer‘ indicated that an extensive air-shower telescope 


* Supported by a grant of the National Science Foundation. A 
part of the material was presented at the American Physical 


K. Y. Shen and S. fF 


Society Meeting in Baltimore, 1955 
Phys. Rev. 98, 1546(A) (195 

1 For example, F. J. M. Farley and J. R rey 
445 (1954): A. Daudin and J Daudin 


tivgorre Conference on Cosmic 


Singer, 


Nature 173, 
of the Bag 
1953 
Mag 


Proceeding 
Radiation, July, 
Galbraith, Phil 


neres-a¢ 
(unpublished); T. E. Cranshaw and M 
45, 1109 (1954 
21. Davis, Phys. Rev. 96, 743 
IN. Hilberry, Phys. Rev. 60, 1 
4S. F. Singer, thesis, Princeton 
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Phe rec ording rate can be increased and better statistic 


t 


increasing Lhe 


s obtained by 


can be constructed by placing counters in a vertical 


with other such similar 


sets, sé parated at a distance of 2 to 4 meter he 


row and forming coincidences 
ba If 


idea is that fewer particles are required to set off the 


arrangement if the come from the vertical direction 
fundamentally differ 


Le h 


arrival } 


shall see, 1 


achusetts Institute of 


Thi approach, a we 
ent from that of the Ma 
nology group in which the direction of 
computed from the measured differential arrival time 

or from the method of the Imperial College of London 
group in which the angle of incidence is measured from 
cloud chamber tracks. Relative to the latter approa he 

But 


ince the atmosphere exercises a 


we lose in solid angle and therefore counting rate 


this loss is not too bad 


strong collimating effect anyway. We gain, however, 


due to the implicity ol our appar itu vhich allo u 


to make many identical unit 

the experimental arrangement of our telescope | 
shown in Fig. 1 
coincidence Cs, between all 


each, Fir & 


sixfold 


two tube 


We require a 
three sets of we calculate the 


percentage of C's that are activated by shower » CoOMMY 
within the aperture defined by the physical dimension 
the GM tube We know that lor 


projected zenith 


and eparation ol 


showers coming in within the 
£ 


(onto a plane perpendicular to the counter tube as 
only a threefold coincidence j 


Ol Go, required to trigye! 





AND §S 


x tubes; hence 


Cel < Go) | [ Kp ‘(1—<¢ 


¥ COS "010d pdp (1) 


Here Kp 


distribution of particle density, 


‘dp is the previously determined® frequency 
6 is the zenith angle, 
the local density of shower, 


y is the azimuth angle, p is 


and a is the area of a single GM tube 


4, tan | (tany)(cos¢) 7 


is the maximum zenith angle sustained by the telescope 


Ihe zenith angle distribution of showers is taken as 
cos"#, where n is equal to 4 in accordance with recent 
experiments 

However, for showers coming in at zenith angles 
outside of the aperture defined by the telescope, a 


sixfold coincidence is required. ‘The coincidence rate is 


given by 


Xcos"Odbd gdp. (2) 


The values of 0C’s/ 069 of (1) and (2 
M in big 


of our tele 


are plotted against 
2. It is seen that showers within the aperture 
cope (6g <10") contribute almost all of the 
coincidence rate C; 
As an experimental check, we added one tube to our 
in I iv 1) and « ompared the 


The 


telescope (the dotted circle 


coincidence rate Cy with Cy coincidence rates 


measured are as follow: 
Cy=0.40/hr (+0.0516), 
0.44/hr (+.0.0580 


[his small difference between C's, and Cy can be inter 


prete d as a confirmation to our calculation that showers 


within the aperture of the telescope contribute almost 


ill the coincidence rate. It is seen that a six-tube 


ntial respor c air shower at sea leve 
of the incidetr howers. Nearly 


while showe rs 


| zenith angle 
er only three countes 
in order to set ofl 


ist cover six counter 


ill contribution of large-zenith-angle 


1951 
92, 441 (1953 


Singer, Phy Rev. 81, 579 
? Bassi, Clark, and Rossi, Phys. Rev 


SINGER 


telescope is quite efficient to give us directivity as 
defined by the size and separation of the counting tubes. 


Ill. ZENITH ANGLE DEPENDENCE OF SHOWERS 


The same experimental setup can also be used to 
measure the zenith angle of extensive air showers by 
varying the vertical separation between counters in 
each individual telescope. After verifying the directional 
efficiency of the apparatus (see above), we varied the 
separation between the top and bottom of GM tubes 
in our sixfold telescope arrangement. The results of the 
experiment are given in Table I. It is seen that the 
experimentally measured ratio is in good accord with 
the calculated ratio using the cos‘@ zenith angle de 
pendence for @<10° found by Bassi, Clark, and Rossi.’ 


IV. ENERGY RESPONSE OF EQUIPMENT 


In order to discriminate against low-energy air 
showers, we set up a large tray of counters of area A 
at a distance L from the “telescope” section as de 
scribed in Sec. II. We wish now to calculate L, so that 
most of the showers recorded as coincidences between 
our “telescope section” and the large tray must have 
minimum energy of about 10" ev. 

Let the symbols p and a have their usual meaning 
as in Sec. II. If the distance between telescope sections 
is very small compared with the lateral spread of the 
shower, the sixfold coincidence rates Cs of the teles« ope 


‘i 


section Las in (1) | is proportional to 


r 


p 24(1—¢ pa) 8d p 


) 


The integrand is plotted against pa in Fig. 3. It is seen 
that 
mostly from the range pa > 0.5. ‘Thus, Cy records mostly 
The local density 


the contribution to the above integral comes 

showers with p> 1/(2a) particles/m’. 

to which the tray of area A is sensitive is estimated as 
>1/(2A). 

We now estimate the minimum energy of the shower 
which produces a coincidence between the telescope 
A. The well-known lateral dis 
tribution function for extensive air shower is° 


section and the tray 


o(r)=a'| 2n(s—1)!] ee 


Pas_e I. Experimental determination of zenith angle 
distribution 


Separation between he ffe 6-fold coin 


I 
extreme counters, cm angle rate/hr 


i 46.2 6.3 0.3 +0.02 
ii) 14.8 19.5 0.464-0.025 
Experimental ratio of coincidence rates (i) and 0.65 -+0.056 
Calculated ratio assuming zenith angle distrib 


cos‘? 


ution 
0.62 


* J. Nishimura and K. Kamata, Progr 
6, 628 (1951) 


Theoret. Phys. (Japan) 





VERTICAL 
where r is measured in lateral units ro= E,x0/e radially 
outward from the direction of the primary initiating 
particle, and’ £,=21 Mev, x 310m, «=84.2 Mev, 
s=1.4 (at sea level).!° With the above values, r9=77 m. 

Let II be the total number of electrons in a shower at 
the altitude of our apparatus; then II[@(r,), (re) are 
the densities of electrons at distance 7; and ry respec 
tively from the core of the shower. We now set II@(r;) 

1/(2a), Ild(r2)=1/(2A), and TI 
energy of 10° ev." In our experiment we have a 
1440 cm*, With 
0.379. In order to determine L, we let 
Q).2r 


10° for a primary 
110 
cm? and A these values, we obtain 
75=O0.170, re 
i bata +9: 


’ 


which equals 15.5 meters at sea 
level. Thus, we obtain a set of appropriate values of 
in hy 


primary energy > 10) ey 


and a to record near-vertical showers with 


V. ANISOTROPY OF PRIMARIES 


One recording station consisting of six identical tele 


scopes of the type in Fig. 1 together with an extensive 
tray as discussed in Sec. [V, has been set up to measure 


the anisotropy of high-energy primaries. The six 
telescopes are located on a circle with the extensive 
We obtain a 
3 hours between each 
) 


and radius 15.5 m 


of about 1 
tray, OI 


tray at its center 


coincidence rate per 


telescope and the center coincidences per 


hour for the whole arrangement. Few coincidences 


between telescopes have been found so far. Based on a 

total operating time of six months, we have not been 

able to detect any significant sidereal time variation 

VI. BAROMETRIC COEFFICIENT FOR 
VERTICAL SHOWERS 


rec ording tations were 


The 


intervals 


Preliminary results of the 
correlated barometric 


29-in 


with barometric pressure. 


pressures were divided into three 
Hg to 29.5-in. Hg, from 29.5-in. Hg to 30-in. Hg, and 
from 30-in. Hg to 30.5-in. Hg. We obtain a value of 
0).09+-0.041 em Hg for the 


good agreement with other experiment 


Irom 


barometric coefficient, in 


It would, however, be of considerable interest to 


carry the equipment to airplane altitudes in order to 
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sity distril 


curves give threefold 


obtain the altitude dependence (and position of the 


maximum) for vertical showe1 


VII. CONCLUSIONS 


We have 
that a 


directivity for 


been able to demonstrate experimentally 


imple multiple tele cope arrangement has high 


extensive al shower! The arrangement 


is therefore suitable for measuring the zenith angle 


dependence of extensive air showers, for measuring 


barometric coefficient of air showers, for example in 


the vertical direction, and for similar refined experi 


ments. The arrangement is also suitable for studying 


the anisotropy of high-energy primaries by measuring 


the sidereal diurnal variation of extensive air shower 


The directivity allows a high degree of resolution, In 


this re spect the equipme nti imilar to a radio-tele 


COP. 
a 
vhich mea 


xy. We 


rays ¢ entiall' 


ures the distribution of radio noise in the 


gala “tune” the apparatus to high-energy cosmi 


by decreasing areas and requiring high 


particle densities for detection in the apparatu It 


would be ssible to increase the directivity further but 


( ol 
ent re 


olid ang therefore counting 


rate Phe pre ent an 


optuumum COMpromise since I wer pal 


ticles takes place in the atmosph vhich is estimated 


to be of the order to 5° and primari them 


sel ye xtraterrestrial 


may be deviated a few y ¢ 


magnets | 
We hav \ vidence for a siderea] 


tion; howey , we lal n e tne 


time varia 


counting rat 
he number ol 
the aperture 


ol a radio telescope 
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precise Calculations 
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but more 


contrnibutior vith partial cross sections interreé 


in qualitative agreement with observation 


I, POLARIZATION FROM ALMOST ELASTIC 
SCATTERING OF HIGH-ENERGY 
NUCLEONS BY NUCLEI 


N experiments on the scattering of very high-energy 
by by 


of a few percent are often interpreted a 


particle nuciel, scatterings accompanies 


energy loss¢ 
of high-energy polarization 


the 


‘Thus most analyse 
Lo 


ela ti 
data 
polarization in terms of elastic scattering by a fixed 


have attempted understand observed 


potential,! At small angles almost all of the scattering 


is exactly elastic so that such analyses are undoubtedly 


valid. At larger angles the almost-elastic scattering can 
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289-Mev protons from carbon show that it is difficult 
ty of well shapes and parameters are intro 
+.3-Mev level 
cited can be considered a collective 
the 
of the elastic and 
iw and 96-Mev 


Varit 


excitation of the is calculated 


strongly e% 


actly same as for elastic scattering 


r Separation inelastic polarization 


tt 


1 electron scatteri nucleon scattering 1s 


contribute in an important way to the observed 


polarization, 


The expe ted polarization of the scattered nucleon 


when the target nucleus is left in one of its low-lying 


excited states, can be calculated only for a specific 


nuclear model. Just as for electron scattering, collective 


transitions are expect d to be much more easily excited 
than a change in nuclear configuration. When a col 


lective transition results from an almost-elastic scat 


tering, the polarization of the scattered nucleon can be 


nferred from the ground state scattering and the 


angular momentum of the excited state 


It has already been pointed out’ that for collective 


transitions in Born approximation the nucleon polar 


ization is the same as that from the ground state. 


Important departures from the Born approximation 
polarization are exper ted near nodes of the scattering 
amplitude, ‘These occur at angles which depend mainly 


on the angular momentum transfered to the nucleus 


Results for C!’ are in good agreement with experiment 


II. POLARIZATION IN BORN APPROXIMATION 


Following conventional analyses, we assume the 


nucleon-nucleus potential 


V = (u+iw+dAo0: pX V )p(4r,X (1) 


The spatial dependence of V is contained in p which 
depends upon the position of the nucleon relative to 


COHeECLIVE coordi 


the center of the nucleus r, and the 
nates X which the 
pres ion, Ctc. 

The scattering amplitude from (1) for a particular 


describe nuclear surface, com- 


nuclear transition is of the form 


a(@)+-ib(6)4+-c(O0)a-fi, (2) 


where a and b are real; f is the unit vector normal to 


he scattering plane. The polarization corresponding 


+ 
a-t 1b )¢ T 


a+ib+< 
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After a partial integration the 
matrix element of | 


Born approximation 
ial nuclear state / 
and nucleon momentum p and a final nuclear state / 


between an ini 


and nucleon momentum p’ i 


(u+iw+iro: pX p’) drexp[i(p—p’)-rlprr(r), (2) 
where 
pir (Tt) F\ p(r,X) {1 


lepend nly _ and A and 
not upon the been pointed out by 
Heckrotte* and by Malenka‘ for elastic 


som approximation for any collective transition JF 


‘I he poiar tion ( 


upon u, Ui 
integral a hits 
cattering. In 


\ 


the polarization is therefore the same as for elastic 


scattering, namely 


\w sinb 


t pr’ sin’6 


A similar result is valid for an independent-particle 


model if the relevant nucleon-nucleon amplitude is spin 


independent except for spin-orbit coupling. In_ the 


amplitude (2’), the real, imaginary, and spin-dependent 


amplitudes form nodes together whenever the integra! 


on the right hand side vanishes. The resulting polariza 


tion (3’) never changes sign. However, even though the 
3orn approximation (2’) may be qualitatively reliable 


for the scattering of a high-energy nucleon by a light 
near a node of (2’) 


nucleus, the exact amplitudes a, b 


SO that the 


and ¢ form nodes at slightly different angle 
ign twice in this region 
/ 


and differs qualitatively from Eq. (3 
] 


true polarization (3) changes 


Irom a square well ol 


asti catternng | 
)/ 


For the ¢ 
radius R, the integral of expression proportional 
to 7i(KR)/K where K=2psi 2). In Fig, 1, the 
is compared toa WKB 


calculation of Fernbach, Heckrotte 


Sor approximation polarizall 
and Lepore! lor a 
square-well model of carbon. The Born approximation 
for KR~4.5 


where the polarization rapidly 


gives node which also defines the region 


changes sign and ce 


parts so strikingly from other 
induced nuclear transit | 
p’)-rlorr(r) is 
tional to (KR _ which changes sign 
Thus the 


approximately valid for the lan 


hand, for an 


JS dr expli(p approximately propor 
KR~5.8 


remall 


when 


Jorn approxin ected to 


ation of these 
which it 


fails to describe the polarization of elastically scattered 


nucleons up to angles greater than those for 
nucleons. Therefore in the neighborhood of a diffraction 
minimum, the polarization of the elastically and almost 
elastically scattered nucleon 
Near a diffraction n 
tering, the nucie 
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minimum for the inelastic scattering the situation 
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timate the polarization associated with 
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introduce a scattering approx 
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The initial and final plane waves ol ie Born approx) 
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triangles are fro 


respectively. We assume the 


of Eq. (1) to be negligible in these exponentials relative 


to the first two terms and that any departures from a 
spherical nuclear shape are small. The function p(r,X 
is taken to be either 1 or O de pr nding upon whether or 


not r lies within the surface 


R{1 | (tn 135° V."(0,9 J m*(H »0) (4 


where 0) and go are the angular coordinates for the 


nuclear symmetry axis, 6 and g are the angular coordi 
ol f, 


surlace or a creation operator lor a 


and # is the deformation parameter of the 


nuclear surlace 
wo units of angular momentum depending 
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upon whether the 
rotational state or Then usin 
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same parameters as 1n the curve 1 
state / 


state of the nuclear 


and assuming the 
state fF a 24 


for the expected polarization a 


urface, we obtain 
curve ¢ ssociated with a 


1.3-Mev energy lo 


for the incident protons 

lo resolve the observed polarization 
hig. 2) 
assume that 
96-Mev 


open circies ol 


into elastic and inelastic contributions, we 


the ratios of differential cross sections of 


protons measured by Strauch and ‘Titus,’ and 
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Observed polarization of 220-Mevy 
black circles) and inelastically open circles 


scattered 
("129 


protons 


irom 


of 187-Mev electrons measured by Fregeau and Hof 
stadter,® depend only upon the momentum transfers as 
would be true if the Born approximation were exactly 
valid. ‘The measured ratio R of 4.3-Mev inelastic to 
lig. 3. ‘The observed 
and P(4.3 Mev) 


elastic scattering is given in 
polarization P is related to P(elastic 


through the relation 


(14+-R)P (observed) = P(elastic)+ RP(4.3 Mev). (5) 


> 


Fig. 3 are 


When the data of 


dicted polarization expected from the 4,3-Mev state as 


combined with the pre 


given in curve C of Figs. 1 and 2, and the observed P, 
the calculated P(elastic) are the solid points of Fig. 2 
There is a 


through which the solid curve is drawn 


marked difference between P(elastic) so obtained (solid 


curve) and P? (observed) (dashed curve), a more striking 
difference than results from varying well parameters 
and shapes. 

The polarization of 220-Mev protons elastically and 
measured by 


Chesnut, Hafner, and Roberts’ is given in Fig. 4. The 


almost elastically scattered by C™ as 


observations are qualitatively very similar to the 
analogous curves of Fig. 3. A quantitative comparison 
is not valid because of the different proton energy and 
because of the crude approximation used to determine 


the theoretical curve C. 
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Proton Polarizability Correction to Electron-Proton Scattering* 


I. INTRODUCTION 


ig analyses of the scattering of high-energy ele 
trons by protons! the electric-charge and magnetic 
moment distributions of the proton have been treated 
as if rigid. This ignores effects on the scattering due to 
the electron-induced pr larization of this charge and 
current cloud. This polarization 1s responsible for the 
Although 


corrections of order e? to the main term of the electron 


nuclear Compton etlect it contributes only 


proton scattering amplitude, the proton polarizability 
large near those frequencies for 
, hw from 200 


ilso the significant electromag 


can be anomalously 
which photomeson produ tion is big, 1. 
to 400 Mev. These are 
netic-field frequencies felt by the proton in small 
impac (-parameter, large-angle electron s¢ atterings \ hic h 
are sensitive to the charge and current distribution of 


the proton. In this work the polarization contribution 
| or ¢ le ctron 


Wi at 400 


mall 


to the observed scattering is estimated. 
1S found to be 


an increasing function of energy. The 


scattered through 90° it 
Mev and 
ness of this re 


ult has a classical interpretation. 


Il. CALCULATION 


The contribution of proto! polarization to the elec 
tron-proton scattering 1 represented in the Feynman 
diagram, Fig. 1. 


The relevant scattering amplitude is 


owe ff. 


KF y(w,k, K) 


Fe is the an plitude 


larizatiol 


photon ol pr 
polarization v, momentun 
in frequency w. For pl 
and for K 0 this amy 
proton total cro ec| 


lorane timate ot | 


Stanford Universi 


/ 


I the ele 


100 Mey 


is Integrated directly, with the photon scattering ampli 


tude 


Pe approximated a lOllows 


(1) J 
photor Ol the 


replaced by the cattering amplitude ol 
shell, 
v and scatterin 
work of Gell-Mann, Goldberger, 
the dispersion relations are used to 
0) to the total cross 


energy written as a function ol 


the photon y angle 6 


Irequency 


I 
I 
) 


(, Following the 
Thirring,? 
relate ’,,(w, 0 
the predominant contribution arises from 


and 
section for photon 
on protons, 


meson produc tion. 


(3) For simplicity, the photon scattering amplitude 


thus obtained is assumed to be isotropic and is multi 


plied by a factor 2.5. Since we are seeking an upper 
factor 2.5 1 


) 


limit for the polarizability effect, the 
introduc 


the Vv orl 


ed to correspond to indications from reference 
of Yamagata el al 


Matthews,’ that large-angle scattering of photon 


and the calculations of 


may 


be more important. This is at best a rough gu and 


an alternate method of calculation is devel yped below 


to he ip tie 1t down. 


replaced by an} Olropic tensor, buy pin 


lusion of longitudinal virtual photon con 


> mi glected With Iq. (1) appro imated in 
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Fic. 2. Contribu 


tion of polarization 
to forward scattering 
amplitude of elec 


trons by protor 


this way, the calculation can be reduced to a one 
parameter numerical integration. ‘The final result con 
tributes an additive correction to the measured cros 
section of between 4%, and 4%, for 400-Mev electron: 
scattered through 90) by protons,’ 

An alternative estimate of the polarization scattering 
follows from a combination of the dispersion relation 
with the method of virtual quanta. The dispersion 
relation which relates the forward electron-proton 
scattering amplitude is complicated by the infinite 
cross section and infinite number of bound states for 
an electron in a Coulomb field. However, since only 
nonstatic mesonic corrections of order é& are pertinent 
it is simpler to write the dispersion relation for the 
difference between the true elastic forward scattering 
amplitude and amplitude for scattering by a fixed point 


charge® 
(pO) 1(O0.0)4 

where 

srt) tale p 


ale+p 


The constant /(0,0) can be estimated from Eq. (1 
with K and p 
which neglects the electron mass and can be ignored 
next to the integral in Eq. (1’) for p>10? Mev/< 


Although é, has not yet been extensively measured 


0. It vanishes in that approximation 


it can be inferred in an approximate way from the 
cross sections for photomeson production. From a 
Weiszsiicker-Williams approximation Dalitz and Yennie 


find 


(2’) 


j 
6.(p) N.(p,k)é_(k)dk k, 


* In the derivation of Eq. (1’) it is assumed that a is the same 


for electrons and positrons 


*R. Dalitz and D. Yennie, Phys. Rev. 105, 1598 (1957 
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ee’ + pp’ +-m? 
In 
x | p m(e— €’) 


4 1" 
ajere 


(e+¢’)? (=*) P| 
In - . 
2p’ p—p’ p 


(m?+p*)', &=(m*+p")', p’=p—k. 


g,(k) is the total cross section for meson production 
(x* and 7’) from protons by photons of momentum k., 
Figure 2 is a plot of f(p,0) calculated from Eqs. (1’) 
and (2’) and the observed photomesonic cross sections. 

To estimate the angular distribution it is useful to 
examine the contribution to f(p,0) from the different 
angular momentum states of the electron and proton. 
An energetic electron with impact parameter b gives a 
photon spectrum over the proton: 


am’kdk ibkm 
no() 
4p? | p 


The partial cross section for an impact parameter r is 


n(b,k)dk (3°) 


then 


Pp 
do darir f n(r,k)a.(k)dk. (4’) 


In a WKB approximation such a do and the resulting 
angular distribution for Imf(p,K) are the same as that 
from an imaginary potential whose spatial dependence 
is r *da/dr. ‘The approximation leading to Eq. (3) 
implies r>a=h/p. ‘The imaginary part of the polariza 
tion electron-proton scattering amplitude has an energy 
(e~p) and momentum transfer (AK) dependence given 
in Born approximation by 


Im/(p,A) } drexp(iK-r)r ‘da /dr. 


For any fixed momentum transfer K, it has been shown? 
that the real and imaginary parts of {(p,K) are still 
related by the usual dispersion relation. For a non- 
zero K, Imf(p,K) is obtained from Eqs. (3’), (4’), 
and (5’). It is convenient to introduce the cutoff a by 
multiplying do/dr by [1—exp(—r/a) |. Then for large 
momentum transfers (K>>1 Mev/c) these equations 
give 

(6’) 


Im/(p,K)=G(p,K) Imf(p,0), 


where 


G(p,K) 
(p/K) tan”'(K/p)+4 In(1+ p?/K?) 


Pp et 
2 In(p/mc) f &(w) Inwda | G(w)dw 
0 0 


103, 1877 (1956 


(7’) 
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Above meson production threshold Im/(p,0) has the 
approximate energy dependence p which varies 
much more rapidly with p than G(p,A). Therefore if 
Im/f(p,K) of Eq. (6’) is used in the integrand of a dis 
persion relation, an estimate of Re/f(p,A) is obtained 
by assuming G(p’,A) constant and evaluating it at the 
zero of the energy denominator (p’=p). Thus for 
large K the real and imaginary parts of /(p,K) have 
approximately the same angular distribution so that 
Ref(p,K )~G(p,K) Ref(p,0 (8’) 
For a given angle K/p is independent of p. G has only 
a logarithmic decrease with increasing p so that 
Ref(p,AK) for a fixed angle may even increase with p, 
(8’), in distinction to the ¢ 
like p-*, The 
amplitudes have 
constructive interference for all A/p. For 90 
tering and 200-Mev electrons the ratio Ref(p,K) to 
found to be 


according to (7’) and 
scattering amplitude which decreases 
polarization and Coulomb scattering 


scal 


the Coulomb scattering amplitude is 
~+1/20%; at 400 Mev (90 


~i¢/ These corrections are quite negligible in agree 


) this ratio is found to be 


ment with the earlier conclusion. 

In view of the smallness of the polarizability correé 
tion and of the agreement between the two different 
methods of calculating it, no attempt has been made 
to obtain a more quantitatively reliable result. Such a 
calculation may be desirable for the analy is of electron 
Bey 


and (&’) are no 


proton scattering in the energy range above 1 


The approximations which lead to (7’ 
better than a WKB approximation and therefore are 
not valid for large momentum transfers. However we 
xed angle the ratio of the polariza 


may note that ata fi 
with 


tion to the Coulomb scattering increases rapidly 


p, even if we ignore the form factors which cut down 


electron scattering.! 
III. DISCUSSION 
On the basis of the analysis presented here, it seems 
safe to ignore polarizability contributions in the inter 
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the 500-Mev energy range 


result can be under 


pretation ol a scattering in 


and below. Thi tood in terms of a 


Consider the 


simple classical picture proton as a 
charged oscillator with resonant frequency v, and damp 
onant energy 
tion). An inci 

} 


ittered 


ing constant y (corresponding to the re 


and width of the meson-nucleon intera 
dent monochromatic light wave, coswl, will be sc: 
with no « hange mn pha e by the « harge of the proton 
In “driving” the proton, the light wave will also induce 


a dipole moment, 


giving rise to dipole radiation pro 


portional Lo 


‘The first term in the above expression 1S 1n phase with 


and interferes with the direct charge-scattered term: it 
gives rise to the polarizability correction of interest 
This contribution is expected to be ~« 1/137 except 
in the neighborhood of the resonance lrequency w~v,, In 
will be enhanced, However the resonant, 
odd the 
thus largely cancelled in the 


the 


which case it 


in phase contribution is seen to be about 


resonance frequency. It is 
the virtual photon spectrum ol 


integral over 


scattered electron although it gives rise to a resonance 
peak in the proton ( ompton ellect 


It appear then that below 500 Mev the scattering 


and of photons are complementary and 


the 


of electron 


exclusive tool lor tudy of the tructure ol a 


nucleon, the electrons measuring the form factors of 


and the 
llowever 


iLleriny 


the electric charge and magnetic moment 


photons the polarizability of the ructure 


the polarizability contribution | tron ( 


may be important as one explores the proton structure 


vith more energetic electrons. 
‘The authors are indebted to the Brookhaven National! 


Laboratory for their hospitality during the early stage 


of thi work. 
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Polarization in Proton-Proton Scattering at 130, 170, and 210 Mev* 


I, Baskir,t EF. M. Harner, A. Roperts, anv J. H. Trntor 
University of Rochester, Rochester, New York 
(Received January 21, 1957) 
we have measured the polarization in p—p scattering at center-of-mass 


Using a 90% polarized proton bear 


angle n 20 and 81 degrees at 130 Mey, bet 
degrees at 210 Mey. The first two 


third involve 


het wee 
of these mea 
an energy in the neighborhood of 
ments are fitted by functions of the form 


P(Ojal0 ind cosé 


At 


I terad 


210 parameter 


Mey, a three 
and b, 


lin particular a non 


2.96+0.77) mb tatist 


Wave ellects, anc 


INTRODUCTION 


oo ING the measurement! in this laboratory 
of the polarization in proton-proton scattering at 
210 Mev and 45 degrees in the center-of-mass system, 
it seemed desirable to extend the work to other energies 
and angles, utilizing the highly polarized external 
scattered beam of our synchrocyclotron. The angular 
dependence of the polarization at a given energy weuld 
reveal the relative contributions of triplet states with 
J>0O, and would, together with measurements of the 
absolute value of the polarization, provide new data 
with which p-p interaction theory could be compared. 
Measurements at energies both higher and lower than 
that of the original measurement have recently been 
’ The present report 
at 130, 


170, and 210 Mev in the center-of-mass angular interval 


carried out by other workers.’ 
summarizes the results of our measurements 


between 20 and 90 degrees. It serves to interpolate 
and to overlap the existing data 

The experiment was done in a conventional way. An 
elastle 
rhe 


call 


external polarized beam was produced by 


ol 
magnitude of the polarization of this beam was 


scattering protons from an internal target. 


brated by measuring the asymmetry in a second iden 
tical scattering; the known incident polarization could 
then be used to convert asymmetries observed in 
scattering from hydrogen to corresponding values of 
the p-p polarization. These procedures make use of 
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Sixth 


Phys 
93, 1431 


and Fox, Phys. Rev. 95, 


veen 31 and 82 degree 
ent 


which earlier detailed work has not been done 


KK 


ields b 
al analysis of the data at 210 Mev indicates that F 


are required for description of the scattering 


sat 170 Mev, and between 14 and 112 


are consistent with data previously published; the 


The measure 


where K=0O, 1, 


(2.78+0.16) mb/sterad, be=(—2.24+4-0.17) 


familiar theorems* connecting asymmetry with polariza- 


tion 
APPARATUS 


The polarized beam was produced by bombarding 
a carbon or a beryllium target with protons circulating 
at the full energy of the 130-inch cyclotron. Protons 
scattered into a small solid angle centered at 15 degrees 
emerged from the cyclotron vacuum tank through a 
10-mil aluminum window. The beam was focused by a 
wedge magnet through an ion-chamber monitor and 
onto a second target of polyethylene or of liquid hy- 
drogen. A tlux of 10° to 10’ protons per minute was 
available at the second target. Protons second-scattered 
into the forward direction were counted by a range 
telescope. A 69-mil copper diffusing screen, introducing 
0.023 rms radian of multiple Coulomb scattering, was 
mounted at the exit face of the wedge magnet in order 
to produce uniformity of illumination of the second 
target. 

The first set of runs was made by taking CH,—C 
differences, using polyethylene and graphite second 
The 


were mounted with planes normal to the axis of the 


scatterers of equal stopping power. scatterers 
detecting telescope. The final set of runs employed a 
second scatterer consisting of a styrafoam-insulated 
cylinder filled with liquid hydrogen and providing a 
hydrogen thickness of 0.59 g/cm’. 

The scatterers and detecting telescope were mounted 
on an accurate rotatable assembly originally con 
structed for measurements’ of polarization in n-p 
scattering. The assembly can be remotely rotated about 
a vertical axis through the target center and positioned 
to within two minutes of arc; the counter telescope 
axis is then known to a precision of this order. 

Conventional coincidence circuits and pulse gener- 
ators, with resolving times of 25 to 50 millimicroseconds 
and dead times of 0.1 to 0.2 microsecond, were employed 
with the range telescope. The accidental rates were less 

* 1. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 
® Roberts, Tinlot, and Hafner, Phys. Rev. 95, 1099 (1954). 
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34, of the coincidence rates at the smallest 


scattering angle, and rapidly became negligible as the 


than 
angle was increased. Dead-time losses were not signifi 
cant. 

PROCEDURE 


At the beginning of each set of runs, a surveyor’s 
transit was adjusted to provide a line of sight roughly 
coinciding with the path of the strongest flux leaving 
the wedge magnet. Mu-metal magnetic shields were 
located along this path in order to insure that proton 
trajectories did not deviate from straight lines by more 
than 0.0002 radian. The range-telescope axis and its 
axis of rotation were then brought into accurate coin 
cidence with the optical line, and collimators and spray 
shields were set with accurate symmetry about the 
same line. The target was then centered on the axis 
of rotation, but its position was not critical since the 
collimating system determined the scattering volume 
Angles of scattering to left and right of the polarized 
beam were measured with respect to the optical line 
of sight. The precision of the angular readings was of 
the order of two minutes of arc, but their accuracy was 
dependent upon the symmetry of illumination of the 
scattering volume and could not easily be estimated 


A check against angular error was therefore advisable, 


and in this experiment it was made during preliminary 
runs by observing that the asymmetry in backward 
113 degrees 


the 


scattering (the angle chosen was about 


in the center-of-mass system) exhibited prope! 


sign reversal about 90 degrees. 


TABLE I. Polarization in proton-proton scattering. /,=beam 
energy (Mev); 71=first target; P,=beam 
=second scattering angle ass system); 72 


target (He or CH,) 


polarization; @ 


(center-ol-n second 


P, 


0.0 

O.019 
0.09 
0.009 
£0,024 
0.024 
+ 0.009 
0.024 
0.006 
+O0.019 
O0O10 
1 0.048 
0.020 
+ 0.042 
+ 0.016 
0.024 
0.009 
0.043 
0.018% 
Oot 
0.023 
0.0 


+ 0.08 
0.0271 
£010 
0.010 
0.027 
0.0 

0.010 
0.028 
0.007 
0.021 
O01 
0.053 
0.022 
0.047 
0.018 
0.027 
0.010 
£0.047 
t+0.020 
0.012 
10.027 
0.052 


0.90 
0.90 
0.865 
0.90 
0.90 
0.865 
0.90 
0,865 
0.90 
0.865 
0.90 
0.90 
0.865 
0.90 
0.90 
0.865 
0.90 
0.90 
0.865 
0.90 
0.465 
0.865 


21440.016 

226 +-0.008 

131 40.009 

26 40.011 

106 + 0.012 29 

180 40.025 ) 200 
0.14240.015 0.158 
0.0/640019 0.084 


0.01% 
+ 0.009 
+ 0.010 
0.012 
0.013 
0.028 
0.01) 
0.021 


0.90 


0.134 
0.160 
0.090 
0.026 


0.03 
+O0.011 

0.014 
+-0.017 


0,149 
0.178 
0,100 
0.029 


+ 0.03 
10.012 
0.015 
0.019 
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Photomultiplier voltages and amplifier gains were 
set with the teles« ope re ading a direct beam of 200-Mev 
protons. The settings were checked periodically during 
runs by observing the sensitivity of counting rates to 


rhe 


seldom changed by a significant 


fifty-volt changes in the photomultiplier supplies. 
true coincidence rates 


amount. Care was also taken during runs to maintain 


cyclotron operating conditions and focusing magnet 


o as to maximize the proton flux in the energy 
200-220 Mev 


significant in this experiment and, for the case of the 


current 


interval Background corrections were 


liquid hydrogen scatterer, were based on counting rate 


from an empty duplicate container. Polarization data 


at reduced energies were obtained by inserting 7.9 
or 14.6 g/cm? of polyethylene into the beam immediately 
the We observed that the 
introduced small losses in intensity and small 


that 


ahead of final collimator. 


absorber 


in background, and we assumed they 


introduced negligible depolarization effects 


in reases 


EXPERIMENTAL RESULTS 
Beam Polarization 


Phe polarization of the external beam produced in 


the scattering of 225-Mev protons from carbon at the 


) 


laboratory anyvie 15.0-+-0.. degree was found by meas 


2.76% 


21044 
catterer; 


triangle 


of the yolarization at 
Phe lid circles are data from a liquid hydrogen 

the open circles are data from CH ( fle the 

the measurement by Oxley et al curves re] 

sent one two 

dicated. 0’ in thi 

as 0 in the text 


Ire ngular dependence 
Mey 
rence 
Phe 
parameter fits to these data, as in 


the same meaning 


reference | 
and three 


and subsequent figures ha 


fenstein, Phys. Rev. 75 
97, 250 (1955) 


1664 (1949 


Heiberg et al., 
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\ 
20 30.0400 SHs«6 70 = 80 \ 
@'(C.M) in degrees 
P(6’) (0) * Sin & Cos @’(b, +b, Cos? 6”) 
0 
be (mb /ster) b,(mb /ster) 
1.94 £0.0€ 


1.54 20.16 0.62 £0.29 


& Fic, 2. Polarization at 17045 Mev. The solid circles are data 
from this experiment; the open circles are the measurements by 
Fischer and Baldwin (reference 4). The curves are least-squares 
fits, with parameters as indicated. 


uring the asymmetry produced in second scattering 
from carbon at the same angle. The value adopted for 
the beam polarization effective during hydrogen runs 
was 0.90+-0.03, where the quoted standard deviation is 
five times the error arising from counting statistics 
alone, The largest contributions to the total error came 
from an uncertainty in correcting for the 14-Mev 
energy lirst 
scatterings, the 0.2-degree uncertainty in first angle, 


difference between and second carbon 


uncertainties in correcting for finite solid angles, and 
an estimate of the error involved in correcting for the 
fact that the beam polarization was calibrated at a 
detector energy threshold 15 Mev above the one used 
during the p-p measurements. Our result is in good 
with the value 0.89+-0.02 


agreement independent 


obtained for 14-degree scattering in an experiment 
already reported." Measurements on a beam produced 


by a beryllium first target under identical conditions 


0 40 50 60 


6 (CM) in degrees 


P(@") @ (8) = Sin @ Cos @’(b, +b, Cos* @’) 


Dy (mb /ster) b, (mb /ster) 
1.55 20.10 


1.01 £0.16 1.05 20.29 


Fic. 3. Polarization at 1304-6 Mev. The solid circles are data 
from this experiment; the open circles are the measurements by 
Dickson and Salter 2). The curves are least-squares 
fits, with parameters as indicated 


(reference 


" Chesnut, Hafner, and Roberts, Phys. Rev. 104, 449 (1956) 
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gave the ratio of polarization from beryllium to that 
from carbon as 0.961+0.013 at 225 Mev, and the 
beryllium polarization as 0.865+0.03. 


Proton-Proton Polarization 


At center-of-mass angles above 21 degrees, the asym- 
metry in scattering by hydrogen of the 210-Mev 
polarized proton beam was measured by the yield of 


protons from polyethylene and graphite scatterers of 
equal stopping power. Appropriate corrections were 
made for the different carbon densities of these scatterers 
and for the background counting rates. At angles below 
about 31 degrees, the CH2,—C subtraction method 
became very difficult because of the fact that the carbon 
count became many times as large as the hydrogen 


P(O' ja (8) 
Sin @’ Cos 0 


(mb /ster) 


2.24 20.11 


2.78 20.16 2.96 0.77 


Fic. 4. Replot of Fig. 1, to exhibit departures from pure P-wave 
polarization effects. The energy is 210 Mev. 


count. The measurements at the small angles were 
therefore repeated and extended with liquid hydrogen, 
which was also used to obtain data at lower energies. 

The full width at half-maximum of the 210-Mev 
proton spectrum was found to be about 8 Mev, and the 
true average energies in the several runs did not differ 
from each other by more than 4 Mev. The spectra of 
the degraded beams were found to be slightly broad- 
ened; the widths at 170 and 130 Mev were 9 and 11 Mev, 
respectively. 

The measured polarizations are given in Table I 
and plotted in Figs. 1, 2, and 3. Included in the figures 
for comparison are the measurements‘? of Fischer and 
Baldwin at 170 Mev and of Dickson and Salter at 133 
Mev. The curves represent least-squares fits to the 
data, using one, two, or three parameters as noted. The 
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asymmetry é¢y(62) of second scattering, given as the 
sixth column in Table I, is the conventional ratio of 
difference to sum of right and left counting rates for 
scattering from hydrogen. The corresponding polariza- 
tion, Py (9), is taken simply as ey (02)/P. 

The largest contributions to the uncertainties in the 
results at all but the smallest angles were statistical 
in nature. At small angles, the uncertainty in correcting 
for background became significant. The difficulty arose 
from the fact that only lower and upper limits to this 
background, derived from measurements with and with- 
out a compensating absorber in the telescope, could be 
determined. A 0.6% uncertainty in the relative carbon 
contents of polyethylene and graphite scatterers has 
been included in the errors. The effects of uncertainties 
in angular setting, curvature of proton paths, asym- 
metric target illumination, finite target volume, and 
telescope solid angle were all well within the quoted 
errors. In the reduction of data from liquid hydrogen, 
some small corrections having to do with the construc 
tion of the target were required at angles between 40 and 
80 degrees; the uncertainties arising from these cor- 


TABLE II, Least-squares analysis of the » polarization data. 
| ; I 


100a 


210+-4 3.83 0.06 
0.49+0.23 0.8 
2.24+0.17 2.964-0.77 35 
17045 3.92 1.94+0.06 
1.54+0.16 0.82+-0.29 
4.08 1.55+0.10 

1.01+0.16 1.05+0.29 


130+6 


Not 
quoted standard deviations of the results is the contri 


rections have been estimated. included in the 


bution from uncertainty 


primary beam. 


in the polarization of the 


CONCLUSIONS 
The polarization can be written! as 
K 


in? cos6 > bo, cos*’6, 
l=) 


P(0)a(0) 


where 6 is the center-of-mass scattering angle; o(@) is 
the unpolarized differential p-p cross section; K 

L—1 for odd L and L-—2 for even L, where L repre 
sents the partial wave of highest orbital angular 
momentum contributing significantly to the scattering. 
Measurements” of the p-p unpolarized differential 
cross section at 147 Mev and 240 Mev indicate that, 
within the experimental errors, the scattering in both 


12 Cassels, Pickavance, and Stafford, Proc. Roy. Soc. (London) 
A214, 262 (1952) 
4’C, L. Oxley and R. D 


(1952); O. A. Towler, Jr., Phys 


Schamberger, Phys. Rev. 85, 416 


Rev. 85, 1024 (1952) 


IN p-p SCATTERING 


4 


oy 


Fic. 5. Replot of Fig. 2, to exhibit departures from pure P-wave 
polarization effects. The energy is 170 Mey 


cases is isotropic for 6> 20 degrees. ‘Therefore, in bigs 
4-6 which give P(6)0(@)/sin@ cos6 vs cos*é, and in the 
least-squares reduction of the polarization data to 
determine the parameters ol best fit, a (@) is set equal to 
a(90°), 


used are taken from a smoothed interpolation among 


The values of this cross section that have been 


several expernments" and from the measurements of 


Pettingill.!® The results of independent measurements’ 


of the polarization at the two lower energies hay 


c al {) 
been included in the analysis. 
Table Il summarizes attempts to fit the data with 


one, two, or three parameters. The energy uncertaintie 


Fic. 6. Replot of Fig. 3, to exhibit departures from pure P-wave 


polarization effects. The energy is 130 Mey 
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Rochester 
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Breit, Proceedings of the Fifth 
Conference on High-Energy Nuclear Physics 
science Publishers, Inc., New York, 1955) 

(5. H. Pettingill, University of California 
oratory Report UCRL-2808, 1954 (unpublished) 
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in the first column are taken to be equal to the half 
widths at half maximum of the incident proton spectra. 
The cross sections of the second column were obtained 
by interpolating existing data, as mentioned above. 
The next three columns give coefficients bg; and their 
standard deviations, calculated from least-squares 
analysis of the data. The results of Fischer and Baldwin 
at 170 Mey, and of Dickson and Salter at 133 Mev, were 
The quantity 100a, 


included in the calculations. 


appearing in the sixth column, arises from application 


of the chi-square test to each of the least-squares fits, 
and represents the percentage probability that an 
independent measurement will deviate by at least as 
much from the function of best fit. 

An inspection of these results indicates that a descrip 
tion of p-p scattering involving S and P waves alone 
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106, 


AND TINLOT 

would be statistically consistent with the data at 170 
Mev, where one parameter suffices to give an acceptably 
large a. However, at the other two energies that have 
been studied here it appears to be necessary to invoke 
the F wave, a conclusion in agreement with some re- 
ported?“ previously. The change in the sign of 5, 
between 130 and 210 Mev, as well as the increasing 
significance of b, at high energy, can perhaps be ex- 
plained by consideration of contributions from the *F; 
and */, phases, to which the higher coefficients are 
sensitive. 

We wish to acknowledge the valuable assistance, 
throughout this work, contributed by Dr. Walter 
Chesnut, Dr. Sidney Spital, and Mr. Robert Harding. 
The principal author also thanks the National Science 
Foundation for its support during part of this research. 
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The low rigidity cutoff for primary particles in the cosmic-ray spectrum reappeared in 1956. From these 
new results and the earlier measurements in 1948, 1951, and 1954, it is clear that the shift of the low-rigidity 
cutoff to a very small value is restricted in time to an interval within which solar activity reached a minimum 


in the 11-year solar cycle 
(a) the total cosmic-ray intensity and (b) 
maxima near the solar minimum in 1954 


Phis effect was accompanied by other changes 
the exponent for the power law spectrum, both passed through 


in the primary spectrum; namely 


Phe 1956 results further support the view that these changes in the primary spectrum have their origin in a 


mechanism controlled by solar activity 


most likely 


the diffusion of cosmic-ray particles through inter 


planetary disordered magnetic fields transported by plasma clouds of solar origin. If this is so, then only for 


a brief period near solar minimum is there the possibility of access to the true galactic spectrum for particles 


below approximately 30 By 


I. INTRODUCTION 


an earher communication we reported that the 


ig 

primary cosmic-ray spectrum observed at the earth 
had changed between 1948 1951. The changes 
include a decrease in the energy for the low-energy 


le intensity, 


and 
cutoff, an increase in the total parti and a 
change in the power law spectrum extending to higher 
energies.' In addition to these observations, Neher has 
shown that the low-energy cutoff not only changed but 
that it may have almost disappeared in the year 1954 
Since these effects appeared to be related to the general 
level of solar activity—-the disappearance of the cutoff 
in 1954 corresponding to minimum solar activity—-we 
have reinvestigated this question by making additional 
* Assisted in part by the Office of Scientific Research and the 


Geophysics Research Directorate, Air Force Cambridge Resear« h 
Center, Air Research and Development Command, VU. 5S. Air 
Force 
1P, Meyer and J 
?H. V. Neher, Phys. Rev 


A. Simpson, Phys. Rev. 99, 1517 (1955 
103, 228 (1950) 


measurements during August 1956, when the level of 
solar activity had again greatly increased. We wish to 
report here that the low-energy cutoff has reappeared 
and is accompanied by further changes in the power 
law spectrum and total cosmic ray intensity. 

We shall discuss briefly the implications of these 
results for the origin of the low-energy cutoff and the 
origin of the total intensity variations observed in the 
solar system. 


II. EXPERIMENT 


The nucleonic component intensity was measured 
as a function of geomagnetic latitude at high altitude. 
As in the case of our earlier observations the apparatus 
was carried by aircraft. Ex ept for a detector modifi- 
cation which yields twice the counting rate of the 1954 
instrument, the experimental apparatus, corrections, and 
tests were the same as in 1954; further details are given 
in reference 1. 
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Fic. 1. The nucleonic component latitude curves for 1956 at 90 


west longitude and 310 g/cm? atmospheric depth. For comparison 


the 90°W latitude curve for 1954 is shown as a dashed line 


The data were obtained over the identical courses 
flown in 1954 in order to avoid any uncertainties in 
defining geomagnetic latitudes or longitudes. Though 
the geomagnetic cutoff rigidities assigned to geomag 
netic latitudes may be in error, the relative changes in 
measured properties of the spectrum will not suffer 
this difficulty. All data are for the same atmospheric 
he measurements in 1948, 1951, and 1954; 
(30000. ft 


depth as 


{ 
225 cm Hg 


namely, pressure pressure 
altitude). 

Even though the frequency of large cosmic-ray in 
tensity fluctuations was increasing throughout 1956, we 
were able to record data at times when the intensity 
changed by less than +1% during each flight. Thus the 
latitude curves are not distorted by intensity variations. 

To measure the intensity variations both during the 
time of the flights and over the several years during 
which this experiment was underway, we continuously 
measured the neutron intensity at Chicago (A=52°) 
and Climax (A= 48°). 

Since two flights were required to obtain the entire 
range of geomagnetic latitudes 40°-64°, the data were 
matched in the region of \=52°N 
III. CHANGES OF THE LOW-RIGIDITY CUTOFF 

BETWEEN 1954 AND 1956 


The latitude curves for August, 1956 are shown in 
Figs. 1 and 2 for approximately 90° and 80° west longi 
tude. The corresponding latitude curves measured in 
1954 are included as dashed lines. Although the total 
cosmic ray intensity decreased between 1954 and 1956, 
we have normalized the 1954 and 1956 data at high 
magnetic latitudes in order to display the change of the 
cutoff latitude between these years. We conclude from 
Figs. 1 and 2 that the cutoff latitude has shifted ~ 1.5‘ 
to a lower latitude within this time interval 

Since Neher’s measurements? show that the rigidity 
cutoff near the top of the atmosphere in 1954 occurred 
at a much higher geomagnetic latitude than we found 
for the onset of atmospheric absorption, we conclude 


that the observed change between 1954 and 1956 is the 


PAR 


r3cLs  EuUToOr F 


nent latitude curves for 1956 at 80 


osphe rk cle | th kor comparison 


lic. 2, The nucleonic compx 
vest longitude and 310 g/cm? at 
the 80°W latitude curve for 19 


4 is shown as a dashed line 


lower limit for the true time change in geomagnetic 
cutoff latitude of the primary spectrum 


IV. CHANGES IN THE PRIMARY SPECTRUM 
BETWEEN 1954 AND 1956 


In relerence 1 we showed how to use the observed 


changes in the slopes of the nucleonic component lati 
tude curves to describe the changes with time which 
occur in the primary spectrum at the top of the atmos 
phere, and we shall not vo into detail on the methods or 
assumptions here. ‘To prove that the slopes of the 
latitude curves were different in 1954 and 1956, we have 
normalized the counting rates for the two years at 
\= 40° as shown in Figs. 


slope is significant for both the 80°W and 90°W longi 


1 and 2. Clearly the change in 


tude curve 
If we represent the primary 
with the data obtained by Winckler in 1948 a 


differential pectrum 


7(1948) 
(p/Z)7 


where p is the momentum and Z the charge number of 
the primary particle, then we obtained the exponent 
y= 2.7 for the 1951 and 1954 spectra, In comparison 
with the 1954 data, the new 1956 data yield an exponent 
v=2.5+0.1 3, The 


difference in the slope n more 


These spectra are drawn in Fig 
ol the 


pec tra are knov 


pre isely than the values of y 


RAY INTENSITY 


1956 


TOTAL COSMIC 
1954 AND 


V. CHANGE IN 
BETWEEN 


t and 1956 wa 


ray 


pectrum between 19 


ye in Sy} 


accompanied by a decrease in the total cosmic 
intensity, this decrease being part of the approximately 
found by Forbush’ to be 
11-year Olar activity 
} 5 W/; W a 


at Climax 


11-year change in intensity 
correlated with the 


intensity decrease of about 


Inverse} 
ob erved 


for the neutron inten monitor Colorado 


between the times of the 1954 and 1956 measuremen 
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— 1956 Spectrum 
\ Fic. 3. The primary 
. 


‘ 
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\ 
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particle rigidity spec 
trum for 1956 deduced 
from the latitude in 
tensity measurements 
shown in Figs. 1 and 2 
If we assume that the 
differential spectrum 
in 1948 was repre 
sented byj ( (p See 
with y=2, then the 
1956 spectrum requires 


y=2.5+0.1 








’ aad ° 
This decrease also appears at aircraft altitudes. By 
40° in 1954 
and 1956 (the lowest geomagnetic latitude for which 


normalizing the intensity measured at A 


there are data common to both measurements), we find 
that the decrease of intensity for particles within the 
magnetic rigidity interval ~1.5 to 4.4 Bv was 4.5% 
using data from Fig. 1, and 6.8% from the Fig. 2 data. 
If we were also to include particles with magnetic 
rigidities above 4.4 By, and lower than ~1 Bv, we would 
find that the integrated intensity decline was even 
greater than given for the 1.5-4.4 Bv rigidity interval 
but this latter question will be considered elsewhere. 
Intensity variations of large amplitude and _ short 
duration such as 27-day variations and Forbush-type 
more 
throughout 1956 in contrast with the remarkably small 


decreases became progressively pronounced 
variations observed in 1954. 

We wish to distinguish the changes in both the low- 
rigidity cutoff and exponent y which are associated with 
the gradual (11-year) changes of intensity level. We 
must avoid possible cutoff variations and other short 
time spectral changes which may be associated with 
the rapid, but large, Forbush decreases and 27-day 
intensity observe the 
position of the low-rigidity cutoff and slope of the 
latitude curves at an intensity level which is the 
average for an extended period around the time of 
the measurements. The data for the latitude curve 
at 90° west longitude fulfill this condition; namely, 
at the time of the flight extending northward from 
h=40° to beyond \=52°, the integrated intensity 
was close to the average intensity for July-August, 
1956. On the other hand, the neutron intensity monitors 
show that the corresponding data at 80° west longitude 


variations. Consequently, we 


were obtained during a short time decrease from the 
average cosmic ray intensity. This is apparent from the 


J. A. SIMPSON 
larger decrease in intensity measured above the cutoff 
at that time. 

The change in the low-rigidity cutoff for the 80° 
longitude data is appreciably greater than for the 90° 
longitude data obtained under average intensity condi- 
tions. If the major intensity variations such as the 27- 
day, Forbush decreases, and 11-year variations all have 
a common origin, this result at 80° would not be 
unexpected for a temporary decrease of total intensity.’ 


VI. DISCUSSION 


In Fig. 4 we summarize the changes in position of the 
low-rigidity cutoff measured over the period 1948-56. 
From reference 1, we found that our observations during 
1951 and 1954 measured the lower limit of the change 
in position of the cutoff, since atmospheric absorption 
sets in at about A\=57°, and we cannot observe the 
effect of particles of lower rigidity than corresponds to 
this latitude. However, Neher has shown that there 
was, during 1954, no cutoff for rigidities down to 
$0.15 Bv.2 Thus, the observations we report here for 
1956 mean that: 


(a) the direction for the time dependence of the low- 
rigidity cutoff effect has reversed ; 

(b) the cutoff rigidity has actually increased from the 
value $0.15 Bv given by Neher in 1954 to ~1.5 Bv 
corresponding to the vertical cutoff for \=52°. 


The time changes of the cutoff are shown in Fig. 5 
along with a measure of the general level of solar 
activity represented by the relative sunspot number. It 
is clear from these data that the shift of low-rigidity 
cutoff to a very small value is restricted to a time inter- 
val within which the solar activity reached a minimum 
in the 11-year solar cycle. We also note that (a) the 
total cosmic-ray intensity and (b) the exponent y for 
the particle spectrum both passed through maxima 
near solar minimum in 1954. These spectral changes 
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Fic. 4. The nucleonic component latitude curves for 1948, 1954, 
and 1956 arbitrarily normalized at latitudes >58°N in order to 
display the magnitude of the shifts in the low-rigidity cutoff of the 
cosmic-ray spectrum. 
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strongly support the view that they are part of the 
11-year intensity variation found by Forbush? for higher 
energy particles as detected in ionization chambers. If 
so, then the change in low-rigidity cutoff with time is 
part of the phenomenon which produces the changes in 
the spectrum over the 11-year solar cycle. 

Thus, we are led again to the conclusion we reached 
earlier in reference 1; namely, the mechanism producing 
the cutoff effect must have a solar origin rather than a 
galactic or terrestrial origin.‘ Galactic origin is excluded 
because the time scale for the observed effect is too 
small by orders of magnitude to be consistent with the 
known dynamical properties of the galaxy. Terrestrial 
origin is unlikely since changes of total intensity are not 
predicted for time-dependent changes of the geomag 
netic field which might arise from external current 
systems. More detailed arguments on this question 
have already been presented in reference 1. Recent 
calculations by Ray also support this view.° 

The observed properties of the cutoff effect with its 
spectral changes extending to energies far above 5 Bv 
are similar in many respects to the spectral changes 
which occur during a Forbush decrease or a 27-day 
variation; namely, the amplitude of the intensity vari- 
ation is dependent upon the magnetic rigidity of the 
particles, the amplitude of the phenomenon is large, 
and a remarkable degree of isotropy prevails. Since we 
now believe that these short-time variations are pro- 
duced by a mechanism of solar origin, it is probable that 
the same mechanism accounts for all cosmic-ray modu- 
lation effects in the solar system. On the basis of 
experiments over the past few years we have concluded 
that this 
cosmic radiation (e.g., 


solar mechanism modulates pre-existent 
galactic radiation) which reaches 
the earth. The most likely mechanism is the diffusion 
of cosmic-ray particles through interplanetary dis 
ordered magnetic fields of solar origin; models to ac- 
count for the experimental evidence have been proposed 
recently by Morrison,® and by Parker’ in this labora 
tory. Further experiments will make it possible both to 
discriminate among the various models of modulation 
mechanisms, and to decide whether the low-rigidity 
cutoff effect associated with the 11-year variations is 
a property of all the major intensity variations. The 
data we have reported for 80° west longitude suggest 
that this might be the case 


4K. Hoyle, Phys. Rev. 104, 269 (1956), has proposed a hypothe 
sis to account for the low-rigidity cutoff requiring a maximum 
cutoff effect at solar minimum. The observations we reported in 
reference 1 and for 1956, however, clearly exclude the mechanism 


he proposes 
5 FE. C. Ray, Phys. Rev. 101 
*P. Morrison, Phys. Rev. 101 


1142 (1956 
1397 (1956 
103, 1518 (1956). 


7E. N. Parker, Phys. Rev 
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Fic. 5. The changes in cutoff latitude and exponent y of the 
primary spectrum as a function of time. For comparison the level 
of solar activity as measured by relative sunspot number is shown 
over the period of the measurements 

The hypothesis for the modulation of extra-solar 
cosmic radiation implies thatthe full cosmic-ray 
intensity exists at all times outside the solar system, and 
that the spectrum observed at the earth is changed by 
the 
containing disordered magnetic fields) ; 


solar-controlled mechanism (e.g., plasma clouds 
the « hanges in 
intensity which occur would be decreases below the 
prevailing galactic intensity. If this is so, then only for 
a brief period near the minimum in the solar activity 
cycle would we have the possibility of access to the 


true galactic spectrum for particles below about 30 By. 
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A model is considered for single- and double-pion production in which the production takes place via an 


intermediate state wherein either one or both of the initial nucleons is excited to the isobaric state of J 


[=f 


The treatment is phenomenological and comparison is made with recent experiments in the 0.5- to 1.5-Bev 


range 


Iwo striking features of the experiments, the strong preference for the emission of mesons with 


kinetic energies of 50 to 150 Mev, and the rapid increase in the two-meson processes at bombarding energies 


above 1 Bev, are exhibited by the calculation 


INTRODUCTION 


| ECENT experiments on meson production in 
nucleon-nus 


leon collisions have thrown some light 


on the usefulness of the J=4, /=4 isobar as an inter- 
mediate state in high energy processes involving one or 
more nucleons. At the Cosmotron, Yuan and Linden- 
baum! have observed the energy spectra of positive and 


produced in p— Be and p—p collisions 


Bev and at 2.3 Bey. At the higher energy, double 


negative pions 
at | 
produc tion appears to predominate At both 1 and 2.3 
Bev, plots ol 
sections per Mev per unit solid angle versus meson 
kinetic energy in the nucleon-nucleon center-of-mass 
system exhibit strong peaks between 100 and 150 Mev. 


In the case of wt produc tion, these peaks are surprisingly 


the relative meson-production cross 


similar in shape to the peak that appears in the r+— p 
total-interaction cross section when plotted versus meson 
kinetic energy in the wt— p center-of-mass system.’ At 
1 Bev the curve is shifted somewhat toward the lower 
.3 Bev the curve is considerably broadened 
p curve. The peaks in the 


negative pion spectra are markedly similar to that 


energies. At ; 
as compared to the mt 
which appears in a plot of the p interaction cross 
section versus meson kinetic energy. The m~ spectra 
also show the effects des« ribed above, at 1 and 2.3 Bev, 
respectively. 

These facts may be explained! in a qualitative manner 
as follows. In the collision of the two nucleons, a 
mechanism whose detailed nature is probably quite 
complicated operates to form an intermediate state in 
which either one or both of the nucleons has been raised 
to the (J i] 3) 


hy 


isobaric state. If the initial nucleons 
have momenta +p in the center-of-mass system and if 
the excitation process involves a transfer of momentum 
g between the particles, the particles in the intermediate 
state have momenta + (p—g). It is then supposed that 
these particles separate somewhat, and one or both 
decay by emission of a pion. The decay of one isobar 
is to be thought of as being independent of the presence 
S 


* The worl auspices of the 


Atomic Energy Commission 
iL. C. L. Yuan and S. J 
(1956 
if. sé 


(1955 


vas performed under the 


Lindenbaum, Phys. Rev. 103, 404 


Yuan and S. J. Lindenbaum, Phys. Rev. 100, 306 


of another isobar or nucleon. It may be that the excita- 
tion occurs near the edge of a region of strong inter- 
action, with not too great a momentum transfer. This 
would make the separation and independent decay 
more plausible in the light of the very short lifetime of 
the isobar (~10~% second)! 

In this calculation we shall describe the excitation of 
the intermediate state by amplitudes which we shall 
define as functions of the bombarding energy. The 
decay of the isobar will be described by an amplitude 
which will be defined as a function of the total energy 
in the total center-of-mass system of the pion-nucleon 
system resulting from the decay. These amplitudes 
are in general also functions of the relative momen- 
tum and energy of the intermediate-state particles. 
As a first approximation we shall neglect this de- 
pendence in the amplitudes which we define. That 
is not to say that we shall consider the intermediate- 
state particles to be literally brought to rest by the 
excitation process. Being massive, their relative mo- 
mentum will not be negligible, although their relative 
kinetic energy may be small. We shall rather consider 
that the final nucleons account for most of the conser- 
vation of momentum and hence tend to follow the 
directions of the intermediate-state particles, moving 
off with approximately equal and opposite momenta in 
the total center-of-mass system. We thus neglect the 
part of the meson momenta (or equivalently the motion 
of the center of mass of the two-nucleon system) in 
total momentum conservation. Each of the final-state 
nucleons will have about one-half of their energy of 
relative motion and the latter will be given by the 
meson energies and energy conservation. With this 
kinematic picture of the collision we may construct 
from our approximate amplitudes the transition prob- 
abilities for single and double meson production. 

In Sec. A under the Calculations, we give the charge 
ratios in single and double production on the basis of 
the model. ‘These were derived originally by Peaslee* 
and are presented here for clarity in the ensuing 
discussion. In Sec. B, we define the fundamental ampli- 
tudes to be used in calculating the transition proba- 


bilities for meson production. These amplitudes were 


§D. C. Peaslee, Phys. Rev. 94, 1085 (1954); 95, 1580 (1954). 





MESON PRODUCTION 
defined by Austern* and were utilized by him in his 
study of the photodisintegration of the deuteron on the 
basis of the isobar model. The reader is referred to his 
paper for a lucid discussion of the model. In Sec. C, we 
derive the cross section for the process p+ p—n-+ p+r*. 
The energy spectrum of the emitted pion is of particular 
D, 
we derive the cross sections for double-pion production 


interest for comparison with experiment. In Sec. 


and present the energy spectrum of the pions. An 
estimate of the double-to-single ratio as a function of 
bombarding energy is given. In Sec. E, we discuss the 
modification of the angular distributions of the two 
pions that would occur if a hypothetical meson-meson 
interaction were present. The predictions of the model 
are compared in the Discussion with the recent experi- 
ments on meson production in p— p collisions. 


CALCULATION 


A. Charge Ratios in Single and Double 
Production 


An expansion of the initial two-proton state of total 
spin I 1 total z-component g 1 in 
terms of an [=4 
state leads to the following result for the 


isotopic and 


isobar state and an /=4 nucleon 
single pro- 


duction cross section: 


9 1 2 
a(rtp;n)-+ 0 rin; p)+ a(mp; p). 
12 ) 


(1) 


A semicolon stands between the pion-nucleon pair 
resulting from the isobar decay and the second nucleon. 
The x+/x° ratio is 5. It is important to note that the 
total cross sections o (7 p;n) and o(mtn; p) represent 
physically distinguishable processes, in that the rt—p 
pair and the w*—wn pair will show the characteristic 
Q-value of the isobar decay. 

By expanding the initial state in terms of two [= } 
isobar states, one obtains for the double-production 


cross section: 


1 


{180(4tp; r°n)+8o(9°p; rtn)+9a(atp; rp) 
45 


+ 8a (9p; rp) 20 (mtn; rtn)}. (2) 


This gives for total xt, 2°, 
weights 13, 14, 3, respectively. A prediction of this 
model is that in the double-production 
process p+ p—m’+at-+n-+ p the w+ should be corre- 
lated by Q-value to the proton 9/4 as often as to the 


production the relative 


dominant 


neutron, 


B. Fundamental Amplitudes for Calculating 
Transition Probabilities 


Following Austern’s method, we now define an 


amplitude II in the following manner. Consider the 


4N. Austern, Phys. Rev. 100, 1522 (1955) 


IN p-p COLLISIONS 

scattering of positive P-wave pions by protons, at a 
total energy E. We assume that the scattering proceeds 
through an intermediate state that involves formation 
of the ($,3) isobar with energy Eo=m-+p+0.16= 1.24 
Bev, where m and yu are the nucleon and meson rest 
energies, respec tively. The P-wave part of the inc ident 


meson plane wave of momentum k may be written as 


Mae] 
> Vim*(K-2) V1, m(r-2), 


m l 


where z is the axis of directional quantization and the 
Boldface 
symbols which appear in the arguments of spherical 
harmonics The J=3 
the product of the above expression with the initial 


Yim are normalized spherical harmonics, 


denote unit vectors. part of 


proton spinor with spin 2 component s, N , 18S given by 


Mea | 


(4) 


Vis, m* (k-z)(1, 4, m, s|$, m+s) | 4, m+s). 


nv l 


The definition’ of II is then achieved by stating that a 
positive-meson plane wave of unit amplitude incident 
the J=4 with 
m+-s, with the amplitude 


upon a proton forms isobar spin 


component 0 


1,4, m, s|3, 


W(E)V, at (k Z 


m-+S). 

If the initial pion-nucleon state is not pure /= 4, say 
then an additional Clebsch-Gordan coefficient 
] | 1 i] 1 


4 


wt—n, 
appears in the above amplitude, i.e., (1, 


representing that part of the state that couples into 
the / 

The 
in terms of II (2) and the re 


3 
) isobar. 


scattering cross section may then be evaluated 


ult is‘ 


do » (mr tp ort p) 
p(X) dQ 
gil, D 6+-1) 


V p(t) tor 


(6) 


‘(3 CO 


where D is an energy denominator given by 


D= E— Eo—1T'/2 (7) 
The quantity I’ is introduced as an imaginary part to 


the isobar energy owing to its decay and is given by® 


1.36(k/u)** 58 Mev 
(4) 
1+-0.77 (k, py)? 


The 
velocity k/w 


the meson momentum, [ (Z—m)*—,? |} 
quantity the 
where w= E—m; pe(rN) is the den ily of final states 

(2/mr)kw. The amplitude Ii(/) as a the 


where k is 


Vulw) is incident pion 


function of 


M. Watson, in 
Inc , otantord 1954 


Inn ial Re lew of Nuclear 


Vol. 4, p. 219 


‘M 


< 
\CLENCE 


Gell-Mann and K 
Annual Reviews 
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total cross section is then 


Vala 


) 
II*( 12) = 49 |D\?o “(at p (9) 


pult V) 


m+ p). 


In Austern’s work, use was made of this amplitude with 
the experimental cross section on the right-hand side. 


In order to perform certain phase space integrations 


when investigating meson produc tion phenomena, we 


shall use a theoretical expression for og(9t+- pat + p) 
given by the Chew-Low theory‘ 


a( Kk) =8d,/7k*4 


where w is the meson energy=[k’+p? |'= E—m, dz 
(16/9) (f*/u*)= 29.5 for the pseudovector coupling 
0.08, and w,=0.3 Bev. 

We now need to evaluate one more basic amplitude. 
We recapitulate Austern’s argument in brief. Consider 


the mesonic disintegration of the deuteron, r++-d—2p, 


constant f? 


at a total energy /. We consider the process to go 
through an intermediate staté involving one isobar and 
one nucleon. We neglect the energy of relative motion 
of the particles in the intermediate state, and we 
consider them to be in an S state. It is then readily 
seen that, in order to conserve angular momentum and 
parity, the final-state protons must be in a 'Dy state. 
Now the D part of the two-proton plane wave of 


momentum p 1s 


Team ‘2 


> Vo m*(p-2) Vo m("-2). 


—~ 


(11) 


m 2 


We define the amplitude* 7,(/) by stating that the 
two-nucleon plane wave of unit amplitude forms the 
J=2, J,=m the with 
amplitude 


part of isobar-nucleon state 


T2(E)¥ 2, m*(p-2) (12) 


lhe cross section for the process may then be evaluated 


+ 
af 


Fic. 1 


Feynman graphs for double meson production through an 
intermediate two-isobar state. 
6G. F 101, 1570 (1956 


Chew and F. Low, Phys. Rev 
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in terms of II(Z) and 7:(£), and the result is‘ 


on(at+d—2p) 


s] 
= —pp(2N)/V x(m)| D| 12 (E—m)T2(B), 
Or 


(13) 
where 

k Ww 

(2/m) pk/2 


[ k?+y? |'= E— 2m, 


[1 E?—m? |}. 


with Ww 


with p 


V 2 (mr) 

pe(2N) 

We solve this for 7,(E), using Eq. (9) for T1(£). 
or k 


{(E 
10Vv2 Pp’ 


T2(E) |? m— F)*+-4T?}3 
on(art+d 2p) 


my (art + p vat p) 
raid he 


nr 4 
{(E Ky)*4+ 
10V2 3k 
on(pt+p—ort+d) 
x , 
O(R m)* (art { p >a +p) 


(14) 


where we have used the relation from detailed balanc- 
ing: 


(Pp /R)on(pt+port+d). (15) 


(8) 


or(rt+d Lp) 


here is defined by Eq. with k 


4 


Our quantity T 
[ (E—2m)?*—p2 


C. Cross-Section Derivation for p+ p—-x*t+p+n 


We are now in a position to apply the model to 
calculate some single and double production processes 
involving unbound nucleons in the final state. We 
consider first p+ p—mt+-n-+- p. The transition is to the 
4S, state of the final nucleons, because they cannot 
emerge in a \\S) state with a P-wave meson and yet 
conserve angular momentum and parity. The calcu- 


60 90 te 
6 iN DEGREES 

Fic. 2. (a) Plot of Eq. (35) versus @ with 0,;=45°. (b) Plot of 
Eq. (35) times sin*6/q? versus 0 with 6,=45°, ki=20 Mev/c, 
ro= 30 Mev/c, «-=190 Mev, '=10 Mev. (c) Same as (b) with 
k,=70 Mev/c, k2=50 Mev/c. (d) Same as (b) with kj = 150 Mev/c, 
ky=130 Mev/c. 
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Fic. 3. Energy spectra for the meson produced in the reaction 
p+p—nt-+n-+ p at 450 Mev. The final-state n-p force is included 
in terms of the low-energy triplet scattering length. 


lation proceeds in a manner similar to that of reference 
4, We construct the final n-p states of S=1, $ -1,0; 
[=0, and /,=0, and from these we obtain the inter 
mediate state of isobar and nucleon by coupling the 
pion to either the proton or the neutron. We then 
the J=2, J,=0; /=1, and /,=1 part of this 
state, and project it upon the initial two-proton state 
with an amplitude 7,’, as only the 'D» part of the 
initial state conserves angular momentum and parity 
with the intermediate The quantity | 72’ 
T2\*\Wa(r=0) where ~a(r=0) is the deuteron 
space function at r=0. (See Appendix B.) In computing 
add 


sections for the separate processes in which the pion is 


extract 


state. 


the cross section for this process, we the cross 
coupled to the proton and to the neutron to form the 
isobar, remembering that these two final states are 
distinguishable by Q-values measurements. The results 
for the two cross sections are 

dou(p+p >" + p4 T(E) api 


n) m) 


pr(2Nr) dQ 


x (3 cos*é-4 D (16) 


’ 


Ve(N) 49 


where a 
a=1 
quantity Vz(N) 
given here, as well as those presented in Sec. 


} when the r+— p result from the isobar and 


72 when the w*+—n result from the isobar. The 
-P/E. The meson angular distribution 
$ for the 
double production processes, is obtained with neglect 
of the effect of the transformation from the isobar rest 
system to the total center-of-mass system on the meson 


momentum. 


IN p-p COLLISIONS 








ARBITRARY UNITS 


' 


24 48 96 


MESON KINETIC 


72 
ENERGY IN M@év 


hic, 4 


pectra for the meson produced in the reaction 
tn p at 565 Mey 


Energy 
hb-+-p—on't 
] p-n 


would like to modify it 
the late n-p 
hown that consider 
the 


Sefore using this result, we 
take 
interaction. In Appendix A, it i 
the 
the final state approximately modifies 


to into account somewhat final 


ation of relative motion of two nucleons in 


i¢ above matrix 


element by the multiplicative factor 


Iho 
(17) 


ind ¢ 
e f wry) constant  e" 
q « 


where 6 is the n-p scattering phase shift in the triplet 


state, g is the magnitude of the relative momentum, 


and f(r) is a function of the magnitude of the relative 


We approximate 6 by 
the 


state 


coordinate between the nucleon 
49x 10 


The den ily 


q cot a where a cm 4} triplet 


scattering length of final pu(2Nm) 
is given by 
18) 


(2/m)Rkw( 22) *2arm'e de, 


m is the relative energy of the nucleon: 


xpre for 7 
(16) appropriately modified for the final 


where € q 


Inserting the e ions 


I], and px into bq 


tate inter 


action, we obtain 


p+") 


do u(p } p > -+ 
a Walt 
an (p + p or? +-d) 


2m 


x 


j i 
mea py (a 


TCR (rt-+p 


m) 
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The proportionality sign indicates that this is the ratio 
S@rf(r). The 


quantity og,’ arises from the vertex at which the isobar 


to within a constant factor involving 


decays. The energy £, is taken as equal to the sum of 
the kinetic energies and rest energies of the pion and 


aenote the 


ut+m+t+4e. In 
energy 


ny 


nucleon resulti from the decay. If we 
pion kinetic energy by 4, then £, 
this expression we have set the nucleon kineti 
equal to one-half the energy of relative motion of the 
neglect 


the 


LWo 
the 


ma 


In this approximation we 
the that 


nucleons account for most of the 


] } 
NUCICONS, 9€. 


momentum of meson and assume 


ive conservation 


Inserting this value into Eq. (19) and putting « 
the ol 


produced pion for a given value of #. ‘The ratio of 1 


2m—y—t, we obtain energy spectrum 


he 
as a function of £ inte 
O<e< E—2m— 4p 


be pointed out that this ratio will be badly distorted at 
| ; 


cTo section 


is obtained by 


grating over e€ lor However, it mu 


the higher bombarding energie 
that 


by the approximation 
Ty (E) as 
energy-independent multiple of 7,(/2). (See Appendix 


was used in writing the amplitude an 
B.) This approximation neglects the high-momentum 
components in the deuteron. In the single meson pro 
duction processes at high bombarding energies (above, 


say, 800 Mev), the low-momentum components of the 


68O Mev 


102 
ENERGY 


34 68 


MESON KINETIC IN Mev 


5. Energy spectra for the meson produced in the reaction 


ptp—-ort+n-+p at 680 Mev 


ARSHAY 


of momentum, and hence, tend to move off in opposite 
directions with about equal momenta in the total 
center-of-mass system. ‘The meson energy is given by 
These substi- 


energy conservation: (+y= E—2m—e 


tutions into the matrix element and the three-body 


phase space take into some account the motion of the 

intermediate state particles which we have neglected 

in the amplitudes describing the production and decay 

of the isobar. 

iq. 
E, 


1 


(10) giving og;) as a function of 
m= KE ; 


»€ 


We now use 


meson energy w 2m 


APL (EF 

(20) 

final two-nucleon system will be less important and de 

teron formation will not occur except in rare instances 

as a consequence of the high-momentum tail. At these 

Walr 0 

by some energy cle pe ndent factor such that this factor 
times op( p+ p 

pendent. The approximation should 


energies the quantity ‘ should be replaced 


*xt-+-d) is approximately energy-inde 
too bad for 
and for double 
meson production in the range 1 to 1.5 Bev, where the 


not be 
single meson production below 800 Mev 


low-momentum components of the final two-nucleon 


system are still important. 


D. Cross-Section Derivation for 
p+p n 


Turning our attention to the double-pion production 


oe + ? ; 
19 | 


processes, we shall illustrate the method of calculation 
for the process p+ p-mt+at+n-+n. We consider only 
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Fic energy spectra for the meson produced 
p+p--rt+n-+-p at 795 Mev. Histogram is from the 
experiment at 810+100 Mev. 


in the reaction 
Brookhaven 





MESON PRODUCTION IN p-p COLLISIONS 


1.0/5 Bev | 1.5/ Bev 


BITRARY UNITS 





AR 





62 124 186 248 100 200 300 400 500 
MESON KINETIC ENERGY IN Mev MESON KINETIC ENERGY IN M@V 
Fic. 7. Energy spectra for the meson produced in the reaction ic. & Energy spectra for the meson produced in the reaction 
t _ - ' | 
p+p-ort+n+p at 1.015 Bev. Curve (a) nucleons are in an S-— p+p->rt+n+p at 1.51 Bev. The nucleons are in a P state 


state. Curve (b) nucleons are in a P state Histogram is from the Brookhaven experiment at 1.54-0.1 Bev 


S states of relative motion for the final two nucleons. — earlier, by 


A»(E)|\2~|Wox(R)/Wx.w(R =e) Ty! (21 


The final state of the 2n is then the ‘So. The production 
process is now considered to go through an intermediate 


state involving two J/= 4}, /=4 isobars. We neglect the where Y2x(R) is the two-isobar wave function evaluated 
energy of motion of the isobars and we consider them at some relative coordinate KR characteristic of the 
to be in an S state. We have two identical fermions in teraction region for meson production, Px, v(R) 
the intermediate state with total J=1, total J,=1. the isobar-nucleon wave function, and the factor p i 
These are in a symmetric space state and because the “UTBY independent. An approximation such as ” 
s of very limited validity. It will be used only to get an 


total state must be antisymmetric, we see that the. 
4 idea ol the behavior ol the two-meson excitation 


function from 0.8 to about 1.3 Bev. We are not able to 
» ) “er a | ; ° “ 
be J=2 or J=0. Hence the ‘So and 'D, parts of the relate Ay to a simpler reaction, so we leave it as an 


total angular momentum of the intermediate state must 


incident two-proton state couple into the two-isobar —yndetermined parameter. However, the amplitudes Ao 
state, with amplitudes that we shall call 49 and A», and A» bear the following relation hips to the S-matrix 
respectively. In Appendix B it is shown that in the elements for the corresponding transitions, $9 and 8» 

approximation in which we neglect the dependence of —_— 
these amplitudes on the motion of the intermediate lata eiie 


state isobars, A» is related to the amplitude 72’ derived A»|* carries a statistical factor of 


The process to be calculated may be represented by the Feynman diagrams in Fig. 1. The energy denominator 
that will enter into the matrix elements may be read off from the diagrams. The first intermediate state contribute 
D™=(E—2E,—il'9)*. The second intermediate state contributes D E— Ey—p—m—he—; Sil") 
Here the subscripts 1 and 2 refer to Diagrams a and 6 and Diagrams c and d respectively. In the former case, 
the meson k;, is emitted first; in the latter case, the meson k» is emitted first. The ¢; » refer to the meson kinetic 
energies. ‘The kinetic energy of the nucleon in the second intermediate state is taken as 4, where ¢ is the energy 
of relative motion of the final two nucleons. The width I's is given by Eq. (8) with k (E—2m)?/4 |— p73, We 
must now evaluate the remainder of the matrix element. The wave function for the ‘Sy state of the nucleon 


and the two P-wave mesons is 


Vet IN gb 9) SV 5, (hea) V1, ne ® (eat) V5, (04 °2) V1, ms (82-2) (23) } 


, 
m,™m 
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We combine meson k, with nucleon 1 in the J = J = } state, and meson k, with nucleon 2 in this state, with ampli- 
tudes Il(/,;) and Il(/,), respectively. To take into account Diagrams a and 6b of Fig. 1 (for a particular time 
ordering), we also combine meson k; with nucleon 2 and meson ky with nucleon 1. We then take the J=2 and 0, 
[=1, /,=1 parts of this two-isobar state and project them on the initial two-proton state with amplitudes A» 
and Ag, respectively. ‘The matrix element is then 


M (m,m') = (TCE) NCE 


X($, 4, m+4, m’—4\2,0)4+(1, 41%, m’+4)(1, 4, m, 


1 1\3 1\/ j ja 2 
(1, 4, m, —3|4%, m—4)(1, 4, m, 4 5)\5, 4, Mm 


(1, 4, m, 4 | 4, m+-4)4, §, m’—4, m+4 }{(1, 4, 1, —414, 4)°4, 4, 4, 4]1, 1)) 
+same expression with D;'-—+D,"' |4+same expression with Ay—A9 and J=2—J=0 
in the Clebsch-Gordan coefficients. (24) 


In the line written out explicitly, the first bracket contains the angular-momentum vector addition and the second 
bracket contains the isotopic-spin vector addition. It should be noted that the angular-momentum bracket is 
antisymmetric with respect to the interchanges me>m’, s=}<>s' 4, which are equivalent to interchanging the 
spin z components of the two isobars. The total transition amplitude is obtained by summing the expression (24) 
over the spin 2 components, a and o’, of each intermediate state isobar, subject to 7+o’ = J,=0. This is equivalent 


to summing over m and m’ in Eq, (36), subject to m+-m'=0. The result for the transition amplitude is 


M = 112) NB) Ao B)DO {Dy + De} {4 (2/5)*} (3/49) (4 cos; cosbe+- 4 sind; sind, cos(di—¢2)} 


@ ig 
+I) ICs) Ap ()D ED, '+D, N(4(2 5)43(3 4) { % cosO, cosbe4 2 sind; sind, cos(q¢.- 2)}. (25) 


3 


lhe amplitude is properly symmetric in the two final-state mesons. The quantities II(/,) and II(£») are the isobar 
decay amplitudes evaluated at the total energies of the resulting pion-nucleon systems, E,;=y+m+1,+}4e, and 
ky pt+m-+ ly+ he, respectively. The square of the transition amplitude is given by 
M |? = (2/45) (3/4ar)*(1/9) | (2) |?| (42) |?| D|-*{ | Di|-?4+- | Dz|-?+-2 Re(D,D2)“} 
| | Ae ?{4 cos’O, cos’O.+-sin’O, sin’, cos*(@1— 2) +sin(26;) sin(202) cos(¢i—¢2)} 
& | Ao)*{4 cos’8; cos’b.4+-4 sin’d; sin’Os « 0s? (¢@1— 2) — 2 sin(26;) sin(262) cos (di- 2)} 


+2|Ae||Ao| cosA{—4 cos’6, cos*6.+-2 sin’6,; sin*6, cos*(¢1— 2) 4 j sin(20;) sin(262) cos(¢:—¢2)} ]. (26) 


Here A= 6y—6,, the difference in the phases of the amplitudes A» and A». The differential cross section is obtained 
by multiplying Eq. (26) by 2mxpe(27,2N)/V e(N) where 


pe(2r,2 \ ) (2 w)*kyw dw hk xwodue (21) 2m ebdedQydQe. (27) 


The salient features of the angular distribution of either meson are best seen by integrating over one of the solid- 
angle elements. The angular dependence is then given by 


a(0)«\A» {3 cos’0+1}+8)Ao|°+4| Ae | Aol cosA{1 3 cos’0}. (28) 


Little can be said about the interference term because the phase factor, cosA, is not given by this analysis. We 
see that if Ao=0, then the angular distribution of each meson is given by the familiar 14-3 cos*@ characteristic of 
emission from a J =} state. On the other hand, if A,=0, the angular distribution of each meson is isotropic, as 
it must be for any initial state with J=0. Neglecting the interference term and using Eq. (22) to write o(@) in 
terms of the S-matrix elements, we have 


a (8) « 5} §o)?4-8! So|2+15)! S|? cos’é. (29) 


|.So|~|.S,|, the angular distribution can be somewhat more isotropic than that which is characteristic of the 
} state 
We now discuss the energy spectrum of the mesons and the total cross section as a function of energy on the 
basis of Eq. (26). For simplicity, the angular integrations are performed with Ao set equal to zero. Substituting 
from Eqs. (9), (14), and (21) into Eq. (26), we obtain 
Ve(N) do (p+ pmt+ at +n-+n) /dedt, « B pa(r=0) | 7 {ti (tit 2p) (L— 2m— 2u—ti— €) (E— 2m—t— ee}? 
x { (E— 2m)*—p?)-*{ (E— m— Eo)? +41?) 4{ (E— 22)? +P yl { (E— Eo ts — fem)? + iP} 
t+ {—Egtmt+uth+e?+ ile} '+2{ (E— Eo—h— fe—p—m) (— Eo t+ mt+pthtte+ire'} 
Eo t he um)" AT?) It | Eyt+m+uth-4 4e)?+ tre?) i lf (t; +--+-m he Ey)?4 iT?) 
be—p—m— Eo)? +P 2) tog (at + pat + p)ore' (xt + port + p) 
Xon(pt port+d)/o (pm) (at+port+ p). (30) 
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In this expression ¢@41,2(4++ p—mt-+ p) is given by Eq. (10) with Ey 


(E 


The I';,2 are defined by Eq. (8) with k 
k i— 2m)*—p"*}) and k= {[(E 

The energy spectra are obtained by integrating over 
¢« for O0<e< E—2m— 2p 
function vs 4; for given values of the total energy E£. 
Finally one integrates over t; for O0<4,< E—2m 
obtain o(#). It should be noted that in the energy 
region above 1 Bev, where double meson production 
begins to occur to some extent, o(p+p-—mt+d) is 
essentially energy-independent. The right-hand side of 
Eq. (44) should then give the shape of the double 
production cross section as a function of the total 
energy E. For this purpose o(¢~m)'(4t+ p—mt-+ p) will 
be evaluated from the experimental work of Yuan and 
Lindenbaum.’ As a final test of the analysis, the ratio 


f;, and plotting the resulting 


Qu to 


of double to single production as a function of energy 
may be obtained by using Eqs. (19) and (30). Normal 
izing this ratio to its experimental value at 1.5 Bev, we 
may calculate it at lower and at higher energies and 
compare the results with those of recent experiments at 
around 800 Mev and 2 Bev. 


In a similar manner, we may calculate the processes 
(a) prp-pr p 
(b) ptpopt+p 
(c) ptp-ont+p 


(31) 


In con- 


P ° P  . 
whose relative weights were given in Sec. A. 


nection with Process (c), which is predicted, by the 
model to be the dominant one, and which,” experi 
mentally, seems to be so, we note that the transition 


amplitude into the 4S; state of the final nucleons tends 


10/5 Bev 
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ric. 9. Energy spectra of the n 


at 1.015 Bev wv 


ns produced in p + p 


¢ 
| nucleon » state 


*2N+2n 


ith fina $s in an 


2m— 2y 


ki,2, respectively. The quantities I’ and I'p are detined by Eq. (8) 
2m)*/4 |—p?}*, respectively 


ed. 
The total mesoni Isolopic spin must be one 
the 
center-of-mass of the two-meson system to be in an 


to be suppre Chis condition results from several! 
factors. 
In the approximation in which we may consider 
S-state, the relative orbital angular momentum of the 
two mesons gives their total angular momentum in the 
total center-of-mass system. However, the odd-orbital 
states are forbidden by parity conservation, and the 
even-orbital states are forbidden by the requirement of 
symmetry for the two-meson wave function. The effect 
implies that deuteron formation in the final state of 
reaction (c) should be suppressed. Such an absence of 
deuteron formation is not contradicted by the present 


preliminary experimental results 


E. Modification of the Angular Distribution for 
Two Pions Produced by a Meson-Meson 
Interaction 


in making this phenomenological analysis of the 
meson-production problem, we have so far taken into 
the the 
state final-state 


account trong pion-nucleon interaction in 
J=[=u¥Z the 
interaction in the S state. ‘There is also the possibility 
that a may affect the 
mentum and angular distributions of the final-state 
pions. In 


and nucleon-nucleon 


meson-meson interaction mo 


this section, we introduce a hypothetical 
effect of a particular form, and observe its consequences 
In the 
the relative 


for the angular correlation of the two mesons 


same manner in which we separate out 


1.27 Bev 
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10. Energy spectra of the mesons produced in p+ 


at 1.27 Bev with final nucleons in an S state 
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hic. 11 


pectra of the mesons produced in p+ 


energy } 


at 1.51 Bev 


< 


vith final nucleons in an S state 


motion of the two final-state nucleons from the matrix 
element, and replace the plane wave by a wave function 
of the an § 


separate out the relative motion of the two final-state 


form e'’ sindf(r)/q for state, we may 


mesons and describe the interaction in terms of a 


imilar modification of the matrix element, where 6 is 
now the meson-meson S-wave phase shift and gq is the 
relative momentum of the two mesons. ‘This separation 
and meson-meson final-state 


of the nucleon-nucleon 


effects is the simplest manner of observing the modifi 


cations brought about by each. In reality, the two 

effects may interfere, and one may be obscured by 

the other 
For the 


Breit-Wigner form 


meson-meson pha se shift, we choose a 


(32) 


sind 


fe 


where ¢, is the resonant kinetic energy in the meson 
meson center-of-mass system, I’ is the resonance width, 
and ¢ is the total energy of either of the two mesons in 
their center-of-mass system. The ¢€ is given in terms of 
the meson momenta in the total center-of-mass system, 


k, and ks, and the angle between them, 6,2, by 


be {w TW }? k;? k,? 2k ik» cosd, a, 


where 
(hi? +u"}? 
Also 
q ’ 2 o* 2k ke cost; o} 4, 


The modification of the angular distribution is then in 


the factor sin’6/g’. The angular function of the double 
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production cross section is given by Eq. (26) in terms 
of the polar angles of each meson with respect to the 


direction of the incident nucleon. 


7 (9\p1,0xb2) « {4 cos’O; cos’O2+-sin’O; sin’O, cos*(¢1— 2) 


+sin(24;) sin (26>) cos(dy 2) }dQydQe. (34) 


An exercise in spherical trigonometry allows one to 
transform this distribution into a function of the polar 
angle, #:, of one meson with respect to the incident 
direction, and the polar angle, 6, of a second meson 
with respect to the first. 

The result is 


a (9;,0) « {4 cos"6, cos*8+sin9, cos’? 
+ 2.5 sin’@; cos’6, sin’é 


+sin’6,(2 cos*@—sin’é)}dQidQ. (35) 


In Fig. 2 we plot this function, as well as the function 
modified by sin*6/q’, vs 6 for 6,=45°, with parameters, 
190 Mev and I'=10 Mey, for several pairs of 


meson-momenta values. 


and ¢, 
Because the mesons account 
for a portion of the momentum conservation, there is 
a kinematic tendency for angles 6>90°. This effect has 
not been taken into account in the figure 


DISCUSSION 


Figures 3 to 8 contain the energy spectra for the pion 
produced in the process p+p-n+ p+. The final 
state nucleon-nucleon interaction is included in the 
450-Mev spectrum, but is neglected in the spectra at 
the higher energies. This final state interaction should 


be most important when #/q>>a,’ where gq is the relative 


2.0/ Bev 


216 324 432 540 
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lic. 12. Energy spectra of the mesons produced in p+ p—+2N +2 
at 2.01 Bev with final nucleons in an S state 


™K.1M. Watson, Phys. Rev. 88, 1163 (1952) 
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momentum of the final nucleons and a is the radius of 
the region of the primary interaction (excitation of the 
isobar). Experiment seems to indicate for the proton a 
region of very strong interaction of radius ~0.5X10~" 
cm surrounded by a region of weaker interaction of 
~1X10-" cm.* Blokhintsev’ has termed the former 
region the kernel of the nucleon, and the latter region, 
the meson shell. In nucleon-nucleon collisions, one may 
speak of interactions between the meson shells, between 
a meson shell and a kernel, and between the kernels. 
Barring a strong meson-meson effect the first-mentioned 
interaction, which is of the longest range, is probably 
not responsible for the excitation of the isobaric states. 
However, the interaction between the meson shell of 
one nucleon and the kernel of the second may account 
for this excitation. The region of the primary interaction 
may therefore be ~1X 10~" cm. The final-state nucleon- 
nucleon interaction should play a decreasing role in 
the reaction as the bombarding energy is raised and q 


may be ~u. In any event, in this region the interaction 


will not be describable in terms of the low-energy 
scattering parameters. ‘The curve labeled (b) in Fig. 7 
and the curve in Fig. 8 represent the meson spectra 
when the final nucleons are in a P state. These are 
obtained by replacing ¢! in the phase space of the final 
nucleons by e!. In Figs. 6 and 8 the experimental 
histograms at 810 Mev' 


are superposed on the theoretical spectra. Agreement, 


and 1.5 Bev," respectively, 


especially at the lower energy, appears to be fair. At 
1.5 Bev a certain amount of double production may be 
included in the histogram.'! Further experimental 
evidence on the shape of the energy spectra in the region 
0.5 to 1 Bev is supplied by the Russian experiments on 
the process p+p—n+ p+? at 560 and 660 Mev.” 
The mean energies of the experimental spectra were 
82 and 110 Mev, respectively. These are to be compared 
with the peak energies in Figs. 4 and 5 of about 75 
and 100 Mev, respectively. ‘The neglected nucleon 
nucleon interaction in the final state would tend to 
raise these peak energies somewhat. Figures 9 to 12 
contain the energy spectra for the pions produced in 
the processes p+ p-—2N 4 
an S state. These spectra all exhibit pronounced peaks 


2m with the final nucleons in 


at relatively low meson kinetic energies. Such a marked 
preference for the emission of low-energy mesons is 
indeed one of the striking features of the experimental 


situation in the Bev range.’* Another striking feature 
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BOMBARDING ENERGY IN Bev 
xcitation function ersus bombarding 
ol the 


y dependence 


MiG fwo-pion « 
energy. The curvature of the upper portion 
due to the neglect of the ene 

which is not justified at the 
extrapolation of 


solid curve is 
of the factor 
higher bombarding 
the es 


probably 
M X,A R 


energies. The dashed line is an sentially 


linear portion of the solid curve 


of the experiments, the rapid increase above 1 Bev of 


the double meson production processe ‘is evidenced 


in Fig. 13, where we have plotted a rough estimate of 


the two-meson excitation function versus bombarding 


energy. A rough estimate of the ratio of two-pion to 


one-pion production cross sections versus bombarding 


energy is plotted in Fig. 14 


‘The situation as to the charge ratios has been covered 


in some detail in the recent series of papers by the 


workers at the Cosmotron.'* We mention only that the 


charge ratios in double production are not yet well 


established. In single production, the isobar model 
ratio of 5. The experimental ratio at 
5 and 17 


ratio, it should be remembered that the process p+ p-> 


predicts a mt/n 


present is between In connection with this 


4 Chen, Leavitt, and Shapiro, Phys. Rev. 103, 211 (1956) 
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principle whenever the meson is in a P state and the 
final nucleons are in an S state.* The process will be 
suppressed during that portion of the time in which 
the final nucleons are in an S state. 

Little can be said as to meson-meson effects between 
two final-state low-energy pions. A marked forward- 
backward asymmetry in the angle between the mesons 
might be detectable if enough events could be observed. 
No such correlation was observed in the few double- 
production events analyzed in the early Brookhaven 
work,!® 

In conclusion, we may say that the current experi- 
ments on meson production in the Bev range seem to 
strongly indicate an important role is being played by 
the J=/=4 isobar. This is particularly true when 
examining meson-energy spectra and Q-values between 
final meson-nucleon pairs. The mechanism of excitation 
is unknown, but it seems to involve a sort of peripheral 
collision in which the final nucleons retain much of their 
incident momenta. The calculations presented here are 
meant to give a rough idea of how far this model can 
go in correlating the data on meson produc tion, 
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APPENDIX A 


We here separate the nucleon-nucleon final-state interaction from the meson-production matrix element. If 
we consider single-meson production, the part of the total transition amplitude in which we are interested is the 
matrix element that describes the transition from the isobar-nucleon intermediate state |Wx,7) to the meson 
two-nucleon final state, |Wwi.ve,,). We shall call the operator that brings about this transition LU’. It operates on 
the isobar with momentum s and energy £, to form a meson of momentum k and energy w and a nucleon of 
momentum p; and energy E;. The second nucleon has momentum p» and energy £2 in the final state, and p’ and 


FE’ in the intermediate state. With all particles in plane-wave states, the matrix element is the following: 


(WWyinae| U \ f rae’ vo er (r| Ul e’)rl x,y 


[creates dr yod*r'd*ry expl —i(K-r,+pi-tit p2-t.) | 


Xexpli(s-rx+p’-r’) 6(r.—rx)d(r,—rx)6(re—r’)(U 
(23) *5( po p’)d(s— py k)(U (A-1) 


In the second line, the notation for the position vectors of the particles is self-evident. The 6 functions arise from 
the definition of an operator U in the r representation and the assumed local nature of the interaction, The quantity 
L) is the isobar-decay operator between initial and final states after the space dependence has been extracted. 
This quantity is, in general, a function of k, w, p:, £1, 8, Z, and, possibly, even the spin orientation of the isobar 
and the resulting nucleon. In this work the isobar motion has been neglected, and we have considered this function 
to be given by our quantity 11(£), with E=w+ JZ, times a P-wave spherical harmonic for the meson. The relative 


‘ Fowler, Shutt, Thorndike, and Whittemore, Phys, Rev. 95, 1026 (1954) 
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motion of the final-state nucleons may be separated out from Eq. (1) by writing the matrix element in terms of 
R=4(r,+12), r=11—r2; P= pit po, and q=4(pi— ps). The factor e~'*', which represents the plane-wave relative 


motion of the particles, is then replaced by an S state wave function of the form 


sind 


v(r) xe" {(r) 


The matrix element now becomes the following 


(27)*5(pi+po— pi- p’) fred rd*ted*t'd'ry exp —iP - (r1+r2) 


x f(]ri—r2|) expli(s-ryt+p’-r’) J6(t:—ry)6(to.—r’)b(t,—1x)¢l 


sino ¢ 
(27)*5(p2—p’)e” | aRarr expli(s k—p,)-R Jj expli(s—k 
q * 
sind 
(27)*5(p2— p’)6(s—k— pie” 


Comparing this result with the last line of Eq. (A-1), he matrix eleme 


e’*| (sind) q }/(q), where 


/(q) | [(r)e't dren | [(r)a°r= constant 
. ® 


APPENDIX B state of energy, £, 


, approximation that we 
In Se b, we defined an amplitude T.(k) for the Pp ;, 


se . ; ol the } UDO 
transition from a 'D», two-nucleon state of energy, E, ; P 


may be defined tormall 


to an isobar-nucleon state. This amplitude was " 
aa _ ator, | the relation 

defined in terms of the cross section, On\n'+ad—-Zp), 

and the previously defined amplitude, II(F for 


creation of the isobar. In order to modify T.(£) so that 
The |u ! | A elvenst he free-field 


Hamiultonia 


we may use it in calculating o¢(p+ p—-mt+-n-+ p), \ 

need to observe that, by defining it in terms of the 
deuteron mesodisintegration, we include it in a factor 
of the deuteron wave function evaluated at the origin, ‘The y) are e) tates ie total Hamiltonian, #7 
Wa(r=0). This is because the production of an isobar 
nucleon intermediate state involves a matrix element Hy! (Ho y" by! 


ot the form They itisfy the Lippmann chwinger equation, 


mpa| U | Wx, w) f v(ny. p(p|\U|X,N), (B-1) td (E~Hy—it) Vy! 


Introducing an r representation, we obtain 
where the integration is over the momentum distribu 
tion of the deuteron. The matrix element (p!U/\Wx x N y" T"(E,E’ 
is II(/’) at the total energy /’ of the incident pion and : 
the nucleon within the deuteron that absorbs it to form | drdr' (by w®' \r)(r| Vi e')(r' | ue 
the isobar. If we neglect the deuteron momentum dis ‘ 


tribution, Eq. (1) becomes 
In the center-of-mass system, r and r’ are the relative 


position coordinates of the two particle The inter 


(b) fp Ha P (LE )alr 9), I 2) action 18 a sumed to be local: 


where £ is now the energy of the pion-nucleon system 
when one considers the nucleon to be at rest. For use 
in calculating the unbound reaction, we define | 7,/(£) |? 
T(E) |? \Wa(r=0) 
We now show that the amplitude 7,/() can be of 
use in describing the transition from the two-nucleon 
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We have taken out of the integral the isobar-nucleon 


wave function and have evaluated it at a relative 


coordinate, R, characteristic of the region in which 
Wx nw” (R) |? is large. In addition, we have written the 
two-nucleon plane wave explicitly, where p is the 
relative momentum, The quantity (V (r)) is the potential 
operator between the two states after the position 
dependence of these states has been extracted. This is 
in general a function of EZ, EZ’, p, and p’ (the relative 
momentum of the first 


the dependence on the 


isobar and nucleon). As a 


approximation, we neglect 
motion of the isobar-nucleon system. 
In this approximation, the right-hand side of Eq. 


(3-8) defines a function of E, 


Wx win 


A similar argument leads to the amplitude for the 
transition from the two-nucleon state to the two-isobar 


T'(E) ™(R){(E) (B-9) 


state in this approximation 


A(E) =ox?”(R) f’(E). (B-10) 


We have 


{(E)— f'(E)|~| (Lo m)/Eo 


0.3/1.24=0.24; (B-11) 
therefore 


A (E)~pox*”*(R) f(E), (B-12) 


ox? (R) 
x, w*™(R) 


|A(E) | 7” (E)|? (B-13) 


The separation into amplitudes for various total J 
states is obtained by writing 
= ZyTy'Py, V 


LV aP ys, 


(B-14) 


s 


where the Py are projection operators and >), means 


the sum over J, An attempt to improve this crude 
approximation may be made by constructing an energy 

dependent wave function for the isobar-nucleon state. 
For example, if the isobar-nucleon system is considered 
to be in an S state characterized by a scattering length 


'~).5 to 1.0K10°" cm, we may approximate 


Wx vy" (R) ; by 


ol ir 
f{(R)/(ce4 q°), 


where g is the relative momentum, The relative mo 
mentum may be determined by considering the isobar 
nucleon system to be approximately on the energy 
shell or by assigning a certain average momentum 
transfer to the excitation process. 

In the next appendix we show that one can somewhat 
correct the angular distributions of this simple model 
for the motion of the intermediate-state particles 


APPENDIX C 
Consider the double production process, 


pt p-2rt+ 2n, (C-1) 


at an energy E. We have up to now considered the 
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process as going through an intermediate state involving 
two isobars in an S state. These isobars move relative 
to each other with a momentum 2s in their center-of- 
mass system. The momentum s is given in terms of the 
momenta of the final-state pions and nucleons by 


s=k,+pi= — (ko+ py»), 


where k;,2 and pj;,2 are the pion and nucleon momenta 
of the correlated pairs. If the isobars are in a P state, 
the above reaction will take place from the *Po, 1,2 states 
of the initial protons into the P states of the finai two 
neutrons. The creation of the two-isobar state is 
described by the amplitudes A (*#P9), A (?P;), and A (@P3), 
whose possible dependence on the motion of the isobars 
we continue to neglect. The decay of the two-isobar 
system was described by the amplitudes II(,) and 
II(Z,) times P-wave spherical harmonics for each 
total center-of-mass 
energies of the pion-nucleon system resulting from the 
decays. We shall neglect the effect of the isobar motion 
on the amplitudes II; however, we may modify the 


meson, where £; and FE» were 


matrix element by adding a P-wave harmonic that 
describes the relative motion of the two pion-nucleon 
V; n(S°Z). 
usually carry considerable more momentum than the 


systems, Because the massive nucleons 
pions, we may approximate s, the intermediate-isobar 
momentum, by p, the final-state nucleon momentum. 
We may compute the modified angular angular distri- 
butions as before. For example, for the Process (C-1), 


the final state, with nucleon spin z component, S,=1, is 


(Vi) 


m,m',n 


V1, m* (Ky +2) V1, m(1 1-2) 


% Vi, m* (Ko +2) V1, m/(t2-%) Vi, n*(p-2) Vi n(r-2). (C-2) 


We perform the vector addition, combining the meson- 
nucleon systems into isobars with amplitudes II, then 
adding the two isobar angular momenta, and finally 
combining this with the orbital angular momentum of 
the isobars to a total /=0, 1, and 2 with the amplitudes 
A(*Po.1,2), respectively. Computing the matrix for 
S,=0, and weighting the absolute square of the matrix 
elements for S,=1 and S,=0 with 2 and 1, respectively, 
we obtain, for the angular part of the cross section from 
the *Po state of the initial protons, after integration 
over azimuthal angles, 


’ 


’ 


a (0;,02,0) « {2 cos*™; sin’@.+ 2 cos’, sin’A, 
+8 cos*#; cos*#,+16 sin’6, sin*2} cos’é 
+ {32 cos’@, cos*O.+11 sin’A; sin“, 


+cos’0; sin*@2+ cos’6s sin*A;} sin’@. (C-3) 


From the *P., state, we have 


7 (0;,02,0) « {32 cos*™; cos*O.+-64 sin’; sin’, 
+-8 cos’6,; sin’#.+8 cose sin’6,} cos’? 
+ {cos*#; sin’#.+-cos"62 sin’6, 


+-32 cos’@; cos*@.+11 sin’6, sin’@.} sin’é. (C-4) 





MESON PRODUCTION 
The angle @ is the polar angle of the nucleon relative 
momentum with respect to the incident-proton direction 
in the total center-of-mass system. The angles 6; and 
6, are the polar angles of the two mesons with respect 
this direction, the total 
system, if one neglects the transformation from the 


to also in center-of-mass 
rest system of each isobar. By integration over the 
meson angles in Eqs. (3) and (4), we can get an idea 
of the angular distribution of the final-state nucleons 
that could arise from inclusion of the P-wave motion 
of the intermediate-state isobars. For the transition 


from the *P» state, we have 
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2ada (0) /dQ« (cos*6+ sin*#) ; 
from the *P, state, we have the familiar 
2rda (0) /dQ<« (3 cos*0+-1) 


Because the transition amplitudes from *Po 1.2 states 
give rise to interference terms that depend on their 
relative phases, a more detailed account of the exci 
tation of the isobaric states will be necessary in order 
to obtain quantitative angular distributions. However, 
the forward-backward for the 
nucleons is not beyond the reach of the model. 
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Photofission cross sections for U**, U®, Th®?, Bi®, and Au’ have 


strahlung spectra whose maximum energies ranged from 150 to 500 Mev 


been measured by use of brems 


The fissions were detec ted in 2m 


geometry with a double ionization chamber. A suggested correlation of the resulting cross sections with 


those for proton fission and for photomeson production is made 


I. INTRODUCTION 


EVERAL experiments have been performed to in- 

vestigate photofission cross sections in the energy 
region 100 to 300 Mev.-® In the experiment here 
presented we have investigated the photofission cross 
sections of U8, U*®, Th”, Bi, and Au!’ for photons 
produced in bremsstrahlung spectra whose maximum 
energies ranged from 150 to 500 Mev. ‘The energy 
region 150 to 335 Mev was investigated for the most 
part at the University of California synchrotron, where 
as the higher energy data were obtained at the syn 
chrotron of the California Institute of ‘Technology. Ina 
previous paper® (hereafter referred to as A) we have 
reported the high-energy proton-induced fission cross 
sections of the above elements. The same apparatus 
and essentially the same methods were used in the 


measurement of the photofission cross sections. 
* This work was done under the auspices of the U. S. Atomic 
Energy Commission 
‘RR, A. Schmitt and N. Sugarman, Phys. Rev. 89, 1155 (1953) 
2 Bernardini, Reitz, and Segre, Phys. Rev. 90, 573 (1953 
+ J. Gindler, thesis, University of Illinois, 1954 (unpublished) 
‘R 4. Schmitt and N. Sugarman, Phys. Rev. 95, 1250 (1954) 
6 Katz, Kavanagh, Cameron, Bailey, and Spinks, Phys. Rev 
99. 98 (1955), 
*H. Steiner and J. Jungerman, Phys. Rev. 101, 807 (1956). 


Il. APPARATUS AND METHOD 
A. Fission Chamber 


The ionization chamber used in this experiment i: 
in A. 


chamber in the direction CBA in order to minimize the 


described The beam was passed through the 
effect of the electron-positron pairs produced in the 
sample backing. The distance from the thin entrance 


window to the sensitive region of the ionization chamber 


was approximately 4 inches, so that any pairs produced 


in the entrance window had only a small chance of 
producing uncanceled pulses in the sensitive region of 
the In 


production in the gas, the chamber was filled with 


ionization chamber. order to minimize pair 


1 atmosphere of hydrogen. Finally, pair production in 
the 
140-ypg/cm?* aluminum foil. 


electrodes was kept small by making them of 


Chronologi ally, most of the photofission experiments 
were performed prior to the proton experiments de 
scribed in A. ‘J hroughout most of the photofission run 
only one scaler was used to record the number of pulse 
the 


chamber. However, in the last 


the 


from ionization 


photofission run at Serkeley synchrotron we 


switched to a system of using six scalers simultaneously 


in order to obtain an integral bias curve for each 
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element at each energy. Otherwise the electronic 


arrangement was identical to that described in A. 


B. Samples 


‘The samples used in the photofission runs were 
| 


identical to those used for the proton experiments,® 


with the exception of Th” and Au'®’, which had thick 
nesses of 0.88 mg/cm? and 1.07 mg/cm’, respectively. 
The Th” 
whereas a thin foil was used for the gold sample. In 
order to correct for sample thickness effects, thin 
amples (0.1 to 0.4 mg/cm’) of U¥*, 0%®, Th”, and Bi 


exposed to the proton beam of the Berkeley 


was prepared by painting as described in A, 


were 
cyclotron. By comparing the yields of fission fragments 
from the thin samples with those from thicker samples 
we obtained sample thickness correction factors. ‘These 
corrections have been applied to the samples used in 
these photofi the order 


ol 10% ( 


ion experiments, and are of 


C. Method 


igure 1 shows a diagram of the experimental arrange 


ment at Berkeley. The bremsstrahlung beam was 
generated in a 0.020-inch platinum target, collimated 
inch diameter, passed through a sweep magnet, 


ion chamber, and finally into a 


‘ 
then through the fi 
thick 
of a chamber calibrated by Dr. R. Wilson at 
At the calibration point the maximum energy of the 


{ 
i) 


walled ionization chamber, which was a duplicate 
Cornell 


trahlung 
wa 315 Mev 


collected by the beam-monitoring ionization chambe1 


brem spectrum of the Cornell synchrotron 


At this point, every coulomb of charge 


corre ponded to an integrated photon energy of 3.73 
K10'" Mey Lhe 
‘Technology has calibrated a similar “Cornell”? chamber 
at 500 Mey £13*10'° Mey 

coulomb.® A linear energy dependence of 5.3% per 100 
Mev wa 
been applied in order to obtain the number of equivalent 


group at California Institute of 


They find a value of 
this correction has 


therefore assumed, and 


If the energy dependence 
then 


quanta al various energies 


should be found to differ from 5.3% per 100 Mev, 


Pt 


V4 %" DIA. COL 
| / CLEARING MA 
4 
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iH 
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SYNCHRG TRON 


Schematic diagram of the experimental arrangement at 
not to scale 


Fig. 1 

the Berkeley synchrotron, (The drawing is 
(private communication 
Institute of Technology 


7 Robert Wilson, Cornell University 
® Vincent Z. Peterson, California 
(private communication) 
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the fission cross sections reported here must be cor- 
rected accordingly. 

In order to determine the maximum energy of the 
synchrotron beam, a pair spectrometer designed by 
Dr. Robert W. Kenney was used at Berkeley with the 
“Cornell”’ chamber removed. The electron-pair trajec- 
tories in vacuum, coupled with a nuclear resonance 
determination of the pair-spectrometer magnetic field, 
determine the energy of the bremsstrahlung beam on 
an absolute scale. The operation of this spectrometer is 
described in more detail by McDonald.’ The maximum 
energy of the beam was determined in this way for 
each energy studied, 

The synchrotron at Berkeley has a repetition rate of 
6 cycles/sec and the beam comes out in a 2500-usec 
time interval when operating at full energy (337 Mev). 
However, when the beam energy was reduced appreci 
ably below its maximum value the beam spilled out in 
a time of the order of 10 usec. This “spiked” beam made 
it necessary to run at rather low intensities 
because of the chance of losing fission counts by having 
several arrive during the resolving time of our apparatus 
(5 psec). This energy 
determination beam in 


beam 


circumstance also made the 
difficult 


tensities were necessary to reduce accidental counts in 


more because low 
the pair spectrometer to a reasonable level. In the last 
run at Berkeley it became possible to extend the duration 
of the beam to 1 msec at reduced energies. 

The experiment at the California Institute of ‘Tech 
nology was performed with the same fission chamber 
and electronic apparatus as at Berkeley. The path from 
the 0.016-inch copper bremsstrahlung target to the 
fission chamber was somewhat longer, so that the solid 
angle subtended by the fission chamber was less than 
in the experimental arrangement at Berkeley. The 
Cal Tech synchrotron beam had a pulse duration of 
1 msec at all energies, and a repetition rate of 1 pulse 
per second. The increased duty cycle at reduced energies 
greatly facilitated the gathering of reliable data. The 
maximum beam energy was determined to +1% by 
use of the calibrated rf pulse-timing equipment of the 
Cal Tech synchrotron.® 


Ill, PROCEDURE 


Before each photofission run a Po-Be source encased 


in paraffin was placed adjacent to the fission chamber 
‘* sample in place. By observing the resulting 
fission pulses we were able to check the over-all opera- 
tion of the apparatus. By observing an integral bias 


with the U 


curve, we were able to determine that the electron- 
collection efficiency of the chamber remained constant 
during the entire course of the experiment. 

The alignment of the fission chamber, with respect 
to the beam, was checked by taking shadowgraphs of 
the beam passing through the chamber with photo 


®C. A, McDonald, University of California Radiation Labora- 
tory Report UCRL-2595, June, 1954 (unpublished). 





PHOTOFISSION 


(MAXIMUM ALLOWABLE 
COUNTING RATE) 


TIME (MIN) / MICROCOULOMB 


Fic. 2. Counting rate plotted against the reciprocal of the beam 
intensity for a “spiked” beam at the Berkeley synchrotron. The 
ordinate shows the number of counts observed while the beam 
monitor collected 1 microcoulomb of charge. The abscissa shows 
the time (in minutes) necessary to charge the beam monitor to 
1 microcoulomb 


graphic film. Pictures were taken every time the cham 
ber was moved or the operation of the synchrotron 
changed markedly. 

At the start of each photofission run the aluminum 
blank target was placed in the beam. The voltage on 
the cancellation electrode C was then adjusted until a 
minimum signal was observed in an oscilloscope. We 
that this background signal was 


found remanent 


strongly dependent on the intensity and the duration 
of the beam pulse. With the highest-intensity “spiked”’ 
beam used, the background caused by noncancellation 


of beam ionization, as determined with the aluminum 
blank target, was less than 2°7, of the fission rate for 
U5, U5 and Th, For bismuth, the background was 
less than 10%, and for gold it was less than 23% at all 
energies. This background was quite constant for a 
given beam intensity at a given energy, and thus could 
be subtracted with good reliability. 

In order to avoid losing more than 1% of the fissions 
because of pile-up of fission pulses, a counting rate of 
than 36 had to be with the 
“spiked” beam. This counting rate was determined 
experimentally by measuring the counting rate per 


less counts/min used 


microcoulomb collected in the “Cornell”? chamber versus 
the reciprocal of the beam intensity. This curve is 
shown in Fig. 2. 

A similar curve was also made of counting rate per 
microcoulomb versus the pulse height necessary to trip 
the scaler. This curve was used to extrapolate the 
observed counts to zero bias, and is similar to the bias 
curve shown in Fig. 4 of reference A. In the last run at 
Berkeley, six scalers were used at 2.5-volt bias intervals, 
giving a five-channel integral pulse spectrum. In this 
manner a bias plateau was obtained for each sample 
at each energy. We believe the data collected in this 
manner to be more reliable because of the increase in 
information available. 

The counting rate per microcoulomb collected was 
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also measured versus the voltage on the collecting and 
cancellation electrodes, and a suitable plateau was 
obtained. The final operating voltages were B= 1500 v, 
C= 3300 v for most of the runs. 

In all runs at Berkeley an electronic gate was 
that allowed our scalers to count only while the beam 


used 
was on. Electrical disturbances from the synchrotron 
operation were quite prominent if the gate was nol used 

The fis 
by using the [ 


ioning effect of photoneutrons was estimated 
“© sample, which should be the most 
neutron-sensitive. There are two main sources of neu 
trons, (a) neutron contamination of the beam (probably 
due mostly to photoneutrons produced in the walls of 
the doughnut and the collimator), (b) photoneutron 
produced in the aluminum sample backing. The effect 
shifting 


of the neutrons in the beam was checked by 


the fission chamber 6 inches to one side so that it just 
cleared the beam. The resulting counting rate was less 
than 2% of the rate with the same intensity photon 
beam passing through the chamber. The effect of the 


backing was 


photoneutrons produced in the Sample 
investigated by increasing the effective thickness of the 
aluminum backing from 0,001 inch to 0.026 inch; no 
increase was observed in the photofission yield of | 


A check etiect ol 


tamination of the beam on the observed fi 


was made of the electron con 


ion yields 


by inserting a sweep magnet immediately in front of 


the fission chamber. No effect was observed 


IV. EXPERIMENTAL RESULTS 


The fission cross section per equivalent quantum, og 
for both the Berkeley and Cal Tech experiments, is 
The 


) 


presented in Table I and plotted in Figs. 3 and 4 


TABLE I. Fission cross section per equivalent quantum for 100- to 


500-Mev photons (in units of 10°! cm? 


0.14 
0.09 


OO 
O14 
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MAXIMUM ENERGY OF BREMSSTRAHLUNG SPECTRUM (Mey) 


Fic. 3. Photofission 
og, versus bremsstrahlung energy for U™5, U8, and Th™*. The 


cross section per equivalent quantum 


errors indicated on the points are standard deviations due to count 
ing statistics only, 


energy scale is logarithmic, since in this presentation 
the slope of the curve represents the fission cross section 
if a rectangular bremsstrahlung spectrum is assumed. 
It will be noted that the change in accelerators shifts 
the cross section per equivalent quantum by about 15% 
for U®*, U**, and Th® at the joining energy of 335 
Mev. For bismuth, shown in Fig. 4, the change of 
accelerators is perhaps masked by the steepness of the 
oq curve. Since the cross section per equivalent quantum 
depends not only on the calibrated ionization chamber 
and its associated electronic equipment, but also on 
the value ascribed to the maximum beam energy, errors 
in any of these variables on either accelerator could 
lead to the discrepancy in the absolute value for og at 
335 Mev. In all cases, however, the slopes of the og 
curves seem to be continuous. 

If we use the rectangular spectrum approximation, 
the curves of og versus the maximum energy of the 
Us U*> and Th” 


most easily be fitted with a straight line having a slope 


bremsstrahlung spectra for : can 
corresponding to a constant photofission cross section 
versus photon energy of about (25 to 50) 10%? cm? in 
the energy region 200 to 500 Mev. A more careful 
analysis is probably not justified because of the limited 
accuracy of the experimental results. 

An analysis to obtain the bismuth fission cross sec 
tion, using the bremsstrahlung spectra from Schiff" 
and taking into account the dependence of the spectrum 
shape on the maximum energy of the bremsstrahlung, 
was made by the method described by Katz and 
Cameron." We found, for a given smoothed plot of the 
og curve, that the cross section increased about 15% 
but had about the same shape as given by the rec- 
tangular bremsstrahlung spectrum. It was noted also 


|, I. Schiff, Phys. Rev. 70, 87 (1946); 83, 252 (1951) 
“|. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951 
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that the arbitrariness allowed in drawing a smooth 
curve through the experimental points creates the same 
order of uncertainty as the difference between the two 
methods of spectrum analysis. We have therefore used 
the rectangular spectrum because of its simplicity. The 
fission cross sections resulting from these analyses are 
shown in Fig. 5. They are derived from the smoothed 
curves shown in Fig. 4. 

It should be noted that the use of a longer beam 
duration in the last run at Berkeley yielded the same 
cross sections for U*®, U*8, and Th as obtained in 
the earlier runs. It also allowed a more reliable measure- 
ment of the bismuth cross section at reduced energies. 
On previous runs with bismuth at reduced energies the 
uncanceled beam-ionization background made meas- 
urements untrustworthy. However, even in the last 
run there was still a residual background, which was 
apparently electrical in nature, that made the measure- 
ments with the gold target at Berkeley unreliable. It 
should be mentioned also that the 200-Mev_ point 
obtained for gold at Cal Tech is based on 11 counts and 
the 300-Mev point on 83 counts, so that the cross 
sections reported are quite provisional. This scarcity of 
counts arises from the fact that both the fission cross 
section and the beam strength decrease markedly as 
the energy is decreased, so that the time necessary to 
increase the number of counts becomes prohibitive. In 
addition to the statistical errors indicated on the 
graphs the og curves can have systematic errors due to 
errors in sample thickness, +7%; errors in calibration 
for the number of equivalent quanta including energy 
dependence, +8%; error in extrapolation to zero bias, 
t5%,; errors in determination of the beam energy, 
t+ 2%. A total probable systematic error of +13% can 
thus be ascribed to the cross sections presented in the 


curves shown in Figs. 3 and 4. 
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Fic. 4. Photofission cross section per equivalent quantum, 
aq, versus bremsstrahlung energy for Bi” and Au’, The errors 
indicated on the points are standard deviations due to counting 
statistics only. 
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V. DISCUSSION 
A. Bismuth and Gold 


From the data in Fig. 4 we note that the photofission 
cross sections per equivalent quantum for bismuth and 
gold both increase rapidly as the maximum energy of 
the bremsstrahlung spectra is increased, especially in 
the energy region above 300 Mev. Upon analyzing the 
og curves we find that the photofission cross section of 
bismuth, o(&), increases with increasing photon energy k 
until it reaches a maximum value of about 10X10~*7 
cm® at about 400 Mev. With the present fit of the og 
data, the o(k) curve indicates a resonance type of 
behavior,near 400 Mev; i.e., the cross section seems to 
decrease again above this energy. The cross section for 
gold shows a similar behavior, reaching a maximum 
value of about 2X10~*" cm?® at 400 Mev. It must be 
emphasized, however, that the arbitrariness involved in 
drawing a smooth curve through the experimental 
points for both Bi and Au is such that o(&) may not be 
decreasing above 400 Mev. In order to definitely de 
termine whether or not this resonance type of behavior 
of the photofission cross section is real, experiments 
should be carried out at higher energies (500 to 1000 
Mev). 

Because of the similarity of the curves of o(k) versus k 
for photofission and for the photoproduction of mesons 
from nucleons, it is tempting to relate the two processes. 
A possible interpretation of our results, first suggested 
by Bernardini, Reitz, and Segré,’ is that internally 
produced mesons are reabsorbed within the nucleus in 
which they are created, thus giving an additional 
mechanism by which a nucleus may absorb the photon 
energy. Let us pursue this possibility a little further. 
We have seen that the photofission cross sections of 
bismuth and gold reach their maximum value at about 
k=400 Mev. However, the results of photomeson 
production experiments'’*'® indicate that the peaks of 
the cross sections for photomeson production from 
nuc leons Loccur near k=300 Mev. Furthermore, the 
width of,the photofission “resonance” (if we assume 
that it broader than the corre 
sponding width in photomeson production. ‘These differ 


is real) is somewhat 


ences can be explained if we recall that there are several 
factors influencing photofission that are not present in 
photomeson production from nucleons. First, in photo 
production the motion of the nucleons inside the nucleus 
causes a broadening of the photomeson spectrum be 
cause of the Doppler effect. Second, the effect of the 
Pauli principle is such that when a photomeson is 
produced from a nucleon in the nucleus, the struck 
nucleon must go into an unoccupied nucleon state. 
Because the low-energy nucleon states are already filled, 


27). C. Oakley and k&.. L. Walker, Phys. Rev. 97, 1283 (1955) 

4 Walker, Oakley, and Tollestrup, Phys. Rev. 97, 1279 (1955 
4 Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
(1955). 

46 Tollestrup, Keck, and Worlock, Phys. Rev. 99, 220 (1955). 
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Fic. 5, Photofi a tum 
tion ol photon energy These 
smoothed plot of the data in Fig 
uming a Schill brem 
method of Katz and Cameron." The solid 

mn 


ion cross section, a(k), of Bi and Au as 
curves were obtained trom a 
+. The dotted curve was calcu 
lated by as trahlung spectrum that varied 
using the 
vere calculated in the rectangular spectrum approximatic 


with energy 
curves 


the production of high-energy mesons is favored, This 
effect 
higher energies. Possibly most important of all, the 


therefore causes the resonance to shift toward 
reabsorption of the meson within the nucleus in which 
it was created depends on the energy of the meson 
Various experimenters have found'®™ that the absorp 
tion mean tree path of mesons in nuclear matter 
decreases with increasing meson energy. ‘Therefore, the 
absorption of high-energy mesons is favored, which 
again would tend to shift the photofission resonance 
toward higher energies. ‘Thus, the experimental data on 
the photofission of bismuth and gold are consistent 
with the interpretation of reabsorption of internally 
produc ed photomesons 

We can use the results of charged-particle-induced 
fission experiments to make a rough estimate of the 
total photonuclear cross sections of bismuth and gold 
‘To do this we assume that the ratio of the fission cross 
independent of how 


section to the total cross section is 


the nucleus is excited, From the results reported in A, 
in conjunction with experiments on alpha-particle and 
find 


ections of bismuth and gold at 


deuteron-induced fission to be 
that 


about 300 Mev are about 0.15 and 0.04, respectively, 


published), we 
the fission cross 
section for these elements. 


of the total inelastic cross 


Dividing the observed photot sion cross sections by 


0.15 for bismuth and by 0.04 for gold we obtain total 


1954 
teinberger, Phy Rev. 82, 


167). H. Stork, Phys. Rev. 93, 46% 

17 Chedester, Isaacs, Sachs, and 
958 (1951) 

5R. M. Littauer and D. Walker, Phys. Rey 838 (1952 
% Panofsky, Steinberger, and Stellar, Phys. Rev. 86, 180 (1952 
” A, Shapiro, Phys. Rev. $4, 1063 (1951 
21K. Button, Phy Rev. 88, 956 (1952 

sernardini, Booth, and Lederman, Phys. Rev. 83, 1075 an 
1277 (1951 

% RR. Martin, Phys. Rev. 87, 1052 (1952 

*% Goldschmidt-Clermont, Osborn, and iy Rev. 97 
188 (1955). 
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photonuclear cross sections of about 70% 10~*" cm? for 
bismuth, and about 60%10~*" cm? for gold at k= 400 


Mev. It is interesting to note that if we assume that 
the total photonuclear cross sections of bismuth and 


gold at k&400 Mev are due either directly or indirectly 
only to photomeson produc tion, then we obtain a cross 
section of about 80%10~*" cm’ by simply adding the 
total 
nucleons in these nuclei. 

The similarity of the og curve for bismuth to the 


photomeson cross sections of the individual 


photostar excitation function per equivalent quantum 
obtained by Peterson” is also interesting, and suggests 
that both 


phenomena 


the same mechanism might account for 


B. Uranium-238, Uranium-235, and Thorium-232 


Since the photofission thresholds for U%*, U*, and 
Th™ are all about 5 Mev,” it is reasonable to expect 
that a large contribution to the photofission cross 
sections per equivalent quantum for these elements 
occurs at low energies, i.e., in the “giant resonance”’ 
region.” Any meson effects of the type observed in 
bismuth and gold would presumably be masked by the 
effects of the low-energy quanta. Indeed, from Fig. 3 
we see that the relative increase of og with increasing 
% and Th 
for bismuth or gold. The relative increase of a@ with 
and 


energy is much smaller for U%*, | than 


increasing energy is most pronounced for Th” 
smallest for U%*, as would be expected, since the effect 
of the low-energy quanta is greatest for U® and 
smallest for Th” 

A second point of interest is that for U™® the photo 
fission cross section per equivalent quantum is about 
1.6 times that of U™* at all energies investigated in this 
(1954 
Phys. Rev, 77, 329 (1950 
Theoretical Nuclear Physic 

1952), Chap. XII, p. 583 


Peterson, Phys. Rev. 96, 850 
*6 Koch, McElhinney, and Gasteiger 
27]. M. Blatt and V. F. Weisskopf 

(John Wiley and Sons, Inc., New York 
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STEINER 


experiment. If we assume that the photons in the 
“giant resonance” are primarily responsible for causing 
the fissions, then either the total photonuclear cross 
sections differ for U*® and U™* for low-energy photons, 
or the relative fissionability of U™* is greater than that 
of U™* at excitation energies of several Mev. Support 
for the latter conclusion comes from the data on the 
neutron-induced fission of several isotopes of uranium 
at neutron energies of 2 to 4 Mev.”* The results of 
these experiments indicate that the fission cross sections 
vary by large factors (2 to 3), depending upon which 
isotope of uranium is used. 
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The expressions for the @; and 6, amplitudes in a beam of neutral @ mesons traversing an absorber are 
put in terms of forward-scattering amplitudes. It is discovered that a phase-shift term as well as an absorp 
tion term is needed to describe the regeneration of 0; mesons in the unscattered beam 

A simple relation is derived between the intensities of the above process and of the @; mesons regenerated 
by scattering. Experimental verification of the relation may give additional information about the nature 


of the neutral K mesons 


INTRODUCTION just as the amplitude of the electric field of a plane 
HE “particle-mixture” hypothesis of Gell-Mann wave in matter is determined in ordinary optics‘ 
and Pais! led to the prediction by Pais and da Ie N 
Piccioni® of a startling phenomenon, the regeneration ( 1(0)-4 1) 
of short-lived 6; mesons in an absorber placed in a On k 
beam of long-lived @. mesons. There seem to be two : 
mechanisms of regeneration: (a) regeneration by scat Oa (= 1(0)--1 Vee’ 
tering, in which the @ and @ components of the @; as , i e 
scatter differently, thus giving rise to a 6 component 
in the scattered beam; and (b) regeneration by absorp where x= coordinate along the beam, .\ =number of 
tion, in which the composition of the unscattered beam — nuclei per cm’, k= wave number in free space, and 
changes with depth in the absorber, so that an unscat 1(@), A’(@)=complex scattering amplitude for @, & 
tered 6, component develops. This note is a discussion — scattering through angle @. (@=0 for forward scatter 
of the interrelation of these two phenomena ing.) These equations are equivalent to saying that 
It is found that there is a simple relation between — there is a complex index of refraction for ® and for 


them, at least for small absorber thicknesses. The ; ; 
3 ; 1 14+ (29. V/R*)A(O 91 1+ (2r.\ /k (0 (2 
concept ol the complex index of refraction of the 


absorber for the & and for the # proves useful. (This 30 that we have 


is the index of the absorber as a whole, in the sense of F 
, j yy 191k o } ” 
slow-neutron optics or light optics, rather than the sinc _ = on sibiates 


index of the interior of the nucleus, as in the “optical Phe imaginary part of the forward-scattering am 
model” of nuclear Scallering plitude is related to the total cro ection by the 
optical theorem,” 


DESCRIPTION OF UNSCATTERED BEAM 
ban 
First, we need a description of the composition of the " Im[ A (0) 


unscattered beam 


A recent paper by Case* has developed the equation 

. , . h th naginary part of m (n cribes th 

governing the time dependence of the amplitudes a, Thus the he , ni ME waxicee Pe 1 * - : 

, . . attenuath t “am, as governe the total 

and a of the 6; and @, states in traversing an absorber stitaiaaniyneas - ie REN, BS BUVEHOS Uy net CU 
f eer ‘le of nal section (1 absorption « sect 

We refer to Case’s paper for the details of thederivation; S@CHOn “not the absorption a = Me ) 

° ome Th oy | - (4° ecr) , } oO ‘ | 

we shall deal only with the differences between his _ The real part of » (n’) describes the de Broglie rome 
7 atl th VA\ r 1 s vives ft , ‘ 

hesteneh aeedl aun lations of the waves. For n (n 1, this gives the free 

space wave number, so that the real part of n—1 


In treatment of strong interactions, the #, @ repre ; : 
(91 1 or the real part of 1(0 1°(0) |, describes the 


sentation is the more useful. If a, a’ are the amplitudes 


for 0. #. ie pha e shift of the wave relative to its behavior in free 


pace 


Y al" + af, 


In general, the real and imaginary parts of A(O 


then the spatial behavior of these amplitudes in the (Q) | are of the same order of magnitude. Therefore, 


absorber is determined, as far as the strong interactions hifts involved are on the order of radian 


are concerned, by their forward-scattering amplitudes, in free path, or radians per inch, Ordi 


ld not be interested in such a small 
* This work was done under the auspices of the U. S. Atomic how we are here concerned with a 
Energy Commission 
1M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955 or instal ax, Revs. Modern Phys. 23, 287 
>A. Pais and O. Piccioni, Phys. Rev. 100, 1487 (1955 Phe scattering amplitudes invol in Eq. (1) are those fo 
'K. Case, Phys. Re 103, 1449 (1956 cattering onl 
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/ f ( 
X/ByCT, 


coherent linear combination of two states. This small 
phase shift affects the therefore 
Important. 

Including the effect of the weak interactions, and 
to the 6;, 4. the 
e obtain, for the equations of motion 


coherence, and is 


changing representation in same 


manner as Case, w 
of (tj, Ge, 


d n+-n’ 
ay ick 
) 


/ 


nl n 
ay 7 ae 
2 
(is T 
2y71 
/ / 
nern n nl 
a) 13¢ k Me 1 amy 
Y 
(: 


parti le, ft 
d/dt total time derivative evaluated 
at (1—f*)~', w.2=de Broglie fre 
quencies Of 6;, 02 particles, (hw (hkc)*+- (my, 9c*)?*, 
proper mean life for decay of 0, 42. T he cross 


dt 


d 
dl 


1 
vot Jas 
2yT2 


laboratory 


Bc=velocity of time, 


(d/dl) + pico OX 


where 
a moving point, ¥ 


and 7; 
terms linking the a; and ay equations depend on the 
difference in index of refraction (or difference in 
forward-scattering amplitude) for the @, & components 

This treatment makes it clear that the regeneration 
phenomenon depends on the difference in total cross 
section and on the difference in phase shift of the @, @ 
waves, rather than on the difference in absorption cross 


section 


( 


rhe solution of these equations, in Case’s notation, is 


a,(0) ( ) 
¢ Ait 
) 1 R 


Ra,(0) 


a(t) Ra»(0) 


a(t) R? 
ay(O) 


i—RF’ 


GOOD 


Fic. 1. 6, intensity vs distance for 62 
beam incident on absorber. «= Ref A (0) 
A'(0) ]/Im[A (0) — A‘(O) ]=0, 4, 1, 


0. 1! 
= 1 Ti, Ttotal ™ 97 total, 


Vo" wotui = 1/B yer. 


where 


(- 
T2 


/ 
nN ) 


1” I 
) 
dy 


Bck(n 


) iBck(n+n’) |, 
1 2 
-)| 


\! 
+-[ iBck(n ; 


n’) | 


These expressions are the same as given by Case,’ 


with the following exceptions : 


(1) The relativistic time dilation, which ‘slows down” 
the 6, decay and the 6, 
has been included.® It has the effect of increasing 
Case’s parameter 6° by a factor y. Because the smallness 
of 8 makes the Pais-Piccioni experiment difficult, this 
factor can be important in practical situations. 

y (2) The effects of the total cross section and of the 
phase shift produced by the real part of the forward 


6, mass-difference frequency, 


scattering are included; Case’s model included only 
the # absorption cross section 


®’The term w which appears in the solution, has been 
replaced by 0) where hw, ° is the 
for the following reason; The de Broglie frequencies are given by 
hus, 2)? = (hkc)? 2 so that, to first order, we have h®wébw 

me and hébw = (mc*/hw)b(me* h(w2® —w") /> 
(This result follows even if we have k, +k 
ference is of order dm/m.) 


@), 


rest energy of 4), 2) 


2 
+ (my, oC? 
6 (mec? b(mc? v1 )/Y¥ 
, so long as the dif 


* Case’s f is essentially the ratio of absorption to decay 
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* vs x for a pure 


) 0 


6, beam incident on the absorber, and for w.’—, 


Figure 1 shows the probability ay 


(1/71), No’ totar= (1/Byer1), Gtotar= 40’ totar- Curves are 
plotted for the real part of the forward scattering equa! 
to zero, one-half, and one times the imaginary part. 
The phase-shift term is seen to have an appreciable 


effect. 
REGENERATION BY SCATTERING 


We can now discuss the relation between the re 
the 
the 


generation of 6,’s in the unscattered beam and 
regeneration by scattering. The composition of 


unscattered beam is 
V=alx)P+al (x) =a, (x)0;+09(x) 00, 


Bel 
pure @, beam incident on 


where the a’s are obtained from Eq. (6) with « 
and a»(0) 1, a, (0) UO 11.2.. 
the absorber) 

The probability of seeing a 6; in the unscattered 


beam is given by 


(7) 


while that of seeing a scattering through angle @ fol 
lowed by a @, decay is, in thickness dx of the scatterer, 


and in solid angle dQ, 


a(x)A(@)4 a’ (x)A'(o)\? 


dn, VdxdQ (8) 


v2 


The reflect’ the 


composition of the unscattered beam, while the scat 


unscattered regenerated 6; mesons 
tered ones reflect the composition times the scattering 
matrix. for thicknesses of 


(small here means | A| x/Bc1), a, 


However, small absorber 
is small, and ava—&1 


Thus we obtain 


/ 
n ti 
ay(x)o~k x 
) 


by integrating Eq. (5) for small x, and 


2nN ( A(0)—A‘(0) 
ay (x)= x; 
k 2 


in these circumstances we have 


and thus 


Ny nom (w2=N*/k?)| A(O0)—A’(O) | 2x?, (10) 


dn,z~} | A(b)—A'() |*NdxdQ (11) 

If one observes decays in a cloud chamber that is 
placed in a beam of 6, mesons behind a thickness of 
A|, he 
should see an angular distribution of 6, decays as in 
Fig. 2. We can now, from Eqs. (10) and (11), give the 
ratio of the number of events, m,,, in the peak, to the 


absorber 6x that is small compared with pi 


PHENOMENON 











Fic. 2 
The group én, refers only 


Distribution in angle of regenerated 0; mesons near @=0 


to elastically scattered @ mesons. In 
general vill also be inelastically scattered @ mesons, which 
would have to be rejected in checking the predictions of Eq (12) 


there 


number of events, 6n,, in the background under it in 
some finite angular interval 6@ at ¢=0 

(If we 
resolution of the apparatus, this ratio is 


choose 6m equal essentially to the angular 
the ratio of 
peak height to the background height at @=0.) If we 
set dQ<= 2r(1 


Nun, then 


COSd wldp)*, dxn=é6x in dn,, x= 6x In 


we have 
Nun on, ~ tor V (ba k* (bb (12 
The scattering amplitudes cancel out, and the ratio 1: 
only on the geometry and the wavelength 
peak, 
and high angular resolution 


dependent 


to see a large one needs fairly large 


(In order 
thicknesses 
kor Op l 


low energy 
, 100-Mev kinetic energy 6 


5 


sand a 0.5-cm 
lead plate, tun/dn, 
The ky 


indepe ndent of all nuclear parameter 


(12), which is 


, should serve as 
the 


simple relation given by 


’ 


an interesting check on our understanding of 
process 
However, we 
(The analysis 
spin both for & mesons and for the 
the of # 


described by a scattering 


need to examine carefully its limits of 


validity so far has implicitly assumed 


for instance, zero 


scattering nucleus, inasmuch as scattering 


has 
amplitude 
This examination is outlined in the Appendix. [t 1 


mesons been single 


concluded that, if one performs an experiment to test 
the relation between scattered regenerated 6; mesons 
observed at small angles and unscattered regenerated 
(12), 
use an isotopically pure element for a target; (b) if the 
the should 


unconditionally be obeyed: (c) 


6, mesons, as given by Eq then (a) one should 


zero, Eq. (12) 
if the target nucleus 


spin of target nucleus 1s 


spin is 4, lack of agreement with Eq. (12) signifies 


nonzero spin for the #. 
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It is possible, then, that careful observation of the 


two types of Pais-Piccioni regeneration may give 
information about the nature of the neutral K mesons 


beyond what was exper ted originally 
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APPENDIX: LIMITS OF VALIDITY OF EQ. (12 
We 


plications 


need to consider the following possible com 


1. Nonidentical Scattering Nuclei 


The forward peak, mun, 1s caused by constructive 
interference of large numbers of nuclei.’ The scattered 
group, 6n,, involves scattering from just one nucleus 
Because of this, if there are two kinds of scatterers 
present, one averages their scattering amplitude and 
then forms the squares, in calculating m,,; whereas, in 
calculating 6n,, one squares first and then averages 
rhis spoils the cancellation of scattering amplitudes 
that led to Eq. (12 

Equation (12), then, should in general hold only for 
an absorber that is a chemical element, and (in prin 


ciple at least) is a single isotope of that element 


2. Nonzero Spin of Scatlering Nucleus 


the 


presence 


A detailed analysis shows that ntuitive result 
that the of 2s+1 
substates of the scatterer is the same as having 2s+-1 
Equation (12) 


general, hold for nonzero scattering nucleus 


is correct, namely Spm 


kinds of nuclei present does not, in 
| 


spin 


\ onzero Spin of the & 


lf we neglect spin-flip processes temporarily, each 


spin substate of the @ scatters separately, and the 


intensities for each substate obey Eq. (12) separately 
Che total intensity is the sum of the intensities of the 
substates, and therefore Kq. (12) is obeyed, in general, 
for nonzero & spin, so long as the spin of the nucleys is 


ZeTO 


very obvious, since 
the result of inter 
wavelet with the 
wever, that one 


’ The thi 
the index of refraction is usually thought of a 
the individual scattered 
wave, rather than 
does not go through the intermediate step ol deriving an index 


treatment given does not make 


ference of incident 
with one another. Suppose, ho 
of retraction tor @, @ 
incident on a thin scatterer directly in terms of @ and @ 
wave tunctions consisting of an incident and A 
scattered wavelets. By adding two functions 
the 6, function directly. The 

ince no incident @; mes 


vave 
each wave 
vave one 


incident 


these 
obtains wave wave term 
falls out 
of the 0; 
the terms in i 
while the 
the forward direction, which is just m,, 
12), but the treatment makes evident the cooperative nature of 


the forward peak 


ms, and only the sum 


there are 


scattered wavelets, 2, (0, remains. Upon squaring 
j lead to the ordinary scattered intensity, dn, 
terms for 1# 7 give rise to a constructive interlerence in 


One ends up with iq 


but rather describes the problem of a 6, 


L. &0O0D 


4. A Special Case: ® Particle Spin Zero, Nuclear 
Spin } 

In this case, there are but two scattering amplitudes, 
and both are equal. The order in which one performs 
the operations of averaging and squaring is then unim 
portant, and therefore Eq. (12) holds, for this special 
case 

(If the @ particle spin is not zero and the target 
nucleus spin is 4, the scattering for target-nucleus spin 
parallel and antiparallel to the @ spin might well be 
different, so that the remarks of Point 2 apply.) 


5. Spin-Flip Processes 

(a) If the nuclear spin state changes in a scattering, 
the process is incoherent and cannot contribute to the 
forward peak. Such an effect would “spoil” Eq. (12). 

(b) On the other hand, if either of the spins is zero, 
the spin-flip amplitude must vanish in the forward 
direction, because of conservation of angular momen- 
tum. 

(c) Because in all those cases enumerated above, in 
which Eq. (12) should hold, one or the other of the 
spins is zero, we can conclude that spin-flip processes 


do not affect the validity of Eq. (12 


6. Parily-Exchange Scattering 


0 


If a neutral 7° exists and can turn into a neutral @° 
upon elastic scattering, the situation is obviously more 
complex than was assumed in the derivation of Eq. (12). 

In the forward direction, however, the situation is 
simplified ; any spin-flip amplitudes vanish in the cases 
of interest, as in Point 5 above. 

Any non-spin-flip 7° scattering, on the other hand, 
is coherent. The incident 7° particles form a coherent 
forward peak of #, mesons just as the incident #2 mesons 
do, and the 6, contributions from such an effect obey 
Eq. (12) whenever the 6,6, scattering does. 

Phis result may be shown to be independent of the 
relative amplitudes and relative phases of the 7; and 72 
postulated to be in the beam. 

Thus parity-exchange scattering, curiously enough, 
does not affect the applicability of Eq. (12). 

We may conclude that (a) for target spin zero and 
an isotopically pure target, Eq. (12) should uncondi- 
tionally hold; (b) for target spin (4) (isotopically pure), 
deviations from Eq. (12) would signify nonzero spin 
of the neutral K mesons. 

Vole added in proo}. 


conjugation is not conserved.’ The implications of this 


It now appears that charge 


for the #,—@, problem in vacuum have been examined 


*Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
1957); Wu,*Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 
105, 1413 (1957 





PAIS-PICCION|! 
by Lee, Yang, and Oehme,’ Gatto,” and Gell-Mann." 
The results are that if the product CP (charge con- 
jugation times parity) is conserved, one obtains again 
the Gell-Mann and Pais 6,—@ but if CP is not 
conserved, the eigenstates of th system ( 


S¢ heme; 
i.e., the par- 
ticles with definite mass and definite lifetime) are, in 
vacuum as follows 

K, bK + qk ). 


pK 
( 


qK 


* Lee, Yang, and Oehme, Phys 

0 R, Gatto, “The K® decay 
reversal of weak interactions,” 
Phys. Rev to be published 

1M. Gell-Mann, Nuovo cir 
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where C=| p\*4 1g 2|4, and the term K°® implies a 
single particle, with 6° and r° decay modes. 

We n ask the following question: what is 
the beh in this 
K-meson complex in an absorber? 


lust now 


LV most general case, of the neutral 


Or, 


(13) tor the eigenstates in rederiving 
this the 


If we use Eq. 


the relations stated in paper, equations of 


motion ol dad, and a (the amplitudes ol A,® and A 


turn out to be precisely Eq. (5) again, except that a, 


is replaced by a,, d2 by (ta_), and wy, we, Ay, Ag by 
‘hog am Tae | 
ows that 


say A 


identical 


hort-lived 
(A 


that predicted in 


the regeneration of the 


component from the long-lived one 
would then be in detail to 
the original Gell-Mann and Pai 


(12 


scheme; in particular 


would hold here wherever it did there 


iq 
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Relation of Isotopic Spin Space to Space-Time* 


BR. L 
Institute for Fluid Dynami 


Received Nove 


The cust iry form of] 
! 
fusion of thes aces 


replaced by a certain 
to the 


lamiliar 


t dow 


ime group which er 
lor 


contormal 


SI 
pace 


pace-time tran ations continue to induce 


time transformations in general induce 


a theory of 7 


new space 


spondence l orked out tor 1 bosons 


ical 


long been considered as simply the dire 


N elementary particle theory, phy space has 


{ produc t ol 


space time and ol a 3-dimensional vector Space called 


isotopic spin space. This is physically not very satis 
fying; for example, the operational prescriptions which 
take one from one frame to an equival nt one in space 


i 
lation 


time are at the foun of special relativity, but the 
corresponding prescriptions for a change of frame in 
‘J his 
possible fusion of the two spaces on the basis of the 


Thi 


taining the conventional inhomogeneous Lorentz group, 


isotopic spin space are lacking note suggests a 


conformal] sphere geomelry in physi ) group, con 


ize sources in 


oT it 


permits a covariant description of finite 


both classical and quantum theories,!:? as one 


interesting features 


1. DETAILS 


Six homogeneous coordinates X* (u4=0, 1, 5) are 


linked to space-time x” (m= 1 4) and to the coordi 


* This researc! Vas p | ipported ft a \ ( 
No. AF18(600)1315 


a. Phys 


ontract 


101 


Ingraham 


1411 
2R. Ingraham and J. Ford (to be publ 


University 


mber 21 


s the direct product of spi 
into one 
particles 
their far 
Isotope 


coupled to 7 


INGRAHAM 


f Mar 


land, College 


1956 


we-lime 


pace if one widens the group fre 


with an intrinsic finite size 
iar Dirac spinor trat 
| pin transiormations a 


1 fermion 


nate of tinite size A by 


Lorentz metric 
the 

have different 

[hie pot A () 

ell 


Y*X 


Gy, 


hall 

The transformations of the group are 
Ae L* XX? (LV, 

o the metric G,, of 


gynatlure (---+--4 


‘Pp 


where italic boldiace always refer to the four pace 


time component 


now simply rotation constants) with 


respe 


The corresponding spinor algebra is generated 


8x y matrice 


2G""1, 


where the 4X4 spinor identity 


ert that the fusion of 


pace-time and 
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isotopic spin space can be recognized by choosing the 
following representation for the I'*: 


re=y"Xr, M=l1Xrt, M=—UXr. (14) 


Here 7” are the 4X4 Dirac matrices, 
+ my n | 7 May ™ 2¢™ nj. 


the r’s are the 2X2 Pauli matrices 
(1.6) 


and / is an arbitrary but fixed length. That is, in any 
wave equation involving the I’’s, the four components m 
refer to the space-time degrees of freedom, while the 
(+, —, 3) label the charge states of bosons having 7 = 1. 
As for the spin indices, we assume that the rows of the 
vy” and 4X4 1 label spin and particle-antiparticle, while 
the rows of the 7’s label the isotopic spin of fermions 
with 7 
fermion interaction of the pion-nucleon type could be 
described by this formalism.) ‘To support this interpre 
the familiar trans 
their familiar spin 


, (Thus at this stage it looks as if only boson 


tation, we must now see whether 


formations continue to induce 


transformations, and whether the new coordinate trans 
formations induce isotopic spin transformations (and if 
so, just what is the connection between them). 


Lorentz transformations are given by A* 


Nou Xo You yo 


transformation Sor obviously does not involve T° or I’. 


Bere Gees 


whence the corresponding spinor 


; 1 O ; 
But ["« 7? w 1) and hence does not mix N and 


P (the neutron-like and proton-like fermion isotopic 
spin brothers). Moreover, the spin transformation in 
duced in each of the 4-dimensional NV and P subspaces 
is obviously of the same form [ (r*)?= 1 ] as that induced 
by this Lorentz transformation in the Dirac theory. 
Hence this situation is satisfactory. 


Let us now look at the single improper transformation 


?xs Xo Py! (1.7) 


fn= x", 
This means the inversion 


k= 2x™/(x?+d*), k= 2d/(x?+-D?), (1.8) 


in the space-time sphere &*= 2 of radius v2 around the 
space-time origin, followed by the (dimensional) dila 
tation £2"=2?k", X=Pk, as can be easily worked out 
from (1.1). We have L,=/, L'o=/, other L4,=6,*, and 


hence from the fundamental equation 


Le T= STS, (1.9) 


Sinvl” l TS inv, and 


0. This gives 


we obtain MS iny™ FS inyl”, 


iT" Siew} 


Siav yx Tr’, (1.10) 


0 


which, since r’ : 
' (; 0 


1 : 
), exactly switches the NV and 


INGRAHAM 


P subspaces. Since the indices 0 and 5 refer to the + and 

boson isotopic degrees of freedom, we see that the 
physical meaning of the improper conformal sphere 
transformation (1.7) is the interchange of isotopic spin 
brothers in both spaces. Equation (1.8) also induces an 
interchange of particle and antiparticle within the N 
and P subspaces via the +y® factor. 

The one-parameter subgroup 


x+Ja(x?-+2?) 
» g 
D 


D=1+ax-4 a?(x? +A), (1.11) 


where a~L™', is nonlinear and so must involve in- 
versions. Hence we expect that it will transform the 
isotopic spin in some way. The precise form of S will be 
worked out in a moment. These transformations” have 
been studied for some time now‘; they apparently mean 
physically a (relativistic) uniform acceleration a=ac? of 
observers. For example, (1.11) goes into ordinary uni- 

hal’, y, etc., unchanged, in the 
»«. We can now give them a new 


form acceleration = x 
nonrelativistic limit ¢ 

interpretation as transformations taking N’s and P’s 
continuously into each other in the sense originally 
envisaged by the introduction of the 7’s to describe 
proper rotations in isotopic spin space. As a trans- 
formation of the X%, the infinitesimal elements of (1.11) 
correspond to L*,=6"+€4,,  €u» €y,, With only 
€15( a#0, [This is the convenience of the 
non-principal-axis form (1.2). | The solution of (1.9) for 


€'1=€ 5) 


L*, infinitesimal is 


(1.12) 
Hence, 


Don Feil 1" 1 aly! Xr (1.13) 


The accelerative transformation (1.11) is not geo- 
metrically simple. Nor is it physically very simple, for 
by (1.4) and the fact that e's=e°; are nonzero, the new 
nr and wt get small admixtures of the old m~ and old 7°, 


respectively. In the fermion spin space we see that 


Y=aP+oaN 4 P+([ ce (al/V2)cry' JN, (1.14) 


so that the neutronic component gets an increment 
2-talcyy'N, a neutron with certain spin and particle- 
antiparticle interchanges given by '. 
rhe uniform dilatations 


E™=e%x™, =e, (Wrealanddimensionless) (1.15) 


are given simply by 


Rmaxm, K=evX, N= eX, (1.16) 


—tw in 


X°) plane. Since these 


i.e., rotations through the imaginary angle 6 
the 2-4(X*+X°), —i2-4(X5 
transformations mean simply a change of the unit of 


‘J. Haantjes, Proc. Ned. Akad. Wetenschap 43, 1288 (1940); 
L. Hill, Phys. Rev. 72, 143 (1947). 





RELATION OF ISOTOPIC 
length, we should expect no isotopic spin transformation 
therefrom. And indeed, €; y, other e,, 
the infinitesimal elements of (1.16), whence, via (1.12) 
and (1.4), 


0, characterizes 


Sai=1- Fe50(T*I4 1 1+ IW(r r+ —1)X1 


1—4y1x 73, (1.17) 


which induces no JN, P transformation. Of course, since 
only e°s «°;#0, there is no transformation among the 
ar*, ow either. 

Finally, we must consider the space-time translations 
x™+a™, d 
lation a, say, are 
X1=X'4aX, N= KX, N= X64 GX), 


At‘= X‘ ({=2, 3, 4), 


ym 


Z dX. These, for an infinitesimal x-trans 


(1.18) 


These are intimately related to the x accelerations 
(1.11), in fact, they are obtained from them by the 
substitutions X°="Y° 


(1.13) 


and a=—a. Hence we write 


and (1.4) 


can 


down directly from 


S (a/21)y'X rt. (1.19 


trans 


Hence a translation does induce an isotopic spin trans 
formation: (1.19) augments the protonic Component ot 
y by a certain amount, etc. | see the discussion following 
Eq. (1.13) |, as well as mixing the boson isotopic spin 


degrees of freedom 


2. REMARKS 


fact 
must be 


This last seem anomalous. ‘Translations, 


however, 


may 


more complicated than Lorentz 
transformations in the sense that they bring in the 
coordinate X° together with the space-time X”™ by the 
very nature of the projective coordinates X4, Another 
point perhaps worth making is the following: one has 


the possibility here of describing all the physical vari 


SPIN 
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ables of a particle by operators ‘‘of the same kind’’®; in 


parti ular, the space time position operato! becomes 
(1/1) Lom = (1/2 (2.1) 


Note that é,, 


a Lorentz transformation, &" trans 


rather than the x,, themselves. ~L, as it 


should be. Under 
forms as a Lorentz vector, but now under the infini 


tesimal translation (1.18), we get 


¢ ¢ 
Sm om 


a(M},,/h 


td» 'ad, 
where M,,,, is the 4-angular momentum operator, and 


A= (1/1) £5 (1/1)(XN50/0X X¥,0/0X*), (2.3) 


relating in some way to the finite extent of the particle. 
Thus (apart from the angular momentum term) particle 
trajectories are x-translated by amounts ad’ in states in 
which A is sharp = A’. The point is, that £,, being linea 
homogeneous in the particle operators, must involve as 
the coefficient of 6,,'a a space-time-independent opera 
tor, that is, one referring to another, “internal’’ degree 
of freedom. Hence the behavior of the particle on 
translating the space axes depends not only on its 
position but on an internal state as well, which would 
make (1.19) less 

One final remark. In 
Lorentz group, the 


SUrprising 


field theories built on the 


status of the improper transforma 
tion is not completely settled in everybody’s mind: for 
example, the uneasy truce with time reversal.® If this 
pre ometry were used, the Improper transformation could 
be taken to be the inversion (1.7) whose physical 
meaning, as the interchange of isotopic spin brothers, is 
clear 

Duke Math. J. 18, 221 (1951 
Yang, Phy he 72, 874 (1947 
Jauch and F. Rohrlich, The Theory of Photons and 
\ddison-Wesley Pre Cambridge, 19 Chap. 5 


ee especially p. 260 fi 


TI. Segal 
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Theory of Rearrangement Collisions 


SAUL T 


EPSTEIN 


University of Nebraska, Lincoln, Nebraska 


(Received June 1, 1956; revised manuscript received January 16, 1957) 


It is shown that if one omits a certain small term which appears in one of the integral equations describing 
rearrangement collisions, then that equation becomes inconsistent with the others. This result is of interest 


because the presence or absence of this term represents the essential formal difference between several 


recent theories of rearrangement collisions 


N this note we wish to point out a fact which has 


apparently not been noticed previously, namely 
that if one omits a certain smal] term which appears in 
one of the integral equations describing rearrangement 
that 


with the other equations. This result is of interest 


collisions, then equation becomes inconsistent 
because the presence or absence of this term represents 
the essential formal difference between several recent 
One should of 


the practical consequences of our 


theories' of rearrangement collisions. 
that 


remark will depend on the role played by the equation 


course note 
in actual (of necessity approximate) calculations (for 
example all theories yield the same first Born approxi 
mation), and that there are several ways in which the 
equation might conceivably be used in each of the 
theories. A 


beyond the scope of this brief note and will be reserved 


full discussion of the situation would be 


for a later paper 


For brevity we shall use Lippmann’s! notation and 
ve refer to his paper for the meaning of the symbols 


Phe equation which we shall need are his Eq. (3.7) 


Following Lippmann, one can derive from 


equation | Lippmann’s (3.11) | 


hay 4 
a P 


kept by S. Altshuler [ Phys. Rev. 92 
1157 (1953 ind by B. A. Lippman Phys. Rev. 102, 264 
1956 while it is omitted by S. Altshuler Phys. Rey 9] 1167 
1953) |] and by T.-Y. Wu [Can., J. Phys. 34, 179 (1956 


! bor example, the term 1 


and in a similar way one can derive from (2) that 


t+ 1e€ 1 
,/’ 4 
ta t+ie— Ho’ 


a 


VY," (4) 
Fi,’ zie— Ho! 

The term in question is the first term on the right- 
hand side of Eq. (3) [or equally well, the corresponding 
term in Eq. (4) |. This term, for many problems, is of 
order ¢,’ and therefore, since we are interested in V,‘*’ 
and W,‘#)”" 
to whether or not the term need be kept. We shall now 
show that if the term is not kept then Eq. (3) becomes 
inconsistent with the other equations. 


only in the limit e-+0 there is a question as 


From Eq. (3), with the first term on the right-hand 
side omitted, it follows that if V,‘*)” is a solution of 
Eq. (2), then so is ¥,‘*”’+-a¥,'*”” for any value of a. 
That is, Eq. (2) does not have a unique solution, This 
result is surprising, and moreover it leads to the fol 


/ 


ra ; : . 
lowing contradiction: Since WV» ta, is a solu 


tion of (2), it follows that it must also satisfy (4). 
[ From Lippmann’s derivation one sees that any func 
tion which satisfies (2) will also satisfy (4). | That is, 
we must have 

cle 
,!’ 


VY," +-av,4 


| ry VY, £)// 
H! 


| a, ' t ) 
(i +-1¢ 


whence from (4) it follows that 


V,' i Vv . 
Fea! tie— Ho! 


which is in contradiction with Eq. (1). 
I wish to thank Professor L. L. Foldy for comments. 


(for the case of electror hydrogen scat 


1167 (1953 


2 This was first shown 
tering) by S. Altshuler, Phys. Rev. 91 
Appendix IT 


; See Esper ially 
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In this note we point out certain results on the magnetic moments and mass differences of the X*, Y 


hyperons consequent on the postulate of charge independence for strong interactions 


1. THEOREM ON ANOMALOUS MOMENTS 
FOR THE 2 TRIPLET 


N the currently accepted scheme of charge-inde 
p : m Vp 
pendent interactions of the strongly coupled isotopi N Vn 


the meson fields, and one has 


multiplets, the following assignments are made: 


Nucleon Doublet 
37 meson rriplet 
>» hyperon lriplet 
K meson Doublet T j We have omitted the trivial term 
K meson Doublet 


2 le 
= hyperon Doublet ; [ (solaxavayal 


A hyperon Singlet 


The interaction Hamiltonian is to be a scalar (7 =Q0) in for the A hyperon, where © is the Isotople Spin matrix 
isotopic spin space. The magnetic moment operator for for 7’ =0 which is the null 1X1 matrix 

an interacting system of particles is The important point is to notic e that the magnetic 

, moment operator can be split into two components, 

one of which is a scalar and the other, the third compo 


1€ | _It+ts age 

V , fur va (xX ¥) Wn nent of a vector In isotopic spin space 
ns 2 
: My=S+) 


1 | 


\ | | Of course, the sullix $on the two sides of kg (2) reter 
tx Is(xX y)wWetvez (xX y)abz l 
) 


to two different spac This decomposition is a direct 
consequence of the expression for the electric charge in 


the form 


7 l+7; ! 
t | xx Vx") s 4 ° (xX V) abe } () Ist+gl 


| ae | 


where U is the isofermion number.' In fact, the scalar 
and vector parts of M; originate from the same ij otopir 
t { (xX Vo,*) fads br*03(xXV) abs} " (1) spin operators as does the charge V 

Thus far we have not made use of any requirement 

of cl arge inde pe ndence, but only of the assignment of 

where y is the Dirac operator, 73, 03; are the third the isotopic multiplets and of the expression for the 

. charge. Let us now ynsider the expectati alue 

components of the isotopic spin matrix for isotopi err. hes---edcee sans le expectation value of 

, 1 P an operator of the type (S+V,) for an eigenstate of 
spins 7'=4 and T7=1: 

, the total isotopic spin J and its third component /4, i. 


( { vt 
T3 (; i): i=10 0 M I; I3\|S+1 
° LO 0 


(1; Ty) S| 15 1a) +; Lal Val T; (4) 


Wn, Wz, Wz stand for the baryon fields and x, ¢, for Ihe first term of (4) simply gives the expectation value 


7 . ; of the (isotopic scalar operator S with respect to the 

* This work was supported in part by the S tomic Energy 

Commission space and spin part of the state. Making use of the 
{On leave from Tata Institute of Fundamental Research, 

Bombay, India d’Espagnat and J. Prentki, Nuclear Phy $3 (1956 
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a, ond w_ im hyperon magnetons 





4 . 4 
10 0 
mM, in electron mosses 


as functions of ms (for observed value of mj) 
for different cutolls and po>O 


; and “ 


algebra of tensor operators, one can write 


(7: 73|S\7;73=Ui SD), 
(5) 
(I: 7s 


V3\7;1,)=A1VallD, 


where the reduced matrix elements (/).S'|7), (7!) V3i!Z) 
are independent of 7s and depend only on J and the 
space and spin parts of the states considered. Thus, 
making use of rotation invariance in isotopic spin 
space, we obtain for the expectation value of the 


magnetic moment operator for an isotopic multiplet 


(lI) I: Is Ms3\I; 1s S7r+V ils (0 


Phis conclusion is independent of any perturbation 
approximation 

In the framework of the d’Espagnat-Prentki formu 
lation of the Gell-Mann-Nishijima scheme, the inter 
actions preserve the strangeness quantum number in 
addition to the operators of baryon number NV, electric 
charge, isofermion number U, the third component of 
isotopic spin 7, and the total isotopic spin J. In fact, 
in view of the relation (3), if we choose our states so 
that they are eigenstates of 7, /;, .V, and U, they will 
automatically be eigenstates of the electric charge Q 
also. 

Let us now consider the triplet of states that corre 
spond to the three physical 2 hyperons. Since all the 
above conditions are satisfied with 


we have 


OKUBO, 


AND SUDARSHAN 


in hyperon mognetons 


mond « 








— 


0 


m, in electron mosses 


2 


Fic. 2. uw, and w_ as functions of m for different cutoffs and yo <0. 


where p,, uo, w— refer to the anomalous magnetic 
moments of the three hyperons and S and V are two 
functions ef the masses and coupling constants of the 
various isdtopic multiplets. From (7), we obtain 


‘ 

My t= 2yo. (8) 
This result is perturbation-independent and is exact if 
we neglect those interactions that violate charge inde- 
pendence. This relation is true not only for the fre- 
quency-independent part of the magnetic moment but 
for the complete magnetic moments including the form 
factors. It is interesting to note that (7) is actually 
true both for total and anomalous moments. 

From the comments following Eqs. (5) and (6), it is 
clear that similar relations are applicable for more 
complicated systems like, say, the magnetic moments 
and electric quadrupole moments of nuclei belonging 
to a pure isotopic multiplet. 


2. MASS SPECTRUM OF THE & TRIPLET 


In an earlier communication,’ we have discussed the 


mass difference of the charged 2 hyperons and have 


noted that the electromagnetic self-energies of these 
baryons are connected with their anomalous magnetic 


moments by equations of the type® (u, is in hyperon 


°E. C 
(1956 


. G. Sudarshan and R. E. Marshak, Phys. Rev. 104, 267 

§ The third term has a negative sign, contrary to R. P. Feynman 
and G. Speisman, Phys. Rev. 94, 500 (1954) and reference 2 
rhe explanation is given by K. Huang, Phys. Rev. 101, 1173 
(1956). We are indebted to Dr. H. Katsumori, who called our 
attention to this error. 





MAGNETIC MOMENTS 


TABLE I. Values of a, b, and ¢ for different cut-off functions. 


Gi(kt 
2M*—k 
4M?—k 

(4M4—k 


2M?/(2M?— k? 3 
M?/(M?— k?) 
4M?/(4M?— k?)? 


2M? 
4M? 
4M? 


2 
2 


magnetons) 

A(ms*) a bys Chis”, 
where a, b, and ¢ are certain quantities dependent on 
the cut-off functions and are defined by (a is the fine 
structure constant) 


d*k(m+k)C (k?) 


am\ 2 i 
4a J wid L(p—k)?—m? |\mk? 


am\ 3 f dkG(k?)C(k?) 
4a J wid [(p—k)?—m? |? 
am\ 3 _ 3m)[ G(k*) PC(k?) 


4a J Ani [ (p—k)?—m?* |m' 


The corresponding expressions for 2° and =~ are’ 
A(myz») 


) 
Cho’; 


. (10) 


A(my-)=a+by Cu”. 


Values of a, b, and c for different cut-off functions which 
yield the correct neutron proton mass difference? are 
listed in Table I (M is the nucleon mass). 

We now propose to investigate the implications of 


the relation 2u9= y+ on the ordering of the observed 


> > s 


masses of 2+, 2°, and 2. For this purpose, let us 


introduce two quantities which can be evaluated from 


the observed masses, namely, 


) 


= Mobs(L) — Mobs (D"* A(my-)— A(mg*), 


m= 4 mMovs(L+) + mMovs(L~)} — Move(Z”) 


4{A(mz+)+A(mz-)} —A(myz»). 
Using (9) and (10), we can rewrite 


m= 2p9(b+- 2c), 
(12) 
m= a—byuy— cu’, 
where 
(13) 


Mi=}(u4—H_) =Hy—Ho= How 


If we use a weighted average of the observed masses 

* Note added in proof.—In the expression (10) for A(myo), we 
haev neglected a contribution —c’yo from the diagram corre 
sponding to the virtual processes Zo—+Ag+7—>2o. If A and & have 
the same parity and coupling constants, uo’po; also c’—c if we 
neglect the Z, A mass difference. Hence the rhs of (10) for A(myp) 
should be multiplied by a factor ~2. However, as can be seen from 
Table I, ¢ is quite small compared with a and 6 and m2 would be 
changed only by ~1.5 m,. 

’ Plano, Samios, Schwartz, and Steinberger, U. S 
Energy Commission Report NYO-4715 (unpublished); Fry 
Schneps, Snow, Swami, and Wold, Phys. Rev. 104, 270 (1956); 
Alvarez, Bradner, Falk, Gow, Rosenfeld, Solnitz, and Tripp, 
preliminary University of California Radiation Laboratory Report 
(unpublished). 
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Pasre IT 


Anomalous moment parameters from observed masses 


10.33 7.45 
950 6.08 
7.65 2.49 


rase ITT. Values of parameters for turning point in p, 


Set Il 


of 2+ and 2, we find that m, is rather accurately 
known, namely, 


m,= (15.7+1.9)m, 


On the other hand, because of the inaccuracy in the 


mass of D°, we have 


m= (S+-7)m, 


We have therefore fixed m, (at 15.7) in Eqs. (12) and 


solved for uo and yw; (and hence pw, and w_) as functions 


of Me Set l of the solutions for yy and u (corresponding 
to wo>QO) is plotted in Fig. 1 for the three different 
cutoffs of Table I; Fig. 2 contains Set I corresponding 
to py <0 

1 and 2, it is seen that py 


extreme value (which is a minimum when po 


From | vs possesses an 
> and a 
maximum when yo<0), when m, approaches the posi 
tive limit of its experimental error. ‘The quantity w— is 
a monotonic function of me; the situation would actually 
lable II lists the values of po, 
Fable LL the 


associated values u 


be reversed for m,<0 


My, and p predicted for m 8 and 


extreme values of uw, with their 
for each of the three cutoffs. We 


the set of solutions corresponding to po>O as 


fo, and my consider 


more 
probable because the magnitudes of uw, and w— are much 


smaller. Indeed, the signs as well as the magnitudes of 


wy and w— given in Fig. 1 are much more plausible on 
the basis of 


ments ol the 


a meson-theoretic origin.? Direct measure 


anomalous moments of the hyperons, 


and especially the sign of the 2° anomalous moment, 


would be most interesting 


3. GENERAL REMARKS 


Relation (8) is independent of the space-time tran 


formation properties (including parity) of the isotopic 
multiplets. In writing down the explicit expression (1), 
that the 
» and the mesons are particles of spin 0. But thi 


restriction can be relaxed and (2) would still be correct 


we have assumed baryons are particles of 


spin 
In other words, as long as the interactions are charge 
independent, all the results of Sec. 1 are correct. On 
the contrary, the results of Sec. 2 hold only for baryons 


of spin 4 
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observation! of 


| ippontatcge the initial 
magnetic resonance of MnF», in 


fractional displacements of the resonance as large as 


nuclear 
| , in whi h 
8°/, were observed, we have continued these studies in 
Cok’y, Fely, Nils, Crk’y, Fey, and Cuky. Except for 
Crl’y, where no displacements were observed, all the 
resonances were shifted to lower fields. 

Phe shifts of the I’ resonances fromw/y'* in spherical 
shaped single crystals of Col’, and Fel’, with Ho parallel 
to 1 OO] |} are plotted 
cases we have included the corresponding susceptibili 


vs temperature in Fig. 1. In both 


ties’ arbitrarily normalized at the highest temperature 
measured, As in Mnk*s,* AH/ and x,, coincide for Fe, 
(a similar observation was drawn from the measure 
ments on powdered Nif,) but a large discrepancy is 
to be noted in Cok». With Ho in (001), the resonance 
fields vs angle measured from | 100 | were recorded and 
are plotted in Fig, 2. It is to be noted that both the 
shift and the anisotropy in the shift are larger for 


Fic. 1. The shift of the F” resonance vs temperature, H 001 } 
in CoF, and FeF». The solid curves are the corresponding normal 
ized susceptibilities 
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Co(F"). than for Fe(F"’)». Similar measurements have 
been made with Ho in (110) in which the displacements 
exhibit 180° symmetry rather than the 90° symmetry 
shown in Fig. 1. In CoF, the two resonances were re- 
solved at room temperature and 16 Mc/sec, whereas 
in FeF, they were resolvable only at 90°K. 

The large shifts and their angular dependences are 
the 
paramagnetic ion as was the case in MnF,.’ The un- 
has a time-average 


explained by electron transfer from the F~ to 


paired electron remaining on the I 
spin polarization proportional to (S), the spin polariza- 
tion of the magnetic ion. The hyperfine interaction 
of the unpaired electron shifts the resonances to a 


frequency’ * 


Y i 
‘7 


H; 


where i refers to the three principal directions, 7 to the 


three nearest magnetic ions, and A,’ is the principal 
value of the hyperfine interaction constant resulting 
from an electron being transferred to the 7th magnetic 
ion with the external field in the ith direction. 

Unlike MnF», is simply related to the 


measured susceptibility, Fel, and particularly CoF, 


where (4S; 


present difficulties. In Fel, one must subtract from 
the susceptibility the orbital contributions which can 
be estimated by the departure of the electronic g from 
the free-electron value. Analyzing the data along the 
lines suggested by ‘Tinkham,° as modified in reference 3, 
we find that the percentage of s character of the cova 
lent bond (transferred electron) is (0.47+0.04)%. 

In Col 
Weiss law because of thermal excitation to low-lying 
electronic states with different orbital contributions. 
rhe interpretation of the hyperfine interaction in this 


, the susceptibility deviates from the Curie- 


compound will be presented at a later date. At 77°K 
and 300°K the shapes and widths of the two resolved 
lines were measured. Although the less displaced line 
was symmetric and close to Lorentzian in shape, the 
other was asymmetric. 

The resonance in a powder sample of anhydrous Nil’, 
was studied from 75.5°K to 300°K. Unlike CoFs, Feks, 
and Mni*s, where the temperature variations of the dis 
placements and then anisotropies are continuous before 
disappearing abruptly at the antiferromagnetic transi 
tion temperatures, in Nil’, an anomalous increase in 
line width was observed, in a small temperature range, 
before the resonance disappeared at 7,. This effect may 
be associated with the small ferromagnetic moment 
previously® noted in susceptibility measurements. 

In powder samples of CuF, and FeFks, the shifts at 
room temperature were 0.47% and 1.2% respectively. 
In Crks, however, where the 3d* electrons are all in 
de orbitals, the shift of the fluorine resonance was less 


than 0.03%, reflecting the absence of o bonding 
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TO 


Fic. 2. The fields for resonance vs angle, measured from [ 100}, 
with Hoin (001) in CoF, (at 77°K) and in FeF, (at 90°K). In both 
sets of data the frequency was 16.230 Mc/se« corresponding to 


an undisplaced F™ resonance field of 4052 oersteds 


We thank Dr. IF. Reif for making available to us the 
results of his preliminary measurements on Fel» 


* The work at the University of Chicago was supported in part 
by the Office of Naval Research 

1R. G. Shulman and V. Jaccarino, Phys. Rev. 103, 1126 (1956 

de W. Stout and L. M. Matarrese, Rev. Modern Phys. 25, 
338 (1953). 

#R. G. Shulman and V. Jaccarino (to be published 

*T. Moriya, Progr. Theoret. Phys. (Japan) (to be published 

5M. Tinkham, Proc. Roy. Soc. (London) A236, 535, 549 (1956 

*L. M. Matarrese and J. W. Stout, Phys. Rev. 94, 1792 (1954) 
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YHULMAN and Jaccarino! have recently observed 
’ nuclei in MnkF» 
They found a much greater “paramagnetic shift” than 


J nuclear magnetic resonance of F 
one would calculate from magnetic dipole fields of the 
manganese ions, and they explained it by overlap of 
the magnetic electrons onto the fluorine nuclei. Bleaney’ 
also calculated the shift, using overlap parameters 
by Tinkham.* These were obtained from 
measurements of the fluorine hyperfine structure in the 
Mn 


measurements of 


derived 


ions in 
this 


resonance 


paramagnetic resonance 
Znk>». Tinkham 


hyperfine structure in 


spectrum of 
also made 
the paramagnetic 


in Znk'». We have measured 


of the field in which nuclear 


spectra of Cot? and Fe 
the “paramagnetic shift” 
resonance of | 


magnetic ’ occurs in CoF»s and FeF, in 


order to see if these can be correlated with Tinkham’s 
results. 
Bleaney has shown that the resonance frequency v in 


a field H is given by 


THE EDITOR 


[ this is Bleaney with a sign correction 


's | (|. 

(1338x a) 
where x is the susceptibility of the salt per mole, g is the 
SDEC troscopk splitting factor, and |‘ is the hyperfine 
structure coupling constant between the fluorine nuclear 
spin I and the electron spin S (the interaction being 
ar | {° S the 
crystal, but as the 
largest coupling constant they will contribute most to 


The sum is taken over all ions in 


the three nearest ions have by far 
the shift. Fora spheric al specimen the more distant ions 
will give a contribution approximately cancelling the 


demagnetizing field, 


neglected 


are similar to those of Shulman and Jaccarino and the 


which may therefore be 


The main features of our results in Col’s and 


paramagnetic shifts observed are of the same order of 
When // is in the ab plane there are two 


s, corresponding to inequivalent site 


magnitude 
resonance Ss, which 
have al 


The 


this plane has 


are coincident in the a and 6 directions and 


maximum separation (//Aq@) at 45° to these axe: 
mean paramagnetic shift parameter i 
been called ag, and that for the ¢ direction a,. There is 
only one resonance for all orientations in the db plane 
Qur made at 30 Meoe/see at 
transition 
90°K in 
intierromagnetic transi 
90°K for bel 

K for 


used were not 


measurements were two 


temperatures above the antiferromagneti 

temperature. No resonance was observed at 
Fels or at 20°K in Col The 
tion temperatures are variously given a 
50°K for Cok», and 78°K for Fel 


le-crystal specimens we 


their 


and and 3s 
Col 


spherical, but a 


The sing 


dimensions in three mutually 


direction nearly 
the field inside 
would be for a spherical 


fact be 1x10 cy 


perpendicular were equal, it | 


assumed that them is the same ; 


sample (the correction will in 


‘There will 
to the line width due 


mall as X vo however, 


be a contribution of a few gaus 
to lack of field homogeneity over the 


The 


ments are 


pecimen 
a obtained from our measure 
Fable I. The 


are approximately independent. of 


shift parameter 


given in values of ay/x,, 


¢ | A 
Mab/ Xa, ale Os xy 


temperature. ‘The susceptibilities are given by de Haa 


and Schultz,® and Stout and Matarrese.’ 


Pane I. Observed and calculated value 


paramagnetic shilt parameter a@ 
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Comparison of the observed shifts with Tinkham’s 
results is rather more indirect than for MnF», because 
the presence of induced dipoles (which give rise to 
temperature-independent terms in the susceptibility) 
makes the net spin component 8 in any direction no 
longer proportional to the susceptibility. This effect 
is probably not too serious in Fels, where ‘Tinkham 
indicates that the only low-lying levels are the five spin 
states (S=2). These have an over-all splitting of about 
50°K, and it should be a reasonable approximation at 
our temperatures to assume that the susceptibility and 
S are proportional to one another. Tinkham measures 
only A,' and A," but the other values can be estimated 
using ‘Tinkham’s Iq. (II, 9) and the values for A, and 
1, he gives for Mnlk*s. This gives 


I \ 


i 23 24 25 | 
0 *cm 
16f * m= 


{il 22 1% 


Nirra and Oguchi*® interpreted the susceptibility in 
2.24. If these 
all values of a 


undiluted Vel’, using g,,=2.45 and g, 
values are used instead of Tinkham’s, 
and Aa are reduced by about 9% 

In common with the Mnf, values, the predicted 
shifts are a few percent larger than the observed shifts 
This is probably due to the fact that in these salts the 
eparation of the fluorine from its neighboring para 
/- greater than it is in ZnFs, so 
that the s-electron overlap, and hence the values of 


magnetic ion is about 5¢ 


A”, are expected to be smaller. Both salts have a much 
larger Aa than is predicted. This could be due to the 
fact that the distance to the nearest fluorine neighbors 
I changes less than that to the fluorine neighbors II so 
that an increase in the ratio A'/A!! may occur leading 
to an increased anisotropy. 

In the case of Col’, the assumption that S is pro 
portional to the susceptibility is probably a very poor 
one, especially as the specific heat data of Stout and 
Catalano® suggest that another doublet state lies some 
240°K Also it is difficult 
to know what ¢g values to use as ‘Tinkham* and Naka 


above the ground doublet 


mura and ‘Taketa® give widely differing results. Tink 
ham’s g values, measured in a diluted salt, differ greatly 
from 2, and he explains these values by assuming a 
yround state with large admixtures of several free ion 
Nakamura and Taketa estimate their g values 
by fitting the susceptibility of the concentrated salt 


states 


theoretically on the assumption that the ground state 
is an orbital singlet, with small admixtures of other 
states, so that their values are close to 2. This theory 
would require considerable modification to fit’ the 
diluted salt. Values of a have been calculated by using 
both sets of g values. Tinkham was unable to distinguish 
between the hyperfine structures of the two bonds and 
gives only an average Ay=32 and A,=21(K10™ cm"'). 
These suggest that A* in terms of real spin is isotropi: 


(AX =14&10-cm™) and hence one can estimate 
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A,=16X10~ cm™ using Tinkham’s g values. The large 
discrepancy between the measured and calculated 
values of @ is not unexpected since the treatment is 
very approximate. 

In both salts the signal/noise ratio is proportional 
to H, (y?HT,;T./<1); and the line width, measured 
between points of maximum slope, is about 27 gauss and 
is independent of temperature. This is close to the value 
of 28.5 gauss given for Mnk*». 

We are indebted to Dr. B. Bleaney who suggested 
this problem, to Professor J. W. Stout who supplied 
the crystals, and to Dr. M. C. M. O’Brien and Dr. J. 
Owen for helpful discussion. One of us (W.H.) wishes 
to thank the Commissioners for the Exhibition of 1851 
for the award of an overseas scholarship. 
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Photoelectroluminescence with Visible 
Response 
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HOTOELECTROLUMINESCENCE'! has been re- 
ported for the phosphor ZnS:Mn,Cl.2 It is the 
purpose of this letter to report on the recent observation 
of this phenomenon in the luminescent materials 
ZnS :As,Cl and ZnS:P,Cl. In contrast to the manganese- 
activated phosphor, the spectral responses are much 
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broader and extend well into the blue region of the 
visible spectrum. Similarly, however, the photoelectro- 
luminescent emission intensity exceeds the intensity of 
the radiation incident on the phosphor. Consequently, 
the energy for emission originates primarily from the 
electric field to which the phosphor is subjected, and not 
from the incident radiation. The steady irradiation 
brings about and maintains the conditions for electro- 
luminescence, Though the efficiency of the electro- 
luminescence is still rather low, the improvement in 
spectral response and the increased energy gains make 
these phosphors of interest from the standpoint of solid- 
state light amplification. 

The phosphors are formed as thin, continuous layers 
The electrodes for 


by the vapor reaction method.’ ' 


application of voltage consist of a transparent TiO, 
coating on one side and a metallic film on the other. 


The dotted curves of Fig. 1 compare the arsenic and 
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EMISSION 


Fic. 1. The re sponse 
and emission spectra of 
the present photoelec tro 


luminescent phosphors. 


“ae of 
\ \ ZA 

i 

oO \ a 
\ 


440 


WAVELENGTH IN Mil 


phosphorus spectral responses to that of a manganese- 
activated film. The data were taken by maintaining 
100 volts de across 10-4 samples of each screen and 
measuring the light output during monochromatic irra 
diation. Corrections were made for the photomultiplier 
response and the incident intensity from the mono 
chromator so that the data represent constant energy 
irradiation. The response bands of arsenic and phos- 
phorus, though peaking in the near ultraviolet, are 
seen to be twice as broad as that of manganese, ex 
hibiting about one-half of their peak values around 
4100 A. The solid curves of Fig. 1 compare the emission 
spectra of these same phosphors. 

The dependence of photoelectroluminescent output 
on incident 3650 A intensity is shown in Fig. 2 for a 
typical ZnS :As,Cl sample 


Radiant-energy gain extends 


00 


Fic. 2. The variation ELECTROLUMINESCENCE 
of photoelectrolumines ‘ 
cence with incident in 
tensity for a ZnS:As,Cl 
film 


— 
—_? 
460 §2( 
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from about 0.04 to 40 microwatts/cm? input. The ampli 
fication ratios would be half as great if 3650 A were re- 
placed by 4100 A. The fact that the variation of the out 
put is less rapid than linear indicates that image contrast 
The 


photoelectroluminescent response times decrease with 


deteriorates during the intensification process 
incident intensity and are « omparable to those reported 
for the manganese-activated phosphor. 

These results can be explained by the interpre 
tation proposed for the photoelectroluminescence of 
ZnS:Mn,Cl:' (1) the absorption of incident radiation 
releases charge carriers and leads to”an increase in 
electric field in the region of the negative electrode, (2) 
increased injection of electrons from the cathode occur 


’ 


and (3) the acceleration of these conduction electrons In 


the high-field region leads to collision excitation of the 


PHOTOELEC TROLUMINESCENCE 


a 


—_— — oo t=» 


! o) 


2 
3650 A INPUT IN MICROWATTS /CM 
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activator centers. This mechanism requires that the 
excited centers responsible for emission be stable in a 


high field. The 
known, whereas 


tability of the manganese center is well 
the apparent stability of the arsenic 


and phosphorus centers is unex per ted 


Cusano and F. EF. Williams, J. phys. radium 17, 742 
Rev. 98 
(Cusarne 
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Shift of Center Frequency of an 
Ammonia Inversion Spectrum* 
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‘| SHE authors have found that the frequency of the 
Stark modulation shift de 
of the Stark cell 

ilter 


atomic clock! can 
pending upon the ammonia pressure 
a certain time interval] the gas was 


and within 


introduced into the cell 
Phe frequencies of the clock h 
the 


the gas and the curves have all 


ive been plotted versus 
squares of Stark electric field for various states of 
become very nearly 
fact, the above fre 


hift of the center 


parallel straight lines. From thi 


quency shift can be ascribed to the 
lrequency of the J=3, K 5 
latter had 


the 
wligible * remeneene ins enttion weal 
negligible at sufficiently low pressure in earlier work 


inversion transition of 


ammonia, though been considered 


In order to measure the frequency shift, the ammonia 


; prepared in two different states of which one 


was saturated with water vapor and the other 


FREQUENCY 
SH/? I 


Kic. 1. Typical ex 
amples of the 
shift, the 
quency not being ab 
olutely determ 
Long-time frequency 
shift of wet 
b Continuously — re 


Irequency 
initial fre 


ined, (a 
ammonia 


corded trequency shift of 
vet ammonia tor tirst 
hour Cc) 
recorded frequency shift 
TIME (MINUTE of dry ammonia for first 


Continuously 


hour 
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(dry) free from it. The measurements were carried 
out by using a frequency meter of precision better 
than 2X10~* which is employed as a frequency com- 
parator between the ammonia inversion spectrum and 
the 100-ke quartz oscillator. 

Figure 1 shows the shifts of the atomic clock fre 
quency corresponding to the ammonia inversion spec- 
trum (J=K=3) with the time beginning at the intro- 
duction of the gas into the cell at a pressure of 3X 10~* 


FREQUENCY 


SHIFT 


‘matty 
PRESSURE 


iG. 2 


total pressure 


Typical examples of frequency shift as a function of the 


The shifts are measured at a definite time after 


the introduction of the gas 


mm Hg. Figure 2 shows the pressure dependence of the 
Irequency shift 

The present experimental results give only qualitative 
information. However, two reasons for the frequency 
shift of the spectrum may be considered: (1) effects 
resulting from the adsorption of ammonia and other 
gas molecules contained in the cell by the wall, and (2) 
the interaction between ammonia molecules and foreign 
gas molecules 

It is 


yases al 


planned to analyze quantitatively the sample 
various time instants after the introduction 
into the cell and to measure the frequency shifts re 


spectively when the gas is pure ammonia and when it is 


accompanied by foreign gases by using a Stark cell 
which is completely outgassed. This work is now partly 
in progress 

thanks are due to Professor N. Sasaki 
Also 


wish to thank Dr. K. Tomita for useful discussion. 


The authors’ 


for his valuable advice and _ help the authors 


* This work was reported in part for the first time at the meeting 
of the Atomic Clock Kesearch Committee of Japan on September 6, 
1956 
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ee and Herrmann! have reported that 


they have measured the frequency of the ammonia 


Japan 


(3,3) inversion line as 
23 870 129.42+0,05+0.12 kc/sec, 


with reference to the universal time l/7, of the Neu 
chatel Observatory, by means of their Maser apparatus 
In this result the first error term denotes the uncertain 
ties in measurement and the second one those from the 
reference unit. 

We are also measuring the frequency of the same 
absorption method, using the 
source modulation We the 
dependence of the frequency of the apparent center 


spectral line with an 


system. have observed 
of the absorption line on the pressure and foreign gas 


content of the ammonia After correcting for these 


effects we find the value 
f= 23 870 129.3140.05+0.10 ke 


for the frequency of the (3,3) absorption line of NH, 
gas at zero pressure, where the error terms have the 
as those given in reference 1. Possible 


effect of the wall of the ab 


same meanings 
errors occurring from the 
sorption cell are not taken into account. Our value is in 
good accordance with the value given above, but not 


with that given by Shimoda 


Helv Acta 29, 451 


Japan 


1J. Bonanomi and J. Herrmann 
(1956). 

2 Matsuura, 
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Mean Square Radius of the Deuteron 
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N a recent letter Newton! considers a class of central 


neutron-proton potentials which fits both the effec 


tive-range analysis of low-energy scattering and 


the deuteron binding energy. Newton’s 


which can be adjusted to give any 


potential con 
tains a parameter ¢ 


value from zero to infinity for the deuteron’s mean 
square radius (r° Newton finds a similar range for the 
form scattering? We 


argue that two analyses of experiments on the deuteron 


deuteron’s factor for electron 
photoeffect show that Newton’s parameter ¢ can in 


fact be adjusted only over a small range 
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First, Wilkinson’s analysis® of his experimental cross 
1.45 to 17.6 Mev 


with 5% accuracy, 


sections from gives a bound-state 


effective range, 


u_?)dr=1.79K10-% cm. (1) 


and exact radial 


Here 
functions, respectively; the subscript gives the energy 
On the other hand, Newton’s 


and « are the asymptotu 


wave function gives us 


Here 


and 


p 0.944% 10 cm 


1.93 We 


ground 


Comparing the two equations, we find ¢ 
difference between the 
the scattering 
1.70 10 


the 


ilso note that a large 


State etlective fri and 


effective 


nve To €, é) 
range ol 1M ( / 


po sible, \ io] ite 


Moy )dr cm 


while mathematically pirit of 
ellective-range theory 

Second, analysis of the bremsstrahlung-weighted 
3.7 mb for electric multipole 
effect. Thi 


irectly the mean quare 


Th fo Wd 3.7 mb=7’(r*) $(137) (3) 


154 mb, or a 
square distance of the proton Irom the center of mass ol 
1.96 10 Wilkinson’ 
ree well with each other 


cross section a, vives* a; 


transitions in the deuteron experimental 


value gives us d radius (7 


Kquation (3) gives us (7*)o root-mean 


and 


cm, with a 3% uncertainty 


Levinger’s treatments ag ince 


(1/2K*)| Krol (0.97) =155 mb, 
(4) 


on’s value 


one uses Wilk Mh 


1.79X10~-" cm 


mall latitude the value of Newton’s param 
the experimental value for (1°) o 
establish, 


ilculated deuteron form factor i 


support, 


; 


do not Bernstein’s statement® 


nearly the 


all suitable neutron-proton potentials. There 


I di Crepancy between the alculated and experi 


mental form factor 

105 763 (1957 
103, 1464 (1956 
Wilkinson, Ph Rev. 86, 373 (1952 
Levinger, Phy Rev. 97,970 (1955 
Ber: t iys. Rev. 104, 249 (1956 
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